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On stability of sets for sampled-data nonlinear inclusions via their approximate
discrete-time models
Antonio Loiia

Dragan N8it Elena Panteley Andrew R. Teel

Abstract— We generalize previous results on stability of
sampled-data systems based on the approximate discrete-
time models: we consider stabilization of arbitrary closed sets
(not necessarily compact), plants described as sampled-data
differential inclusions and arbitrary dynamic controllers in
the form of difference inclusions. Our result does not require
the knowledge of a Lyapunov function for the approximate
model, which is a standing assumption in previous papers.
We present checkable conditions that one can use to conclude
semi-global asymptotic (SPA) stability, or global exponential
stability (GES), of the sampled-data system via appropriate
properties of its approximate discrete-time model. Thus, we
provide a framework for stabilization of arbitrary closed sets
for sampled-data nonlinear differential inclusions via their
approximate discrete-time models.

the design to be successfutf-[11], [12]. Particular con-
troller design techniques within this framework have been
developed for nonholonomic systems [7] and port controlled
Hamiltonian systems [8] model predictive control [5], to
mention a few.

In this paper we contribute novel results that are inscribed
in the mentioned framework for stabilization via approximate
discrete-time models. We extend previous results to the case
of stability of arbitrary closed sets for difference inclusions.
In particular, Theorem 1 is a generalization of [11, Theorem
1] in several directions: we consider semi-global practical
(SPA) stability of arbitrary (not necessarily compact) sets,

plants modeled as differential inclusions and arbitrary dy-
namic controllers modeled as difference inclusions. Motiva-
tion for considering such general stability properties, classes
Although most controllers are nowadays implemented dig- of plants and controllers is given in [12], [15]. Theorem 2
itally using sample and hold devices, sampled data nonlinearprovides stronger conditions under which one can conclude
control has received much less attention than continuousglobal exponential stability (GES) for the exact discrete-time
time nonlinear control. The controller design problem for model and we are not aware of similar results even in the
sampled-data systems can be carried out in essentially thregimpler setting of [11]. We emphasize that these results are
different ways: (i) emulation; (ii) discrete-time design; (iii) different from the main results in [12] that assume existence
sampled-data design. For nonlinear systems, some results oof an appropriate Lyapunov function for the approximate
emulation can be found in [9], while we are not aware of any model. Proofs in this paper are purely trajectory based and
results on sampled data design for nonlinear systems (detailshey do not need such Lyapunov functions. We also note that
on the sampled data method for linear systems can be founcbur results may be used for the (rare) cases when the exact
in [3], see also [2], [6]). discrete-time model of the plant is known. Our experience
For nonlinear plants, the discrete-time design is frustrated shows that these tools may be useful for controller design via
by the fact that it is typically not possible to analytically approximate discrete-time models: see for instance [4] where
find the exactdiscrete-time model of the plant and in such we present summation-type characterizations of GAS and
situation anapproximatediscrete-time model is the only GES for difference inclusions; these results, together with
alternative to use for controller design. However, it was the main theorem in this paper serve to conclude stability
shown in[11], [12] that there are situations where a controller for sampled-data systems.
stabilizes an approximate discrete-time plant model for all The paper is organized as follows. Section Il contains
small sampling periods but at the sadestabilizeshe exact ~ mathematical preliminaries and the description of the math-
discrete-time plant model for all small sampling periods ematical set-up that we use. Our main results, which relate
— stability of sampled-data systems under mild conditions stability properties of sampled-data inclusions and stability
was addressed in [10]. This has motivated the developmentproperties of their approximate discrete time models, are
of a prescriptiveframework for control design; in particu- presented in Section IIl. All proofs are presented in Section
lar, it has been established which sufficient conditions the |V and Conclusions are given in the last section.
controller and the approximate model need to satisfy for

I. INTRODUCTION
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lim;_,~ B(s,t) = 0. For arbitrary positivdl, T' we define:

