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Abstract

N THIS doctoral thesis, a characterization of the zero-error capacity region for three different
Iciasses of multiple access channels (MACs) is derived. The first type of channels considered in this
work is a two-user MAC with a common message that captures the correlation between transmitters.
Next, this model is extended by considering an arbitrary number of users M > 2. The last class of
MAGC:s represents a further extension to a more general case where inter-user correlation is modeled
by a common message seen by all users as well as pairwise shared messages. In this research, we look
at the zero-error capacity, which differs from the more commonly studied small-error capacity, from
anonprobabilistic angle. In fact, the obtained characterization is based on the so-called nonstochastic
information, denoted by I, and is valid not only for asymptotically large coding block-lengths but also
for finite 1cngths. Undcrstanding how to coordinate unambiguous communication through MAUC:s,
such that several unrelated senders can simultaneously send as much information as possible is of
great interest, cspccial]y with the emergence of new paradigms such as the Internet of 'lhings (IoT) and

Machine-to-Machine (M2M) communication.

Next, using the characterization of the zero-error capacity region for the two-user MAC, we
investigate the problcm of distributed state estimation under the criterion of uniformly bounded
estimation errors. It is shown that if there exists a coder-estimator tuple that achieves the desired
criterion, namcly uniformly bounded estimation error, the vector of topological entropies of the
linear systems, whose state is being estimated, must lie within the zero-error capacity region of the
communication channel. Additionally, we prove that if the to-be-observed plants have a topoiogical
entropy vector inside the interior of the zero-error capacity region, the existence of a coder-estimator
tuplc achieving uniformly bounded state estimation errors is guarantccd. This result relates the chan-
nel properties to the plant dynamics and paves the way toward understanding information flows in

networked control systems with multip]e transmitters.

Finally, we seck to characterize the fundamental cradeoft between the communication data rate,
code-length, system dynamics and state estimation performance. To this end, a universal lower bound
on the time-asymptotic estimation error is obtained using volume-based analysis. Additionaily, to

provide a guarantee on the estimation performance, an upper bound on the error is derived when



the measurements are quantized. When the code-length is large, we show that these lower and upper

bounds converge to the same limit.
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“Nothing in life is to be feared, it is only to be understood. Now is the

time to understand more, so that we may fear less.”

— MARIE CURIE (1867-1934)

Introduction

N 1948 Claude Shannon succeeded in providing a mathematical description of an abstract con-
Iccpt, namcly the notion of information. In his famous research paper ‘A Mathematical 7716073} of
Communication” [1], Shannon revolutionized the field of communications engineering by giving a
mathematicaﬂy precise definition for random variables (rv) in a probability space. He was partic-
ularly interested in defining a quantity that will measure, in some sense, how much information is
“produced” by a source of some generic nature, i.c., text, image, sound or even video. Shannon sug-
gested that the logarithm of the number of elements in the message set generated by the considered
source can be regarded as a measure of the information produced when one message is chosen from
the set, all choices being equally likely. By modeling noise and data sources as statistical processes
with known probability distributions, concepts of entropy and mutual information were introduced.
Unlike its use in thermodynamics, Shannon’s entropy describes a priori uncertainty of a rv in a broader
sense. In the early 1940s, the belief among the communication theory community was that negligi-
ble probability of error could only be guaranteed at large signal-to-noise (SNR) regime. However,
Shannon succeeded to prove that decoding error probabilities could be made nearly zero even with
low SNR. The operational interpretation of the concepts proposed by Shannon has made information
theory today the basis of modern digital communications. In fact, it turns out that a stationary ran-
dom process such as speech cannot be compressed below its entropy rate; and the maximal mutual

information across a channel corresponds to the channel capacity, i.c., the highest block-coding rate.

