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Abstract

We propose and examine a panel data model for isolating the effect of a treatment, taken once
at baseline, from outcomes observed over subsequent time periods. In the model, the treatment
intake and outcomes are assumed to be correlated, due to unobserved or unmeasured confounders.
Intake is partly determined by a set of instrumental variables and the confounding on unobserv-
ables is modeled in a flexible way, varying both by time and treatment state. Covariate effects
are assumed to be subject-specific and potentially correlated with other covariates. Estimation
and inference is by Bayesian methods that are implemented by tuned Markov chain Monte Carlo
methods. Following Chib (2004), an important feature of the modeling and estimation is that
neither involve the unknowable joint distribution of the potential outcomes. The problem of
model choice through marginal likelihoods and Bayes factors is also considered. The methods are
illustrated in simulation experiments and in an application dealing with the effect of participation
in high school athletics on future labor market earnings.

Key words: Confounding; Heterogeneity; Instrumental variable; Marginal likelihood; Markov chain
Monte Carlo; Metropolis-Hastings algorithm; Non-randomly assigned treatment; Panel data; Potential
outcomes; Treatment Effect.

1 Introduction

This paper develops a Bayesian framework to estimate the effect of a treatment taken at baseline
from a panel of outcomes. Specifically, we consider the following situation. A group of individuals
is observed at a base period, when some of the individuals receive a one-time binary treatment.
They are then also observed over several subsequent time periods. The research question is whether
the treatment intake at baseline enhances the performance of individuals in terms of some outcome
measure in those succeeding time periods. An example of this situation is the determination of the
effect of participation in high school athletics (the treatment intake) on later labor market outcomes.
In this, and other similar cases, the central complication is that the outcome is likely to be affected

not just by the intake but also by unmeasured or unobserved confounders.

*The authors thank the referees and the editor for their constructive and extremely helpful comments and suggestions.



One way of proceeding in such cases is to ignore the panel structure and use existing methods to
model the treatment and the outcome as separate cross-section models, one for each time period. For
example, one could model the treatment intake at baseline and the outcome in the first time period,
ignoring the remaining outcomes. One could next model the treatment intake at baseline and the
outcome in the second time period, ignoring the outcome in the first time period and the outcomes
beyond the second time period. Naturally, one problem with this approach is that it ignores the joint
dependence in the outcomes arising from the panel structure. There is thus the potential that the
separate cross-section fitting will produce an incorrect sequence of treatment effect estimates.

In this paper we provide a different modeling remedy that is a variant of the Roy switching
regression model (Lee (1978)), extended to the setting of panel outcomes and treatment at baseline.
In this extension of the model, there are two potential outcome sequences, one for each level of
the treatment. Intake at baseline is partly determined by a set of instrumental variables and the
confounding on unobservables is modeled in a flexible way, varying both by time and potential outcome.
Gaussianity is avoided by assuming that the joint distribution of the intake and each potential outcome
sequence is multivariate-t. As is customary in Bayesian panel data modeling, covariate effects are
assumed to be subject-specific and potentially correlated with other covariates.

The general modeling strategy is related to that of Chib and Hamilton (2002) except that they
dealt with the situation of time varying treatments. Although our set-up is in some ways more
restrictive, the single treatment intake at baseline leads to new estimation and inferential concerns.
Yau and Little (2001) have also considered a related baseline treatment setting but the model in their
paper is different, stemming from the work of Imbens and Rubin (1997) and Hirano et al (2000). The
two approaches are not compared because treatment intake in the latter set-up is only possible when
the single binary instrument is one, an assumption that is not made in this paper.

The model proposed in this paper can be readily processed by Bayesian Markov chain Monte Carlo
methods even though the likelihood function of the parameters is not in closed form. Following Chib
(2004), an important feature of the modeling and estimation is that neither involves the unknowable

joint distribution of the potential outcomes. Furthermore, as in Chib (2004), the effect of the treatment



on the outcomes is computed from a predictive perspective, leading to various effect summaries, for
example, the average and quantile treatment effects. Unlike Chib and Hamilton (2002), and Li et. al
(2004), these predictive effects only involve the marginal distribution of the potential outcomes and
not the unidentified joint distribution of the potential outcomes. We also discuss the problem of model
choice and show how the approach of Chib (1995) can be used to find the model marginal likelihood
and Bayes factors for competing model specifications.

We illustrate the efficacy of our modeling and inferential framework first in simulation experiments
where we draw contrasts between what is achieved by the full modeling of the panel structure and
what is lost by ignoring it. Next the ideas are illustrated in a problem concerned with the effect of
participation in high school athletics on future labor market earnings. For data drawn from the NLSY
for the period 1989 to 1992, the analysis uncovers a positive effect of participation on future earnings
and evidence of negative confounding in the treatment group and positive confounding in the control
group.

The rest of the paper is organized is follows. Section 2 introduces the modeling framework, together
with the techniques for fitting the model, calculating the model marginal likelihood, and for finding
treatment effects. Section 3 presents the simulation experiments while Section 4 is concerned with

our real data example. Concluding remarks are given in Section 5.

2 Treatment Problem with Panel Outcomes

2.1 Model

Suppose that a given subject i (i < n) in some base period o = 0 has the possibility of taking a
treatment once, indicated by the binary indicator variable x;, where x; = 1 indicates intake and
xz; = 0 indicates non-intake of the treatment. Also suppose that for the observed treatment intake
x; = j, some outcome of interest y; ; = (yj,i1,---, ¥;,ir) is measured on each subject over T" subsequent
time periods, starting at the time point ¢; = 1. Under the assumption that the treatment intake
at baseline is non-random, the goal is to find the effect of the treatment intake on the outcome of
interest, allowing for the complication that the outcome is affected not just by the intake but also by

unmeasured or unobserved confounders, even conditioned on covariates.