L
EL,T = \‘TJ )

where for arbitraryr € R we have thafz| := max{z €
N :
A C R"™, we denote the distance of a poine R™ to the set
as:
= inf |z — x| .
|2l 4 == inf [z — 2]

We often use the well known fact that| , is globally
Lipschitz with the Lipschitz constant equal to one, that is for
all z,y € R™ we have:

2] 4 = lyl4l <z —yl .
We consider nonlinear control systems of the form
@

wherez,, € R™» and the set-valued map(-, u) is assumed

&p € F(zp,u)

to have enough regularity to guarantee existence (but not

necessarily unigueness) of solutions:

Assumption 1 For eachu € R™, the set-valued map
F(-,u) satisfies the following basic conditions: 1) it is upper
semi-continuous, i.e., for eack), € R"» and eacte > 0
there existsy > 0 such that, for allf € R"» satisfying
|¢—zp| < dwe haveF' (¢, u) C F(xp, u)+eB,,, whereB,,
denotes the closed unit ballRr*», 2) for eachr, € R"» the
setF'(x,,u) is nonempty, compact and convex.

This assumption guarantees that for each fixelere exists
at least one solution to (1) (see [1]). We will uSéz,,, u) to
denote the set of solutions to (1) startingegtwith constant
input w. For a givent > 0 and (z,,u) € R™ x R™ we
use the following notatiorFy (z,,u) = {{ € R" : { =
Pt zp,u), ¢ € S(wp,u)}.

z < z}. Given a closed (not necessarily compact) set

the stability of the system (2), (4) with respect to a nonempty
closed set4d C R", based on the stability of the system
(3), (4). To shorten notation, we introduge= (! =),
HA(0,A) :={z eR": < |z|4 <A} and

F:%(a:p, Hr(z., 371)))

Fr(z) = ( Gr (e, ) ) )
Fi(x) = ( Fﬂfg’;ﬁifi;%)) > .
Then, we write
zt e Fi(x) ©)

and denote asS;.(z,) the set of all solutionsp’.(k, zo)
initialized atz,. The symbolx = e is used for the exact
closed loop (2), (4) and = a for the approximate closed
loop (3), (4).

Remark 1 In general, it is possible to consider more com-
plex classes of approximate discrete-time models of the form
zt e Fg, (x,u), whereT is the sampling period andis a
modeliné parameter that can be used to reduce the mismatch
between the approximate and exact models (usually, it is an
integration period of the numerical integration scheme). The
case wher¥” # h is useful in situations when the structure

of the underlying approximate model is not exploited in
controller design, such as in model predictive control. When
T = h, then we writer™ € Ff (z,u) =: Ff(z,u) and
such situations typically lead to approximate models with
simpler structure that are amenable to constructive nonlinear
control techniques. For more details on this general case, see
[12].

In the sequel, we need the following definition:

Definition 1 [Forward completeness]Consider the family
of systems (5), where € {a,e}. The family of systems
(5) is said to be forward complete if there exist strictly

The exact discrete-time model of the sampled-data systemysitive number<™, ¢ and 01,02 € K. such that for

is given by:
x; € Fi(zp,u),

@)

whereF¢ (z,, u) is the set of values the solutions to (1) can
take at timel” when starting at:,, and with the constant input

all T € (0,7%) andz, € R™ we have that all solutions
o5 € Si(xo) of the family (5) satisfy:
|07 (k, x0)| < 01(|xo) + 02(KT) + ¢

Yk >0. (6)

u applied. The parametéf > 0 represents the sampling Remark 2 The definition of forward completeness given
period. We will consider the case where the sampling period above was first used in [13] to treat stability of time-varying

T can be adjusted to arbitrarily small values. Hence, (2) discrete-time parameterized cascaded systems. Lyapunov
represents a family of systems. We note that siftén like sufficient conditions that guarantee forward complete-
(1) is in general nonlinear, it is not possible to analytically ness in the sense of Definition 1 can be found in [13]. This
determineF% in (2). Instead, we assume that the family of property impedes (1), with constams, to have finite-escape
approximate discrete-time models times.