1.1 Motivation

In spite of the decisive role of information thcory in digital communications, it has not played

an important role in the field of control theory. As outlined in [2], one major reason for the lack of use



1 Introduction

of this theory to study dynamic systems is mainly the probabilistic model of uncertainty. In fact, most
control systems are employed for safety— and/or mission-critical purposes, with any error leading to
potentially devastating consequences. Hence, the system performance must be guaranteed every time
the plant is operating. As for communication systems, we are only interested in the performance on
average, i.c., usually, if some bits are erroneous the consequences are not as critical as in the case of
an expensive plant. Furthermore, the disturbances occurring in control systems cannot be always
modeled as probability distributions based on physical laws since they might contain mechanical
and chemical components rather than just electronic or electromagnetic noise like communication
systems. This motivates system designs based on the worst-case scenario [2-5]. Therefore, in order
to analyze the performance of networked control systems, it is natural to investigate the possibility
of constructing useful analogues of the stochastic concepts mentioned previously, without assuming a
probability space.

Traditionally, classical control and estimation theory has assumed that communication between dif-
ferent components of a network occurs over point-to-point links. This standard assumption however
cannot hold for recent emerging applications, where numerous subsystems are interacting with each
other. In these applications, it may be irnpractical or costly o set up and maintain multiple physical
point-to-point links between multiple subsystems. One solution is to use a shared medium, such
as wireless, with frequency and/or time divided up into non—interfering slots, each for dedicated
use by a single transmitter. In the case of time division, this leads to deterministic round-robin-
like protocols for channel access [6]. However, such methods are generally sub-optimal, since they
do not fully exploit channel resources in order to increase throughput. For real-time applications,
the delays caused by a round-robin scheduling protocol may also degrade performance significantly.
Event-based time scheduling is an alternative that allows sensors to transmit more quickly when their
measurements exceed certain levels or increase rapidly [7]. This allows communication resources to
be used where they are needed most. However, an additional network layer is typically required to
make sure network access goes to the device that most needs it.

An alternative is to allow users to transmit their messages simultaneously over the shared channel and
use coding and modulation to mitigate inter-user interference in addition to noise and other channel
effects. Since resources such as specific time slots or frequency bands are not pre-allocated to each
user, this method potentially allows faster data flows to be achieved. In real-time applieations with a
large number of transmitters, it could also improve 1atency compared to a time-division approach. A
simple model of simultaneous communication is multiple access channel (MAC) consisting of different
users who aim to each send an independent message reliably to a common receiver. This was initially
introduced by Shannon in his seminal work [8].

With this in mind, the aim of this thesis is to understand the problem of remote estimation of dy-
namical systems over MACs with bounded noise rather than assuming a statistical distribution. In

this context, we try to answer the following fundamental questions: is it possible to provide a reliable



1.2 Problem of State Estimation

estimation of the states of distinct plants observed by different sensors whose measurements are sent
simultaneously over a muitiple access channel? If so, what is the connection between the intrinsic

properties of the dynamical systems and the transmission data rates?

1.2 Problem of State Estimation

A fundamental problem in the field of dynamic systems and automated control is that of state
estimation. Simply put, the problem can be described as follows. A dynamic system of interest, e.g.,
an Unmanned Autonomous Vehicle (UAV), a manufacturing plant or an advanced aircraft, wishes
to achieve a specified objective. To generate appropriate control inputs, the system needs to know
its current state, such as its position and velocity. The true state is, however, rarely available to the
system, but it rather needs to be estimated using some noisy measurements obtained by the system’s
sensors. A sensor is a device that detects and converts a physical property into a signal. Due to
hardware imperfections, the conversion process of physical quantities into electric signals is far from
perfect, and the uncorrectable error introduced is known as measurement noise. Therefore, using all
of the available information about the sensors and their measurements, the system has to obtain an

accurate estimate of its state.

Sensor !

Sensor 72 output

The Decoder

Sensor YM
State vector

1 M\T : i “tor
(xt, - M) State estimate vector

(f17...7)2M)T

Figure 1.1: The state vector of a dynamic system is observed by separate sensors. Each sensor incor-
porates an observer and a channel encoder. In this setup, the sensors and their encoders
have uncoordinated access to the channel, i.e., shared channel with no a priori resource
allocation.