Our approach to this problem is model-based since non-parametric identification of the treatment
effect is not possible in general with unobserved confounders. For the intake we assume the marginal
model

x; = I[Vigy + 2iy0 + u; > 0] (2.1)

where I[-] is the indicator function, v;o is a l-dimensional vector of covariates in the baseline period
(for example demographic variables) that also appear in the outcome model and z;g is a m-dimensional
vector of instruments (regressors that have a direct effect on the intake, have no direct affect on the
outcomes, and are uncorrelated with the unobserved confounders), v and § are conformable vectors
of parameters, and u; is an unobserved error whose distribution is specified below. To model the

outcomes, assume that in treatment state x; = j,
yj,it = Vll,itIBj,l + W;th,i + Ej,itv ] = 0, 1; t= 1, ) T (22)

where vy 0 k1 x 1 and wy; @ ¢ X 1 are covariate vectors and c;; : ¢ X 1 are subject and treatment
specific random effects and ¢; ;; is the error. Assume also that the random effects c;; depends on an

additional set of covariates A; : ¢ X ko through the model

Cji = AiBj,+bi (2.3)

b, ~ N,(0,D) (2.4)

where the parameters 3, , and D are unknown and N (+, ) denotes the multivariate normal distribu-
tion. It may be noted that the number of random effects is restricted for identification reasons; in
general ¢ must be less T'. Substituting c;; from (2.3) into (2.2), the outcome model can be expressed

compactly for all T" time periods as
Yii= Vzﬁ] + W,b,; + €ji (25)

where
! /
Vi1 wi A
' w! A
14T iT A\

W, = (wit, ..., wir)', €5, = (€j,i1, .-, €j,i7) and B; = (/3]',1’/6]',2) 1k x 1 (k=ki+ ko).



The marginal models are connected by assuming a joint distribution for the vector of errors
(gj,i,u;). Instead of assuming that this joint distribution is Gaussian, which can be rather strong
in this context, we assume that the distribution is multivariate-t with fixed (but small) degrees of

freedom v. In particular, we assume that
(€505 ws)|Xi ~ N (0,0;7792;) (2.6)

where A\; ~ G(%, %), so that marginally of \;, the joint distribution of (e;;,u;) is 7741(0,€2;,v). The

dispersion matrix £2; is of the form

crj%1 0 - w
0o . : 2w,
Q= def (= @ (2.7)
: 5 w; 1
Uj,T wT
w1 e wr 1
where w; = (w;1,w;2,...,wjr) : T x 1 are the parameters that capture the confounding on un-

observables in each treatment state j. The w;’s are important objects of interest. The covariance

2
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matrix 3; : T'x T of the outcomes is diagonal, with elements 0'? = (o 032-7T)7 because under the
maintained assumption that the matrix D is full, the off-diagonal elements of 33; are unidentified and
redundant. In some cases a simpler form of £2; may be adequate. For example, the matrix X; could
be parameterized as ¢?Ir in terms of a scalar variance parameter o2 and the identity matrix I, and
the covariances w; ¢ as wj; = w;, constant across time. These different modeling assumptions about
Q;, which lead to what we call the unrestricted and restricted models, can be compared through the
computation of marginal likelihoods and Bayes factors as we discuss below.

We stress that in the above we make no assumptions about the unidentified joint distribution of
Yo,; and yi;; the distribution is unidentified because the outcomes yg; and y; ; cannot be observed

simultaneously. That the modeling and subsequent estimation of such models can be conducted

without this joint distribution is due to Chib (2004).

2.2 A reparameterization

In anticipation of the estimation procedure we develop in the sequel, we note that the parameterization

of Q; by means of a? and w; is not convenient because the required positive-definiteness constraint



dictates that these parameters must be restricted to the region {a’?, w; 1 |Q;| > 0}. This complicates
both the formulation of a prior distribution and the development of an efficient estimation procedure.
It is more natural to work with the parameters that appear in the cholesky decomposition of £2;.

From a simple calculation we see that ; = LjL;- where L; is the lower-triangular matrix

oj1 0 - 0 enoii e 0
L o : B 0 : ’
i= . = )
: 0j,T 0 : oo enoir 0
pia o pir (L= p3 )2 pin - opir (L= p2 )2

and pj; = Wit

3.t

is the correlation between €; ;4 and u;. We can now define the parameters of €2; with

def
¢; = (Ingji,Incj2,....Inc57,p1,...,p57) = (In O'j,pj),

the log standard-deviations and the correlations. The positive-definiteness of L;, and hence of €2;, is
achieved by restricting p; to the interior of the 7-dimensional unit hyper-sphere, namely to the region
S; = {pj : Zpit < 1}. This is a simple constraint to impose. Of course, the elements of Ino; are

unrestricted.

2.3 Prior

Our approach to inference is Bayesian so we complete the model specification by defining the prior

distribution. Let
0 = (57 COa Clv D)

denote the model parameters where 8 = (8, 81,7, ) is of dimension p = 2k +1+m, {; = (Inoo, py)
and ¢; = (Ino1, p;). Following common practice, we specify a multivariate normal N,(8|bg, Bo) prior
for B and a Wishart W,(D~!|vg, Ro) prior for D=1, Further, we assume that Ino; has a T-variate
normal distribution Nr(Inojlcjo, Cjo) prior distribution and independently that p; is truncated 7T-
variate normal which we denote as TN r(p;|mjo, M;j0)I[S;]. The normalizing constant of the latter
distribution, which is not needed in the estimation, can be found by simulation, by drawing a large
number of variates p; from NT(pj\mjo,Mjo) and counting the proportion that lie in ;. Assuming

that ¢, and ¢; are a priori independent, our prior distribution of 8 is given by

1
7(6) = Np(Blbo, Bo)Wy(D o, Ro) [ [ Nr(In o jlc o, Cio) TN (p;Imjo, Mo )I[S;] (2.8)
7=0



2.4 Likelihood Function

Assume that the outcomes across individuals are distributed independently and let N; denote the set
of subjects in treatment state j, ie., N; = {i : x; = j}. Also let y = (yo,y1) where yo = (yo,; : © € No)
and y1 = (y1,; : ¢ € N1) represent the observations on the controls and the treated, respectively; with
a similar convention for the intake x = (xg,%1). Let p(y,x|3,¢,D) denote the likelihood function.
Then, the likelihood function is composed of two distinct terms, one from the x; = 0 observations and

the other from the z; = 1 observations. Specifically, it has the form

p(y,x|B8,¢,D) = H po(Yo,i» zi = 0|8, o, D) H p1(y1i, % = 1|8,¢, D) (2.9)