:c;' € Fi(zp,u),

3
which approximates the exact discrete-time model (2), is
used in the control design. In particular, we assume that a Consider the followingif there exists a (not necessarily
family of, possibly discontinuous, discrete-time controllers  compact) set4 such that the system (3), (4) is asymptot-
(4) ically/exponentially _stable wi_t_h respect td for _aII small

T, then under which conditions is the family of exact
wherez. € R", has been designed to (approximately)

discrete-time models (2), (4) also (approximately) asymp-
asymptotically stabilize a nonempty closed sktc R",

totically/exponentially stable with respect to the sétfor
wheren := n.+n,, for the family (3). Our object of studyis  sufficiently small value$™?

I11. STABILIZATION VIA APPROXIMATE DISCRETE-TIME
MODELS

€ Gr(ze,zp); u € Hp(ze,xp),
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The above question was answered in [12] for the same setthen, the family of exact closed loop systems (4), (2) is
up as in this paper but with the assumption that an appropriate(3, .A)-SPA stable.
family of strict Lyapunov functions can be constructed for Remark 4 Theorem 1 presents stability conditions that can
the family (3), (4). Constructing such families of Lyapunov be verified without knowledge of the exact discrete-time
functions is in general hard and the question arises whetheimodel. Indeed, we already noted that the consistency prop-
one can answer the above question without knowledge oferty can be checked without knowing the exact discrete-time
appropriate Lyapunov functions for (3), (4). We present model of the system (item 1). Hence, we only need to verify
several such non-Lyapunov based results in this section.  an appropriate stability of the approximate model (item 2)
to conclude a corresponding stability property of the exact
discrete-time system. Note that stability for the exact closed

In order to state the main result of this subsection we loop can be guaranteed only for sufficiently small sampling
first need to define an appropriate stability property and a periodsT.
consistency property that quantifies the mismatch betweenRemark 5 Several examples in [11] and [12] illustrate that
the approximate and exact closed loop systems. if the item 1 in Theorem 1 does not hold while the item 2
Definition 2 [SPA stability] Consider the family of systems holds, it may happen that the exact discrete-time model can
(5), wherex € {a,e}. Let a nonempty closed sgt C R” not be stabilized by sufficiently reducifig Also, it is trivial
be given. The family of systems (5) is said to Bed]-semi- to see that we do need the item 2 to state the result. Hence,
globally practically asymptotically (SPA) stable if the system while our conditions are only sufficient, they are tight since
is forward complete and there exisise L such that for if one of them does not hold there are examples for which the

A. SPA stability via approximate discrete-time models

any pair of strictly positive numbe(g\, ) there existg™* > conclusion does not hold.
0 such that for allT” € (0,7), all z, € H(0,A) and all Remark 6 The condition of multi-step upper consistency
solutions¢z (-, z,) of the family (5) we have: may be removed if one has a Lyapunov function to conclude

* GAS. This has been done in [12] where Lyapunov condi-
167 (K, zo)l 4 < Bllwol4 KT) + v, VkeN. (1) tions that can be used to verify SPA stability (or GAS) of

Moreover, if the system is forward complete and there existsarbitrary sets for parameterized inclusions of the form (5) are
T* > 0 such that for alll’ € (0,7*) we have that (7) holds  presented. These results constitute a toolbox for controller
for all z, € R™ and withv = 0, then we say that the system design for sampled-data nonlinear systems via their approxi-

(5) is (5, A)-globally asymptotically stable. mate discrete-time models.