By virtue of the important progress in the fields of electronics, nanotcchnoiogy and computing, the
world has witnessed an unprecedented development of smaller and cheaper sensors able of carrying
out real-time computation and communicating over wireless channels. The availability of such sen-
sors to a wide range of users has contributed, among other factors, to a tremendous increase in the
number of connected devices and the emergence of new technological concepts such as the Incernet

of Things (IoT) and Machine-to-Machine (M2M) communication [9]. These technologies have enabled
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Dynamical Sensor, Decoder, System
) Channel ) 1 Oper
System Encoder Estimator perator

Figure 1.2: Hlustrative model of the state estimation problem over point-to-point noiseless commu-
nication channel.

information processing and exchange within a network of geographically dispersed devices that are
referred to as nodes. A schematic of such a setup is shown in Fig. 1.1. In centralized state estimation,
all nodes can send their measurements to one central Cornputational unit where the system’s state is
estimated [10]. This technologieal transition requires a new set of network speciﬁcations including
simultancous communication, low latency, high device availability, and minimum maintenance and

operation costs.

To appreciate the importance ofunderstanding the impact of the communication channel limitations
on the task of state estimation even under the simplest circumstances, we consider the example of a

scalar unstable linear time-invariant (LTI) system whose dynamics are described by
x[k+1] = Ax[k], k € Z>o (1.2.1)

where |A| > 1 and the initial state is assumed to be bounded, i.e., x[0] <Y < eo, where Y € R. As
depictcd in Fig. 1.2, the measurements of the sensor obscrving the plant’s state are quantizcd and
encoded before being communicated over an errorless g-ary channel, i.c., a channel with an input
alphabet size cqual to g. At the receiver, the decoder/estimator block produees an estimate )?[k] of
the system’s dynamics using the channel output. The design criterion in this setting is to keep the

estimation error bounded, i.c.,

sup |x[k] — %[k]| < oe. (12.2)

kEZZO
Before being encoded, the observed initial state x[O] undergoes first a quantization process as follows:
A g-level quantizer incorporated within the sensor divides the interval [T, Y] into ¢ sub-intervals
of the same length %. The encoder, then, maps the true state into the closest rnidpoint (using the

Euclidean norm by way of example).

Under the assumption that the decoder knows the scalar A and the interval [—T,Y], it is possible
at the receiver to produce an estimate £[0] of the initial state. After a total of K channel uses, i.e.,
k=1{0,1,--- K — 1}, the estimator refines its estimate of the initial state to achieve an error of at

most sup |x[0] — £[0]| = (Y/gX). Subsequently, at time instant k = K, the estimation error would
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have evolved with time to reach

sup [x[K] — 2[K]| = |A|¥ sup x[0] — £[0]|

Y
= q7|x|’(. (123)

From (1.2.3), one could see that in order to maintain the estimation error bounded in the sense of
(1.2.2), the following must hold

Al <gq. (1.2.4)

This inequality, namely (1.2.4), reflects the underlying connection between the dynamics of the ob-
served plant and the communication channel. This result is known in literature as the data-rate theo-
rem [11, §1.3]. For more details about the problem of state estimation over point-to-point memoryless

channels for both undisturbed and disturbed LTT systems, please refer to [3].

1.3 Literature Review

The decisive role of information theory n digita] communications arises 1argely from the fun-
damental coding bounds it provides. To approach these bounds, coding schemes with arbitrarily
1ong block 1engths are used, which result in a Vanishingly small probability ofdecoding errors. How-
ever, long block-lengths are ill-suited for real-time control systems since they lead to long delays that
degrade c]osed—loop performance signiﬁcantly. Furthermore, in real-time control and estimation
applications, where there are safety requirements or mission-critical objectives, closed-loop perfor-
mance is often quantified in a worst-case sense, rather than probabilistically.