1€ No i€EN;

where p;(y;.i,zi = j|3,(;, D) is the contribution of the ith observation in treatment state j. To
derive this contribution we introduce the latent treatment variable z} such that x; = I{z} > 0} and

let y7, = (vj,i>x7). Then, from our assumptions in Section 2.1 it follows that the generating model

for y7, is
( ) Bo
Y _ Vz 1-— T; Vil‘i 0 0 ﬂl Wl ) €j.i
( i ) a ( 0’ 0" vip Zip v - 0 bit Uj (2.10)
N——— ) — —
Yii Vi —_—— Wi Vi
B

where v; ;| \; ~ Nr(0, )\flﬂj). In other words, the joint density of y; ; given (8, (;,bi, \;) is
Pi(¥50: 7518, ¢, 0is M) = Nrga(yj 7| V5iB + Wiibi, A7'Q;5) (2.11)
and the contribution of interest is
paen=318.6.0) = [ [ [ pi5sni18.6;. b ) N0, DI S

where A; is the set (—o00,0) if j = 0 or (0,00) if j = 1. If we integrate out \; first the integrand for

the remaining two integrals is
pi (¥4, 718, €5y i) = Try1(yji 27| VB + W;ibi, 5, v) (2.12)
from where z} can be integrated out analytically to give

. . W o o N—1/2
pi(¥j.i,xi = j1B,¢;, D, bi) = T, (v, ViB; + W;b;, Ej)T<(2] - 1)mgz(h§ﬂlj21) / Vvt T)v (2.13)



where T is the cdf of the standard student-t density with v+T" degrees of freedom, 17, ; = Vigy + 2,0+

WiB Ny — Vi — Wiby), B2, = S22 [1+(y; — ViB; — Wib,) £, (y; s — ViB; — Wib;) /v)], and

ﬁjzz =1- w}E;le. This leaves a final integral over b; that must be computed numerically.

We can avoid this g-dimensional numerical integration by first integrating out b; which gives

Py 18,6 DLN) = /% D3y 3231, ¢ by AN (b;]0, D)db,
= Nria(y56,27 V38, Mjii) (2.14)
where
A
Ni = A8+ WiDW, A lw; | - (2.15)
A At

We then integrate over z} to get

Aj
Aj
) ~1/2

where ® is the cdf of the standard normal density, m;; = viyy + 2,0 + )\;1‘0;/\};1(”@ —V.B;), and

ni= AL - A;lw;-A};le). The final integral, that over A;,

. . vV v .
pi(yj.i> i = jIB,¢;, D) = /pj(}’j,i,ﬂfi = jlﬁijaDa)‘i)g(/\i‘Ev §)d/\i’ i€ Nj (2.17)

is now one-dimensional.

It follows that the integral in (2.17) is not in closed form. In Section 2.3 below, where we consider
the problem of model choice, we compute it numerically by the method of importance sampling, for
each subject, but at one particular value of . The importance sampling option, however, is not
convenient while estimating 6 because then it must be applied repeatedly for each subject and every
new value of 8 in the search process. A less intensive approach based on Markov chain Monte Carlo

methods is possible which we now describe.



2.5 Posterior distribution and MCMC based fitting

We follow Albert and Chib (1993) and focus on the posterior distribution of ¢ = (6,z), where
z = (b,x",A) and b = {b;},x* = {z},X = {)\;}. From Bayes theorem the joint distribution of
interest, 7(0, z|y,x), is proportional to p(y, x, 0, z) where

p(y,x.60.2) = 7(6) T Ny(bil0.D)G (Nil5. 5 ) pol¥0. 2718, Co, bis M) (wF < 0)
1€ Ny

% TT Na(bil0,D)G (Xl 2 ) pa(ys, 718, €1, bis M) (5 > 0) (2.18)

i€EN;

and p;(yj.a, ©7|8,m;,bi, Ai) from (2.11) is N1 (v, 2f[ V.8 + Wj,ibi,)\i_lﬂj). This joint distri-
bution is of a type that can be efficiently processed by MCMC methods. Recall that the goal of a
MCMC simulation is to obtain draws from the posterior distribution by simulating a suitably con-
structed Markov chain whose invariant distribution is the posterior distribution of interest (for an
extensive discussion of MCMC methods in Bayesian inference see Chib (2001)).

The specific form of the posterior distribution in (2.18) leads to interesting design options, espe-
cially in connection with the sampling of ¢; = (Inoj, pj). For example, the ¢;’s can be generated
marginalized over (x*,b) from the conditional density

Tr(Cj|y’X79—Cj7Z7(x*,b)) o8 7T X H p] YijirTi = .7|/6 ijD Ai )

i€EN;
Sampling of this density requires a Metropolis-Hastings (M-H) step with probability of move a; =
a(Cj? C; ‘Yja X, 0,(]_ ) Z—(x*,b)) given by

J— m(¢5)Is, HieNj pi(¥j.izi = j1B, ¢, D, )
! "7(C)Is; [ien, Pi(via i = 418, €5 D, Ai)

(2.19)

where p;(y;i,z; = j|B,C;,D,)\i) is given in (2.16), and ¢(¢,;|y,x,D,3,) is the proposal density.
Following Chib and Greenberg (1994, 1995) we can let the proposal density be Zor(¢;|p;, Vi, vo) (for
some choice of vy) such that p; and V; are, respectively, the mode and negative inverse Hessian
of In HieNj pi(yj.ii = jIB,¢;, D, Ai). Then, in the remaining steps of the MCMC algorithm, one
samples (x*, 3) marginalized over b, followed by b, \; and D! from the full conditional distributions

that are derived from (2.18).



Alternatively, one can sample ¢; marginalized over (x*,A), again with a M-H step, from the
conditional density
7T(C] |y7 X, G—Cj ) Z—(x*,)\)) X 7T(C]) X H p](y]ﬂa Ty = j|/67 ij D7 bz)
i€N;

where now the probability of move &; = a;(¢;, C;|yj, Xj,3,D,z_(x+ x)) is given by

o —midy m(C) s, [ien, pi(ia, @i = 418, €5 D, bi) (¢, ly, x, D, B, b) (2.20)
! ’ Tr(cj)ISj HieNj pj(Yjﬂaxi :]‘165€J7D?b1) Q(C;|Y7X7D7ﬁ7b) 7

and p;(y;,i, i = j|ﬂ,C;,D,bi) is given in (2.13). As before, the proposal density ¢(¢;|y,x, D, 3,b)
can be chosen to be Tor((,|p;, Vj,v0) where (u;, V;) are found as the mode and negative inverse
Hessian of In Hz’eNj pi(yj.i> i = j1B,¢;, D, by).