Definition 3 [Multi-step upper consistency] The family Remark 7 Theorem 1 generalizes Theorem [11, Theorem
F¢ is said to beA-multi-step upper semi-consistent wj. 1] in several different directions: it covers differential inclu-
if, for each triple of strictly positive real numbe(<., , A) sions, it is given for stability with respect to arbitrary sets
there exist a functiom : R>¢ x R>g — Rx>( U {oo} and and the controllers are allowed to be dynamic. We note that
T* > 0 such that, for alll’ € (0,7*) we have Theorem 1 differs from results presented in [12] because we

do not use a family of Lyapunov functions for the approx-
{2,y € Ha(0,4), [x —y| < 0} = imate model to state the result. In particular, results in [12]
Fo(x) C Fa(y) + o8, T)B, generalize [11, Theorem 2] whereas Theorem 1 generalizes

[11, Theorem 1].
and
k€0, 7] — B. GES via approximate discrete-time models

k In some cases, it is possible to establish stronger global ex-
k T . ponential stability for the family of approximate models and
a’(0,T) =a(-a(@(0,T),T) T)<n. (8 it is natural to look for appropriate consistency conditions
that will guarantee that the family of exact closed loops will

Remark 3 We present sufficient conditions for multi-step @S0 be globally exponentially stable. We summarize such
upper semi-consistency in Subsection 11l-C. We emphasize@ "esult (Theorem 2) in this section. We use the following
that this property can be checked without knowing the exact definitions:

discrete-time model. The notion of consistency is adapted Definition 4 [GES stability] Consider the family of systems
from numerical analysis literature [14], [16] and was already (5), wherex € {a,e}. Let a nonempty closed sgt C R"
used in [11], [12]. be given. The family of systems (5) is said to BeX.A)-
globally exponentially stable (GES) if the system is forward
complete and there exist positive numb&rs\ and7* such
that for all T € (0,7*), all z, € R™ and all solutions

@5 (-, o) of the family (5) we have:

1) F% us multi-step upper semi-consistent With; |07 (R, 20)| 4 < K exp(=AKT) [2o| 4 VkeN. (9)
2) The approximate closed loop system (3),(4)ds.A)- Definition 5 [Linear gain multi-step upper consistency]
SPA stable (of3, .A)-GAS) The familyF¢ is said to be linear gaind-multi-step upper

With these definitions, we can state the main result of this
subsection:
Theorem 1 Let3 € KL and let a nonempty set C R” be
given. If the following holds:
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semi-consistent withf’¢. if for each pair of positive numbers
(L,n) there existd™ > 0 and a functiom : R>¢ x R>g X
R>¢ — R>¢ U {oc} such that, for alll’ € (0,7*) and all
A > 0 we have

{z, 9 € Ha(0,A), |z —gy| <6} =

Fr(x) € Fr(y) + a6, T,A)B, (10)

and
kT <L

k

——
ak(O,T,A)::a(~ : 'Oé(O[(O,T, A)7T7A) o 7T7A)§ 77A
(11)

Theorem 2 Let positiveK, A and a nonempty sed C R"
be given. If the following holds:

1) F% is linear-gain multi-step upper semi-consistent
with F¢.;

2) The approximate closed
(K, A, A)-GES

then, there exist positivé;, A\; such that family of exact
closed loop systems (4), (2)(i&, A1,.A4)-GES.

loop system (3),(4) is

Remark 8 Theorem 2 can be used to conclude stronger

stability property (GES) of the exact discrete-time model if

the approximate discrete-time model is GES and a stronger

linear gain multi-step upper semi-consistency holds.

With these definitions, the condition (3) is satisfied. Also note
that for allk such thattT < L we have:

o
—

a” 0,7) = TP(T)

) [(1+KT)" —1]
(

(1+ KT)’

Il
o

)
S

e}
%N‘

<

[exp(KTk) — 1]

>
e

)

<

[exp(K'L) — 1]

=

and so (8) is satisfied.

Remark 10 It should be noted that one can state sufficient
conditions for multi-step upper semi-consistency in terms of
another (one step) consistency condition that characterizes
the mismatch between the open loop exagt(z,«) and
approximateF'?(z, v) plant models, a Lipschitz property on
F7 and uniform boundedness of the control law (4). Such
conditions can be found in [11] and [12].