An important step towards understanding communication requirements for worst-case state esti-
mation was taken in [12], where it was shown that, to achieve almost surely (as.) uniformly bounded
state estimation error for a linear, disturbed dynamical system over a stochastic discrete memory-
less point-to-point channel, it is necessary that the open-loop topological entropy h does not exceed
the channel zero-error capacicy' Co. 1f Cp > h, then there exists a coding and estimation scheme that
achieves a.s. uniformly bounded state estimation error. By noting that Cy depends on the combi-
natorial structure of the channel racher than its probabilistic nature, this result was rederived in [3]
for surely bounded estimation error, by introducing the framework of uncertain variables (uv’s) and
nonstochastic information L. In a recent article [13], the authors introduced the notion of uncertain
wiretap channel and studied the problem of secure state estimation for a noisy unstable dynamical

system using the nonstochastic setup. Tools from this non-probabilistic framework were also used to

'In contrast to the conventional Shannon capacity C, the channel zero-error capacity Cp is the highest rate leading to an
error probability at the decoder which is exactly zero. This notion is further discussed in Section 2.4.
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study the problem of bounded state estimation over point-to-point channels with finite memory [14].
The main focus in previous works was on studying either state estimation or control problern in
the context of point-to-point channels. Stochastic stabilization of networked control systems over
multiple wireless channels has been extensively studied in, e.g., [15,16]. To the best of our knowledge,
the problem of state estimation over a MAC with bounded noise has not been considered yet. An
exception is the work of Zaidi et al. [17], where classical stochastic tools were used to present sufficient
conditions ensuring the mean-square stabilization of two scalar linear time-invariant (LTI) systems
over a noisy two-input, single-output MAC. The paper [18] also obtains necessary and sufficient
conditions for stabilizing two scalar plants across a shared Gaussian MAC. In that paper, the authors
distinguish between the case where encoders are entirely independent of cach other and the case
where information sharing among them is allowed.

However, before proceeding with studying the problem of worst-case state estimation over MACs,
the zero-error capacity region %o of the communication channel must first be characterized. In
fact, unlike its ordinary small-error capacity region % which has been extensively studied in che
literature [19,20], little is known about the MACs’ %, and to date, no formula for such a region has
been obtained and 6y of MACs, in general, remains an open problem. For instance, for deterministic
hinary adder channel (BAC), which is a particular example of MACs?, the best outer bound on this
region has been obtained by Austrin et al. in [21] which presents a slight improvement on the result
of Ordentlich and Shayevitz [22]. These studies rely mainly on combinatorics in order to tighten the
outer bound of €) and reduce the gap with its inner bound [23]. A more complex model than the
MAC with two independent inputs corresponds to the generalized scenario where two or more users
are allowed to transmit arbitrarily correlated messages. By considering a two-user, three-message
MAC [24], Slepian and Wolf were the first to introduce the concept of MAC with correlated sources.
In their model, both transmitters have access to a common message in addition to their respective
private ones. In [25], Han extended this model to a class of multi-user MACs with correlated sources.
More recently, Giindiiz and Simeone [26] have further refined these results by reducing the number of
auxiliary variables involved in the analysis by means of a special message hierarchy. Next, we discuss

the contributions of this thesis and the gaps that are addressed.

1.4 Outline & Contributions

This thesis studies the prohlern of distributed state estimation over rnultiple access channels
(MACs) with bounded noise. The rest of this dissertation is organized as follows. In Chapter 2, a
thorough background and literature review is presented. In this part, we motivate the use ofmultiple
access channels (MACs) as a suitable model of several transmitters sending their messages simultane-

ously over a shared communication medium. Moreover, we discuss the notion of zero-error capacity

2See Section 4.4.1 for a derailed presentation of this channel model.
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of a channel as a fundamental performance limit quantifying the number of messages that may be
re]iably communicated with no error. Finally, basic definitions related to the proposed nonproba—
bilistic framework are introduced and the concept of nonstochastic information is described.

Next, in Chapter 3, the theory of nonstochastic information is applied to characterize the zero-error

capacity region for three classes of the so-called multiple access channels (MACs), namely
+ Two-user MAC with common message,
« M-user MAC with one common message and M > 2, and
+ M-user MAC with a common message and pairwise shared messages.

Unlike conventional information-theoretic proofs of channel coding theorems, where the code block-
1cngth is often assumed to be asymptotically largc, the analysis prcscntcd in this dissertation is also
true for finite block-lengths.