We favor the latter approach because the likelihood contribution in (2.13) can be vectorized over
subjects whereas the contribution in (2.16) on the other hand cannot because it involves a subject
specific covariance matrix A;;. As a result, the second scheme is faster. However, it also tends to
produce output that is more serially correlated due to the fact of sampling ¢; conditioned on the
random effects (Chib and Carlin (1999)). Nonetheless, the loss of efficiency tends not to be severe. In

detail, our suggested sampling approach may be described as follows.

MCMC Algorithm
1. Initialize Ino, p, 3,D, A
2. Sample (Ino, p,x*, A) by sampling

(a) (Inoj, p))ly;,x;, chj,zf(x*)\) by a M-H step with probability of move in (2.20)
(b) (x*,A)|y,X,6,2z_(x+ ) by sampling

Lozflyi, xi,0,2_x-, a N(,, ﬁjzl) distribution truncated to the interval (—oo,0) if x; =

0, and (0,00) if &; =1

P v vtel Q7 e *
i Ailyi,zi,0,2-3 ~ g( +THL % > : )7 where €;; = (yj; — VB — W;,;b;)
3. Sample (3, b) by sampling

10



(2) Bly,x,0-g, 21 ~ Np(BBg by + BY1Ly VA Ty7 B = (Bg' + XL, Vi A V)

Jit0 550
(a) bilyi,zi,0,2_p ~ N, (Bi [)\lwézﬂ;l(y;kz - Vj,iB)LBi = (D_l + AiW},iﬂgle!i))
4. Sample D7 z_ e 5y ~ W, (Vo +n, [Ral + i bib;} 1)
5. Goto 2

It may be noted that the model in which €; is restricted (the model where ¥, is parameterized
as 021 and the covariances wj+ are constant across time) is fit in the same way as above. Of course,

because ¢ is now two dimensional, the M-H step in 2a becomes even simpler to implement.

2.6 Treatment Effects

In the potential outcomes framework, the individual-level treatment effect is defined as the difference
between the potential outcomes (y1,; —o,;), but this quantity is not observable. It is known that under
certain assumptions, primarily random assignment of treatment, the average treatment effect (ATE),
which is the difference between the average value of the outcome if everyone were (hypothetically)
given the treatment, and the average value of the outcome if everyone were (hypothetically) not
given the treatment, is identified non-parametrically. In the case of non-random treatment intake
and confounding on unobservables, even the ATE is, in general, not identified. However, under our
parametric assumptions the ATE can be found. Instead of focusing on the ATE we prefer the predictive

ATE, which we define as

E(yl,n+1|Ya X, Va Z) - E(y07n+1|y7 X, V7 Z)

where (n + 1) refers to a new subject drawn from the population and (y,x, V,z) denotes the sample
data. The quantities E(y;n+1ly,%,V,2), j = 0,1, which are conditional on the observed data, can
be readily calculated as a by-product of our MCMC simulation. In fact, we can calculate the entire
predictive distribution of the potential outcomes, and use these distributions to find the difference in
expectations and the difference in, for example, the predictive quantiles. These various prediction-

based treatment effects can be quite informative.

11



By definition, the Bayesian predictive distribution of each potential outcome sequence is given by

p(}’j,n+1|an7V7Z) = /pj(yj,n+l|vn+17ﬂ7U§7D7bn+l7)\n+1)

7T(/3) 0?) Da bn+17 )‘n+1 ‘ya X, Va z)p(Vn+1 |y7 X, V7 Z)dV’rH»ld/@JdaidDdbn+ld>\n+1

without involvement of the treatment intake model. As in any Bayesian predictive calculation, the
different unknowns of the model are marginalized out of the sampling density of y; 41 given the
sample data. In particular, (B,a?,D,an,)\nH) are marginalized with respect to their posterior
distributions. We also marginalize out V, 11 but with respect to its empirical distribution. Note that
because subject (n+ 1) is randomly drawn from the population, p;(y;jn+1|Vn+1, 8, a?, D,bsi1, Ant1)
does not depend on the sample data.

As discussed in Chib (2004), we obtain these predictive distributions by the method of composition,

appending the following steps at the end of each cycle of the MCMC algorithm:

sample Vflg ll by assigning probability of 1/n to each row of V

sample bngJ)rl from A(0, D))

sample /\Eﬁl from G(%, %)

o sample y') | from N7 (V118 + W, 1b), 29 20) ) for j = 0,1

The output from these steps, {ySZH_l, ...,ygf\;ﬁl}, are draws from p(y;n+1]y,x, V,z). Given these
draws, the expected values of y; 41, can be computed in the usual manner as a sample average of
the draws. The predictive quantiles and other summaries can also be obtained from these draws.

It is possible to also calculate E(y; n+1]y,X, V,z) by the law of the iterated expectation, averaging
E(Yjnt1ly,%,V,2,Vny1,0) = V1108, over the distribution of {Vn+1,,8j} given (y,x,V,z). This
approach can be used when the response variable is in logarithms, as in the application presented
in Section 4 below. In this case, the conditional expectation of the response on the original scale,

marginalized over b;, is given by

exp { Va1, + 0.5diag(\, 1 2] + W, aDW/, ) ],

12



which can be averaged over the draws of {Vn+]_,,8j7 )\n+1} given (y,x,V,z). In practice, this con-
ditional expectation is evaluated at the end of each MCMC iteration, given the current draws of the
parameters, and V, 11 and A,;; are drawn as above. By the Rao-Blackwell theorem the simulation
variance of this estimate of E(y; ,+1]y,x,V,z) can be expected to be lower than that of sample

average of the draws.