Next, we present sufficient conditions for the consistency
property used in Theorem 2.
Proposition 2 If there exist positive numbefs and7™ and
p € K such that, for alll’ € (0,7*) and allz,j € R™ we
have
Fr(x) © Fr@)+[(1+ KT)|z - 9|
+ Tp(T) max{|z] 4, 7.4} B

Remark 9 We are not aware whether Theorem 2 has been Then, 77 is linear-gain multi-step upper semi-consistent
proved even in the case of sampled-data differential equa-With 77.
tions, static state feedback controllers and stability of the prgof of Proposition 2: Let (L,7) be given. LetK > 0,

origin.

C. Sufficient conditions for consistency

In this subsection we present several different conditions
to guarantee the consistency properties that we used in The-
orems 1 and 2. We emphasize that all these conditions can
be checked without knowing the exact discrete-time model
of the system. First, we present sufficient conditions for the

consistency property needed in Theorem 1.

Proposition 1 If, for eachA > 0, there existk' > 0, p €
Koo andT™* > 0 such that foralll’ € (0,7*) and allz, y €
H.4(0,A) we have

Fr(x) € Fr(y) + [(1+ KT) |z —y| + Tp(T)]B, (12)

thenF¢ is multi-step upper semi-consistent wikt..

Proof of Proposition 1: Let (L, 7, A) be given. From the
assumption of the lemma, &t generate’ > 0, p € K
andT} > 0. Define

a(8,T) == (14 KT)6 + Tp(T);

nkK

w100 (Gi=1) |

p € Ko andIy* > 0 come from the conditions in the lemma.
Define

a6, T,A) =1+ KT)5+Tp(T)A;

K
T* = min {75, p " [ — ) .
mm{ 0P (exp<KL>—1>}

With these definitions, the condition (3) is satisfied. Also note
that for allk such thattT" < L we have:

k—1
a®(0,T,A) =Tp(T)AY (1 + KT)
j=0
_ p(MA
== [+ KT —1]
< A2 exp(cr) ~ 1]
< A2 exp() - 1] < A

and so (11) is satisfied.

IV. PROOFS OF MAIN RESULTS

Lemma 1 If F7 is multi-step consistent witlk7, then for
each strictly positive triplg L, n, A) there existsT™* > 0
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such that, if for allT’ € (0, 7*) all solutions of the approxi-  Since (13) implies thatv + n < v, we have that the desired
mate closed loop (3),(4) satisfy bound (7) holds for alk such thatk € [0, {1, r]. Now we
u need to prove that the desired bound holds forkalk> 0.
¢7(k,§) € Ha(0,4) Vk € [0, 7], Then, sincel’ < T* < 1, we can write:

tht_en for any _solution of the e>§act closed loop (4), (2), there bprT>L-T>L—1.
exists a solution of the approximate closed loop (4), (3) such ’
that Definek; := i - £1, 7. Thus, using the definition df, » and

e, we get from (14) that for af € H 4(0, A) we have:
107 (k1,§)|a < B(A, L—=1)+ev+n < 2ntev < A (17)

Now consider thosé such that: € [k, k2]. We have, using
time-invariance, (16), (17) and the fact that.(k1,£) €
H.4(0,A), we get that for each. there existsp. such that

07 (k. &) — o7 (K, ) <n Yk e[0,lrr].

Proof of Lemma 1: Let (L, 7, A) be given. Define\; :=

A + 7. SinceF$. is multi-step upper semi-consistent with
F%., there exist a functiom(-, -) and a strictly positive real
numberT™ such that (3) and (8) are satisfied for the triple
(L,n,A1). We now prove the result by induction. First we  |¢%.(k, €)|4 = |05k — k1, 65 (k1,€))|a

have|¢%.(0,&) — ¢4(0,€) = [ — & = 0 < '(0,T) <. a(l _ e

Next, sﬂppose thgt for every. (k, &) there existspd(k, £) = |(fT(k k1, (fT(kl’g))'At .