3 Simulation Studies

3.1 Generating processes

We illustrate the performance of our inferential techniques with artificial data sets that are generated
from a model with two covariates, two random effects, a student-t joint distribution with v = 10
degrees of freedom, T' = 4 panel periods and sample sizes of n = 500, 1000, and 1500 subjects. One
of the covariates is continuous and the other is binary. We also assume that the single instrument is

continuous. In detail, the generating model is given by

x; =I[-140.6v1,1 +1vo1 +1.52 +u; > 0]
Yiit =2+ 7)+ B+ J)viie + 15w +b1i +boiviie +eji, t<4 i<n

where vy ;; (the continuous covariate whose effect is heterogenous) is N(0.5 + 0.5¢,0.8), Vo4t 1S a
binary covariate with mean 0.5 and the instrument z; is drawn as N(0,1). The random effects b ;
and by; are drawn independently from zero mean normal distributions with variances of 1.5 and
1, respectively. The matrices €2; are specified in restricted form with 0'? = (1.5,1.5,1.5,1.5) and
w; = (.49,.49,.49,.49), which implies that the pairwise correlation coefficients between the intake
and outcome errors are p; = (.4,.4,.4,.4). Under this design, approximately half of the subjects
participate in the treatment. Finally, based on the data that is generated in this simulation, we are
able to calculate the kernel-smoothed distribution of each potential outcome, and the true average

treatment effects, across the four time periods.

3.2 Estimation results

For these three data sets, we fit models with €; both unrestricted and restricted (the form under the

true generating process). From the former model we are able to see if parameter estimates of 0’? and

13



w; concentrate on the single true values. For our prior, we let by = 0izo, Bo = 2I19, mj o = Oir and
M;o = 2Ip. Moreover, we let the prior mean and variance of Ino;; be 1 and let E(D) = diag(1,1)
with 19 = 6 degrees of freedom. Our results are based on 20,000 MCMC iterations (beyond a burn-in

of a 1000 cycles).

restricted unrestricted
true n = 500 n = 1000 n = 1500 n = 500 n = 1000 n = 1500
B, 2.00 213(0.13) 2.12(0.10) 1.97 (0.08) 2.12(0.13) 2.11 (0.10) 1.97 (0.08)
3.00 3.00 (0.08) 2.98 (0.05) 3.02(0.05) 3.00(0.08) 2.97 (0.06) 3.02 (0.05)
1.50  1.09 (0.18) 1.35 (0.14) 1.51 (0.12) 1.10 (0.18) 1.34 (0.14) 1.51 (0.12)

B, 3.0 299 (0.21) 2.87(0.13) 3.05(0.10) 2.98 (0.21) 2.85 (0.14) 3.04 (0.11)
4.0 3.97 (0.09) 3.99 (0.06) 4.02 (0.05) 3.98 (0.10) 4.02 (0.06) 4.04 (0.05)
2.0 208 (0.21) 2.12(0.15) 1.81(0.12) 2.10 (0.21) 2.13 (0.15) 1.81 (0.12)

po 040 0.31(0.12) 0.40 (0.08) 0.38 (0.07) 0.27 (0.15)  0.30 (0.10)  0.39 (0.08)
0.40 - - - 0.31 (0.14)  0.42 (0.10)  0.41 (0.09)
0.40 - - - 0.35 (0.16)  0.46 (0.10)  0.29 (0.10)
0.40 - - - 0.28 (0.16)  0.31 (0.11)  0.42 (0.10)
p, 040 028 (0.14) 0.0 (0.07) 0.43 (0.05) 0.28 (0.16) 0.46 (0.10) 0.41 (0.07)
0.40 - - - 0.22 (0.16) 0.34 (0.10)  0.48 (0.07)
0.40 - - - 0.32 (0.17)  0.45 (0.10)  0.44 (0.08)
0.40 - - - 0.21 (0.18) 0.24 (0.12) 0.35 (0.09)

Table 1: Posterior means and standard deviations (in parentheses) for the coefficient vectors B, and
the correlation vectors p; from the fitting of the panel model to the simulated data.

In Table 2 we give the posterior means and standard deviations of 8; and the correlations p; from
the fitting of each model. The true values of the parameters are given in the first column. It should
be noted that in the case of the restricted model, p; is a scalar and therefore six rows in columns 3-5
are empty. It can be seen from this table that the true parameters are well estimated even from the
(incorrect) unrestricted model.

The performance of the fitting algorithm can also be examined in terms of the inferences about
the treatment effects. We first consider the estimation of the average treatment effects, comparing the
estimates we get from the model fitting with the true values (calculated when the data was generated).
In Figure 1 we plot the difference between the predictive ATE and the true average treatment effect
across the four time periods; the solid line gives the results from the restricted model whereas the

dashed line gives those from the unrestricted model. We see that the estimates from the two models
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—— restricted
1 1 1 “=s==unrestricted

t=1 t=2 t=3 t=4 t=1 t=2 t=3 t=4 t=1 t=2 t=3 t=4
(a) n =500 (b) n = 1000 (c) n = 1500
Figure 1: Difference between estimated and true average treatment effect from the fitting of the two panel

models to the various simulated data; the solid line gives the results for the restricted version and the dashed
line for the unrestricted version of the model.

are essentially identical and close to the true value, even for the smallest sample size.

The predictive ATE is calculated from the predictive distribution of the potential outcomes. It is
worthwhile, therefore, to examine these predictive distributions for each ¢ and each j and to compare
them with the true distribution of the potential outcomes. This comparison is reported in Figure 2.
For simplicity we only report the results from the fitting of the restricted model for the sample size

of n =1000. It can be seen from these plots that the estimated predictive densities are quite close to

—— true
-+ restricted

10 20
(d) vo,4

—— true
-+ restricted

10 20
(e) y1,1 () y1,2 (g) y1.3 (h) y1,4

Figure 2: FEstimates of the predictive distributions of the potential outcomes for the four time periods from the
fitting of the restricted version of the panel model to the data with n = 1000, and the corresponding empirical
distributions.
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the true density of the potential outcomes.

3.3 Comparison with cross-section fitting

We conclude our simulation study by considering the results that emerge if the panel data generated
above were processed by a sequence of cross-section models, one for each time period. As described in
the introduction, this fitting would miss the dependence across outcomes (arising from the heteroge-

nous effects) and could potentially produce an incorrect sequence of treatment effect estimates. We

true t=1 t=2 t=3 t=14
By 2.00 2.10(0.13) 2.12(0.18) 2.05(0.25) 1.84 (0.31)

3.00 3.11(0.11) 2.99 (0.11) 3.05 (0.13) 3.09 (0.13)

1.50 1.27 (0.18) 1.62 (0.20) 1.31 (0.22) 1.71 (0.24)

B, 3.0 2.89(0.23) 2.89(0.28) 2.80 (0.33) 2.55 (0.40)
4.0 3.85(0.12) 3.97 (0.12) 3.89 (0.14) 4.13 (0.15)
2.0 217 (0.20) 2.07 (0.22) 2.20 (0.25) 2.33 (0.28)

po 0.0 0.23 (0.10) - - -
0.40 - 0.35 (0.10) - -
0.40 - - 0.23 (0.10) -
0.40 - - - 0.25 (0.10)

p, 040 0.1 (0.11) . - _
0.40 - 0.18 (0.13) - -
0.40 - - 0.35 (0.12) -
0.40 - - - 0.08 (0.12)

Table 2: Posterior means and standard deviations (in parentheses) for the coefficient vectors B; and

the correlation vectors p; from the fitting of a sequence of cross-section models to the simulated data with

n = 1000.
do not go into details about the specifics of the cross-section fitting except to say that the algorithm
we use comes from Chib (2004). In addition, the prior distribution we specify is similar to the one
given above. We find (as shown in Table 3) that the cross-section fitting produces roughly comparable
estimates of the model parameters, although the confounding parameters are not as well estimated.
This leads to less precise estimates of the ATE (as shown in the upper panel in Figure 3). This is
shown in Figure 3 where we graph the difference between the estimated and the true average treatment

effect from the panel and cross-section models. We see that the panel model produces estimates that

are closer to the true value for all sample sizes.
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—— panel (restricted)
1 1 1 --e== cross=section

t=1 t=2 t=3 t=4 t=1 t=2 t=3 t=4 t=1 t=2 t=3 t=4
(a) n =500 (b) n = 1000 (c) n = 1500
Figure 3: Difference between estimated and true average treatment effect from the fitting of the restricted

panel model and a sequence of comparable cross-section models; the solid line gives the results for the panel
model and the dashed line for the cross-section model.

4 Model Comparison

We now discuss an approach for comparing different specifications of our panel data model, for example
models specified with a different set of covariates or with a restricted versus an unrestricted covariance
matrix, and also for comparing our panel model with alternative models, for example models specified
without confounding. We do this comparison through the marginal likelihood of the contending models
or equivalently by the pairwise Bayes factors, obtained as ratios of marginal likelihoods. As has been
demonstrated in several papers, the method of Chib (1995) makes it possible to find the marginal
likelihood with a modest amount of effort.

By definition, the marginal likelihood is given by

m(y,x) = / Py, x(0)m(6)d6

Although direct evaluation of this quantity is not easy, it can be obtained indirectly. Let 0% =
(8",¢s, €1, D*) be a given point in the parameter space, say the posterior mean of 6 estimated from
the MCMC output. Following Chib (1995) we then have the basic marginal likelihood identity

Inm(y,x) = Inp(y,x|8",¢",D*) + In7(8", {5, ¢1, D7) — Inw(8", mg, €1, D*|y, %) (4.1)

where p(y,x|3%,¢",D*) is the likelihood in (2.9), and #(8*,¢",D*) and w(8",¢", D*|y,x) are the
prior and posterior densities, each evaluated at 8*. An estimate of the marginal likelihood is found

by separately estimating p(y,x|3*,¢*, D*) and 7(8", ¢*,D* Ly, x).
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4.1 Estimation of p(y, x|0*)

In the discussion surrounding (2.9) it was pointed out that the likelihood is not available in closed
form. This is not a complication, however, because the likelihood ordinate must be computed at a
single point 8*. In addition, p;(y;:, z: = j|B,(;, D, \;), the likelihood contribution of the ith subject
conditioned on A;, is in closed form. From here A; can be marginalized out in several different ways.
For example, one convenient approach is by the method of importance sampling. To efficiently apply
this method, we alter the range of integration by a change of variable from A; to Af = In(\;), so that
i = exp(A}) with Jacobian exp(Af). Now let h(AF) be an importance function, which we specify as a
matched student-t density 7 (Af|a;, b;, &), where the parameters a; and b; are the (approximate) mode
of the function In {p;(y;:, = = jIB", ¢}, D%, exp(X}))G(exp(A})|5, 5) exp(A})} and the inverse of the
observed information of this function evaluated at the mode, respectively, and the degrees of freedom
¢ is set arbitrarily at (say) 5. Then, our importance sampling estimate of the likelihood contribution
pi(yj.i,wi = jIB", ¢}, D*) is given by

Gy Pl = 518", €5, D" b)) Glep ), §) o)
T i, bi,€)

g=1

(9)

where \;Y’ is the gth draw from the importance sampling function. The sum of the log of these

estimates is our estimate of the log likelihood ordinate.

4.2 Estimation of 7(6*|y,x)

We express the posterior ordinate as
m(0*ly,x) = 7(D " |y, x)n ({5, ¢ ly, x, D*)n(B8* ]y, x, D*, (")

in which the first term can be estimated from the output of the full MCMC run by averaging the
full conditional density of D~! over the simulated draws. Specifically, letting ¢ index the MCMC

iteration, we calculate

G n 1
D Vy,x) =61y W, <D1* vo + n, [RO—I +3° b§9>b§-")’} > (4.2)
g=1 i=1

where {bgg)} are the draws from the full MCMC run. This is a simulation-consistent estimate of

(D~ |y, x).
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Next, to estimate 7({g, 1]y, x, D*), we employ the approach of Chib and Jeliazkov (2001). Even
though ¢ is sampled in a sequence of M-H steps, the fact that {, is independent of {;, given

(¥,%,0_¢,Z_(x+ x)), yields the result that

ﬂ_(c* C*|y x D*) _ f[ El[aj(c_jvC;‘yﬁXja/67D*7Z7(x*,k))q(c;‘(|yaxvD*wgab)]
025117 E2[Oéj(4;7Cj|Yj7Xj7ﬂ7D*vz—(x*,)\))]