such thatgs.(k, £) — ¢%(k, €)| < o¥(0,T) < nandk+1 € 07 (k — k1, 67 (k1,€)) — ¢T(k — ki, 07.(k1, )|
(0,01, 7). Sincegd(k,€) € Ha(0,A), it follows from the < B2n+ev, (k—ki)T) +ev+1n

definition of A; that all solutions of exact and approximate
closed loops satisfyp%-(k, &), ¢5(k, &) € Ha(0,Aq). It

then follows from (3) that for any solutiopt.(k + 1, €) there |05 (k,&)|a < B2n+ev,0)+ev+n<v (18)
exists¢f-(k+1,¢) suchthatg:(k+1,&) — % (k+1,€)| <
a(ak(0,T),T) = o**1(0,T). Sincek + 1 € [0, 7] it
follows from (8) thata*+1(0,T) < 7. |7 (k2,€)|a < B2n—+ev,L—1)+ev+n <2n+ev < A.
Proof of Theorem 1:Let (A, v) be given. Let3 come from

the item 2 of the theorem. Let > 0 ande € (0,1) be such The result then f(_)"OWS by induction. ) ] ]
that: In terms of trajectory error over “continuous-time” inter-

vals with length of order one, multi-step consistency gives
v (13) the following:
A (14) Lemma 2 Suppose thaF¢ is linear-gain multi-step consis-
tent with 7% and there exist positivé}*, B such that that
Let L > 1 be such that for eachL > 0 and for all T € (0, T;) all solutions of the

B(A,t) <7 VESL—1. approximate closed loop satisfy
Let 107k, )4 < B- 84 VEE[0,lrr].  (19)

Ay = B(A,0) . Then, for each strictly positive pail, n) there existg™* >

0 such that for allT € (0,7*) and for any solution of
the exact closed loop (4), (2), there exists a solution of the
approximate closed loop (4), (3) such that

|¢§"(k7§) - ¢'lll"(k7£)| S U |£|A Vk € [O7£L,T] .
andT" € (0,7™). From the item 2 and the choice @ we  proof of Lemma 2: Let (L, ) be given. LetL generate
have that: B > 0andT; > 0 using the conditions of the lemma.
a Let By := B+ 1 andrn := min{Z,1}. Let (L,n)
0,A) = ¢f(k 0,A Vk eN. ! n B:’ )
§€Hal0,8) (k&) € Ha0, A1) © generateZy > 0 and «f(-,-,-) via the linear multi-step
Using the item 1 of the theorem and Lemma 1 we have thatupper semi-consistency. L&t" := min{77}, 75} andT €
forall§ € Ha(0,A), T € (0,7*) and any solutions-(k, £) (0, 7*) and defineA := By|£| 4. The proof is completed by

from which it follows (using (13)) that for akt € [k, k2],

and, using the definition df; and (14) we have that

B(2n + ev,0) + 2n + ev

<
2n+ev <

Let (L,n, A1) generatel; > 0 via the item 1 of the the
theorem and letA, ev) generatd’; > 0 via the item 2. Let

T* := min{T7, T, 1} (15)

there exists a solution.(k, &) such that for allc with & € induction. First we havép$.(0,£) — ¢5.(0,¢)| = [ — ¢| =
[0, 1, 7] we have: 0 < a'0,T,A) < mA = m - By - |€la < nlél,
. " (which follows from the definition ofA and 7;). Next,

o7 (k, &) — o7 (K, < n. (16) suppose that for everys.(k, ) there existspd(k, £) such

Thus, for any sucké.(k, €) there exists)%(k, £) such that that |¢7.(k, &) — ¢4 (k,€)| < af(0,T,A) < my - A and
k+1 € (0,41 7). Since|oF(k,§)| < B £] 4 by assumption,

|07 (k)4 < 107 (k, &) 4 + |0F7(E, &) — o7(k, )] it follows from the definition of B; andn; < 1 that
< B¢ 4 KT) +ev+n Ve [0,4r7]. all solutions of exact and approximate closed loops satisfy

max{|¢ (k, €)| a, |65 (k, €) 4} < By [€] . It then follows

2Since3(s,0) € K, it is always possible to find such numbers. from (3) that for any solutionps.(k + 1,£) there exists
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¢%(k + 175) SUCh that|¢§"(k + 175) - ¢'lll"(k + 17£)| S
a(a®(0,T,A),T,A) = o**1(0,T,A). Sincek + 1 €

[0, 1, 7] it follows from (8) thata*+1(0,T,A) < mA =

m - Bil€la < nl§|a.

Proof of Theorem 2: Let ¢ € (0,1) andé € (0,c) be
arbitrary. Let K, A\, T}" come from the item 2. LeL :=

+In ( ) DefineL, := L + 1 and letL; andé generate

T2 via the item 1. LetT™* := min{T},T5,1} and let

T € (0,7*) be arbitrary. Note from the definitions and the

fact thatT < T* < 1, we have:
L=L—-1<{4p,r-T<L. (20)

Definek; := i - {1, 7. From the item 1 (with Lemma 1), we

can write that for every:, and every¢$. € S%(x,) there
existsg} € S%(z,) such that:
107 (kiv1,20) [ 4 = (0T (kit1 — ki, 97 (Ki, 0))| 4
< ‘¢%(ki+1 - ki7 (b%(kia xO))'A +
|97 (ki1 — ki, &7 (ki o)) — &7 (kit1 — ki, 97 (Kiy 20))|

< @7 (kiv1 — ki, @7 (kiy w0))| 4 + 6 [T (Kiy 20)| 4 -
(21)

Using the item 2, (21), (20) and definitions bf and L we
can write:

Ke Mt =hIT 00 (ki o) |y +
6 |97 (ki o) 4

[Ke Mt 4+ 61165 (ki, 20)| 4
(K& + 6] |65 (Ki, 20)| 4

[(c = 8) + 8] [o7(ki, o) | 4

clo7 (i, zo)| 4 - (22)

From (22), we conclude that for atl, and all¢$. € S%(x)

|65 (i, o)| 4 < ¢

|07 (kiv1,%0)| 4 =

IA I

ol 4 = exp(=Aid) |zo| 4 o (23)

for \; := ln(%) > 0. Using the definitions ok; and /., r
and (20) we can write:
A
“Xid = —\ < —=kT=-\kT,
11 = 1£L17 =TI 1

where)\; := L—ll and using (23), we obtain:
|07 (kiy 0)| 4 < exp(—A1kiT) |26 4 Vi=0,1,...

(24)

Again, using items 1 with Lemma 1 and 2, we have forzall

and¢$ € S%(x.) that there existg§. € Sf.(x,) such that

forall k € [k;, k;11] we have:

|67 (k, o) | 4 |07 (k — ki, 6T (i, o)) 4
(K +0) |97 (kis2o))| 4 - (25)

Finally, using (24) and (25), we obtain:
|07 (k, o) 4 (K +6) |97 (i, 7o) | 4
(K +38)e 5T g | 4
(K +6)eh i rTe Mk g |
(K +6)eMlre T ||,
= Klei)\lkT |£L‘O‘A

IN

(VAN VAN VAR VAN

which completes the proof.

V. CONCLUSION

We presented sufficient conditions for stability of nonlin-
ear sampled-data differential inclusions; semiglobal practical
asymptotic stability and global exponential stability of ar-
bitrary closed sets for the exact discrete-time model of the
sampled-data inclusion. These conditions may be verified
without knowledge of the exact discrete-time model. While
our theorem for GAS generalizes previous results we are not
aware of a result for exponential stability in the simpler case
of sampled-data differential equations, static controllers and
stability of the origin. The trajectory-based proofs make our
results suitable for further analysis, for instance of complex
systems such as cascades.
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