Jj=0

(4.3)

where the expectation E; in the numerator is with respect to 7(83, ¢ bly,x, D*) and the expectation
E, in the denominator is with respect to 7(3, bly,x, ¢}, D*)q¢(¢;ly,x,8,D*,b). Each expectation
can be estimated from the output of suitable reduced runs (Chib (1995)). To estimate the numer-
ator, we fix D at D* and continue the MCMC iterations with the quantities 8 _p and z, and then
average a(Cj,C;’f|y,x,,6,D*,z,(x*)\))q(Cﬂy,x,D*,,@,b) over the resulting draws. To estimate the
denominator, we fix (D, ) at (D*,¢*) and continue the MCMC iterations; in each cycle of this run,
we also draw ¢; from ¢(¢;|y,x,D*, 3,b). We then average ozj(C;f, Cilyj»xj, 8, D", 2_(x= x)) over the
draws on (8, g, €1, b) from this run. Simultaneously, from the output of the latter run we estimate

m(B"ly,x, D", ") as

G n
4 (BB B9 S, g ) o

g=1 i=1

where B = {Bg* + 31, V) -A-fl(g)Vj,i}_l and

J,i g0
A s L WoDW! AT
A9 — i j i i N Wy
Y )\,1(9) %! )\,1(9)
i Yy i

Our estimate of the marginal likelihood now appears by substituting (4.1) - (4.4) into (4.1).
5 The Effect of High School Athletics on Earnings

In this section, we apply our modeling framework to examine the relationship between participation in
high school athletics and future labor market earnings. Barron et al. (2000) studied this relationship
with the help of data from the National Longitudinal Survey of Youth (NLSY). Based on Becker’s
(1965) allocation-of-time model and human capital theory, the paper identified three unobservable
factors that could confound the effect of participation in high school athletics on earnings: low returns

to human capital, high capability, and lower preference for leisure. From a cross-section model, and
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data on weekly earnings of males for 1992, Barron et al. (2000) estimated their model by 2SLS
methods but were unable to find a causal link between participation and earnings.

In our reanalysis of this problem we depart by first involving panel data (covering the period 1989
to 1992) and second by considering data on both males and females. As above, our data is drawn
from the NLSY but is restricted to individuals who had graduated from high school no later than
1984, the year when a special survey was conducted to gather information about participation in high
school athletics. By that time about 2,140 men and 1,940 women in the data base had graduated
from high school. After excluding individuals with invalid information on variables of interest such
as income, work history, education, demographics and family background, we obtain a sample of
2,113 individuals. This raw data reveals that the participation rate in high school athletics is about
50% for male graduates and 40% for female graduates; those who participated tend to come from
more educated families and have higher subsequent incomes. The average weekly income ranges from
$383.75 in 1989 to $468.72 in 1992, with individuals who participated earning around $90 more in

weekly wages than non-participants.

5.1 Model specifications

We borrow on, for example, Card (1999) to specify the outcome and intake models. The outcome
¥+ 4 x 1is the log of weekly earnings, while the covariates in V; consist of age in years minus 17,
educational attainment in years, job tenure in years, indicator of marital status, indicator of male,
indicator of black, indicator variables for (i) parent’s high school graduation status (ii) some years of
college (iii) college graduation status and (iv) graduate degree status, followed by indicator variables
of the years 1990, 1991 and 1992. To model dependence in the outcomes we assume that the constant
term is heterogenous across subjects. We did attempt to fit models with further heterogeneity but
because these models were not supported by the data we do not report on them below.

For the intake model, we let v, consist of an indicator of male, indicator of black, and the four
indicator variables on parent’s educational attainment in the outcome model. Our instruments are
largely those in Barron et. al. (2000). In some specifications the instruments are the size of the school

enrollment divided by 100, an indicator of bad health, and the weight and height of the subject in
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pounds, each divided by 10. In other specifications, we exclude the school enrollment variable from
the set of instruments.

Our analysis of these data is based on eight different models, derived from the unrestricted and
restricted forms of €, the two different choices of instruments, and two different values of v (namely
5 and 20). Each of these models is fit under the prior where by = 0ijp and By is a diagonal matrix
with 10 as the variance for the intercept and 1 as the variance for the remaining coefficients. Further,
we let mjo = Oip, Mo = 1I7, cjo = Oip and Cjo = 1Ip. Finally, we set E(D) = 0.5 with 1y = 6

degrees of freedom.

5.2 Estimation Results

The fitting of each of our models is based on 20,000 MCMC iterations following a burn-in of a 1000
cycles. We begin by comparing the various models via the log-marginal likelihoods and the implied

Bayes factors. The resulting log marginal likelihoods are given in Table 3. It is clear from this table

Estimates of Marginal Likelihoods

Covariance Matrix Instruments
Model Restricted Unrestricted — with enrollment — without enrollment v =5 v =20 In(marg. lik.)
1 X - X - X - -2301.71
2 x - b - - b -1891.53
3 X - - X X - -2324.93
4 X - - X - X -1914.62
5 - X X - X - -2287.76
6 - X X - - X -1847.68
7 - X - X X - -2299.46
8 - X - X - X -1851.04

Table 3: Log-marginal likelihoods for different model specifications. A cross indicates if the model feature
in that column is present in the model.
that Model 6 is the model favored by the data. This model has an unrestricted covariance matrix with
v = 20, and contains the full set of instruments. Model 8, which differs from Model 6 only in terms
of the set of instruments, is a close second. It can also be seen from the table that models that are
alike except for the degrees of freedom (for example Models 1 and 2) produce smaller support for the

lower degrees of freedom. In this connection we note that from these results we can actually derive
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Summary Statistics and Estimation Results for Model 6

Bo By v,0
Sample | \poh SD Mean  SD  Mean  SD
Mean
const 4.466  0.131 4.393 0.138 -0.807 0.337
age -17 11.07 0.004 0.007 0.016  0.007
education 13.89 | 0.083 0.008 0.085 0.007
job tenure (years) 3.45 | 0.024 0.003 0.021 0.003
married 0.53 0.004 0.018 0.007 0.018
male 0.51 0.361 0.032 0.356  0.032 0.124  0.054
black 0.22 | -0.170 0.038 -0.100 0.040 0.202 0.133
parents hs 0.43 0.070  0.037 0.066  0.043 0.200 0.055
parents scol 0.14 | 0.061 0.053 0.018 0.053 0.310 0.074
parents col 0.11 0.153 0.062  0.118 0.057  0.380 0.080
parents grad 0.07 0.000 0.082 0.085 0.065 0.405 0.097
enrollment /100 13.58 -0.014  0.003
bad health 0.04 -0.191  0.110
height /10 57.92 0.010 0.006
weight /10 14.78 0.012  0.009

Table 4: Model 6: Posterior means and standard deviations of By, B, (without year indicators), v and
. Sample means of the raw variables are also included.

the posterior distribution of v without having to run a model in which v is unknown. This is because
under a uniform prior on v, the marginal posterior probability that v = 5 is simply proportional to
the marginal likelihood m(y,x|M,v = 5).

For the favored Model 6, Table 4 gives the posterior mean and variance of the coefficients in
the outcome equations and the treatment-intake equation (except for the coefficients on the year
indicators) along with some summary statistics of the included covariates. The estimates of 3, and
B4 in columns 3 and 5 agree with the general findings in the earnings literature: positive effects of
age, education, job tenure and male gender on earnings; negative effect of being black. Note that
the results in Table 4 point towards interactions between some of the covariates and the treatment
state as captured by different coefficient estimates across treatment states. For example, we observe
a higher negative earnings effect of being black in the control group. The estimates of the treatment-
intake equation () in the last two columns indicate that males and black students are more likely to
participate in high school athletics, as are students with more highly educated parents. Finally, the
instruments school enrollment and bad health are associated with a negative effect on participation,

while height and weight have a positive effect on participation.
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As mentioned above, we model dependence in the outcomes through a random effect on the
constant term. In Figure 4 (a) we provide a plot of the posterior distribution of the variance of the
random effect. The posterior mean of D is centered around 0.23. This is large compared to the
variances of the outcome errors. For example, for the year 1992, the posterior density of the two error
variances are centered 0.12 and 0.11 (as shown in Figure 4 (b) and (c)). The posterior mean of the
variances in the previous three years vary between 0.06 and 0.10. In other words, our results suggest

that there is considerable individual heterogeneity in these data.

density
density
density

HHH HHH ﬁﬂH I ﬁﬂﬂH Hﬂﬂnﬁ

0.2 0.25 0.05 0.1 0.15 0.05 0.1 0.15

(a) D (b) ‘73,1992 (c) 0511992

Figure 4: Model 6: Posterior distributions of the variance of the random effects, and outcome variances for
the year 1992 in the control group and the treatment group.

We now turn to the causal effect of participation of high school athletics on weekly earnings. First
we consider the posterior distributions of the correlation coefficients pp and p; from Model 6. These
distributions, which are summarized in Figure 5, reveal the pattern of confounding across time and
across the treatment states. From Figure 5 we see that there is considerable confounding, that there
is some variation in the extent of confounding by year and that the confounding patterns differ by
treatment state. Specifically, there is evidence of positive confounding in the control group (except for
the year 1991) with posterior means of the correlation coefficients between 0.15 and 0.83, and negative
confounding in the treatment group (except for the year 1991), with posterior means of the correlation
coefficients between -0.23 and -0.78. A possible explanation for these results is that students with
lower returns to human capital are more likely to participate in high school athletics, while students
with lower preference for leisure and higher ability tend to decide against participation.

To estimate the causal effect of participation in high school athletics (after controlling for con-
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Figure 5: Model 6: Posterior distributions of the correlation coefficients for years 1989 to 1992 for the control
group (upper panel) and the treatment group (lower panel).

founding on unobserved factors and individual heterogeneity), we focus on the predictive treatment
effects. Table 5 provides the estimates of the predictive ATE and predictive quantile treatment effects

(for the 0.05, 0.25, 0.5, 0.75 and 0.95 quantiles) under Model 6. As can be seen from this table, the

Predictive Treatment Effects from Model 6 ($ per week)
Quantiles

Year Mean  0.05 0.25 0.5 0.75 0.95

1989 41.26 14.30 25.45 40.35 47.98 79.08

1990 15.32  10.11 11.52 1642 21.25 -5.69

1991 36.31 -1.53 11.75 20.13 45.12 105.39

1992 44.60 24.00 32.60 44.42 52.69 79.36

Table 5: Model 6: Estimates of the predictive Average and the 0.05, 0.25, 0.5, 0.75 and 0.95 quantile
treatment effects for the years 1889 to 1992.
average treatment effect is positive in all years, with the estimated average treatment effect pointing
to an increase in weekly earnings between $15.32 and $44.60. In terms of percentages of the average
weekly income, the average treatment effects for the four years are 11%, 4%, 8% and 10% respectively.
Further, from columns (4) through (6) of the table we see that the predictive treatment effect is pos-
itive for all time periods at the 25%, 50% and 75% quantiles. With two exceptions, we also observe

a positive effect at the 5% and 95% quantiles. The positive effect on earnings can also be seen from
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Figure 6 where we plot the predictive density of the potential outcomes.

0.75]
0.5

0.25

(a) 1989 (b) 1990 (c) 1991 (d) 1992

Figure 6: Model 6: Predictive densities of the potential outcomes for the years 1989 to 1992.

6 Conclusion

We have considered a Bayesian analysis of a new model that can be used to find the effect of a treat-
ment applied non-randomly at baseline given a panel of outcomes observed subsequently. For this
model we have developed tuned MCMC methods to sample the posterior distribution, to compute
the marginal likelihood, and to find various treatment effects of interest. One important feature of
our modeling and fitting approach is that it does not require the unknowable joint distribution of the
potential outcomes or the simulation of the counterfactuals. We have examined the performance of the
proposed methodology in simulation experiments and have found that the inferences are sufficiently
well behaved for the model and methods to be useful in practical applications. Our simulation experi-
ments also reveal the gains from exploiting panel information versus fitting a sequence of cross-section
models. Finally, we have applied the proposed techniques to study the effect of participation in high
school athletics on future earnings for a sample of subjects drawn from the NLSY. On the basis of
these empirical studies, both with simulated and real data, it appears that the model and estimation

framework have promise for applied work.
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