Using the characterization of the zero-error capacity region for the two-user MAC with common
message, the problem of distributed state estimation over such channels with bounded noise is ad-
dressed in Chapter 4 under the criterion of uniformly bounded estimation errors. The setup con-
sidered here consists of three discrete noisy LTI dynamical systems connected to two sensors. More
specifically, two plants are assumed to be observed in total privacy, i.e., each by a separate sensor,
whereas the output of the remaining system is available to both devices. 'lhough limited to three
systems, this configuration encapsulates some of the essential elements of the problem of distributed
state estimation, e.g., where each sensor observes a different subset of the overall system’s dynamical
modes. Under suitable assumptions, we show that if there exists a coder-estimator tuple yielding

uniformly bounded estimation errors, then
h € 6, (1.4.1)

where A is the vector of ropological entropies® of the corresponding systems and 6y denotes the zero-
error capacity region of the MAC. On the other hand, if i € int(%p)*, then a coder-estimator tuple
that achieves uniformly bounded state estimation errors can be constructed. In other words, con-
dition (1.4.1) is both necessary and sufficient for every point inside the interior region of € and it
is shown to be necessary for all points on the boundary. This condition is considered tight as suffi-
ciency and necessity differ only on the boundary, which is a set of measure zero. We also prove, in this
chapter, the generality of the proposed setup in the case of noiseless LTT systems. In fact, it turns out
that an undisturbed system observed by two sensors can be decomposed into three separate systems,

namely private plants observed only by the respective sensor and a common system observed by both

3The notion of topological entropy of a system is defined as the sum-log of its unstable pole magnitudes.
#The operator int(-) denotes the interior of a given region.
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devices. Lastly, a numerical example of a setup where the communication occurs over a binary adder
channel is presented and discussed.

Next, following the establishment of the necessary and sufficient conditions under uniformly bounded
estimation error criterion over two-user MAC with a common message, Chaptcr 5 seeks to character-
ize the fundamental trade-oft between the communication data rate, code-length, system dynamics
and the state estimation pcrformancc. By exploiting the properties of nonstochastic information
theory, universal lower bounds on the time-asymptotic max norm of the estimation errors are de-
rived. We first start our analysis by treating the communication channel as a point-to-point channel,
which allowed us to obtain a lower bound on the overall performance of the whole system. Hence,
this lower bound is described as centralized. Afterwards, by virtue of the distributed nature of the
considered setup, we refine this result and derive decentralized lower bounds associated with each of
the estimated sub—systems. We then show that this bound is tight for one-dimensional systems by
presenting a construction of an encoder-estimator tuple that achieves the lower bound. Moreover,
the centralized lower bound is generalized to the case of a dynamic system with an arbitrary num-
ber of decoupled states, and it is then shown that in the large block-length regime, the estimation
performance is mainly driven by the dominant eigenvalue.

At this stage of the thesis, we aim to provide a guarantee on the estimation performance of the previ-
ously discussed system. To this end, we derive an upper bound on the error when the measurements
are quantized in Chapter 6. Furthermore, each state is estimated at a share of the total rate available

at hand. Three eonfigurations of the state matrix are considered in this ehapter, namely
. one-dimensional ]ordan blocks,
- non-scalar ]ordan blocks with real eigenvalues, and
+ non-scalar Jordan blocks with complex eigenvalues.

We eventually show there that, for asymptotically large code block-lengths and hypercuboidal process

noise, the obtained lower and upper bounds converge to the same point.

Finally, the dissertation is concluded with a summary of the main ﬁndings followed by a discussion

of possible future research directions in Chapter 7.

The novel work obtained in chis thesis was published in the following conference and journal papers:

Journal Papers

« G. Zafzouf, G. N. Nair and E. Farokhi, “Uniformly Bounded State Estimation over Multiple

Access Channels,” under review. Submitted ro IEEE Transactions on Automatic Control.
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Conference Proceedings

« G.Zafzout'and G. N. Nair, “Zero-Error Capacity Region of a Class ofMultiple Access Channels
with Inter-User Correlation,” 2020 IEEE Information Theory Workshop (ITW), Apr. 2021.

+ G. Zafzouf'and G. N. Nair, “Distributed State Estimation with Bounded Errors over Multiple
Access Channels,” 2020 IEEE International Symposium on Information 771601”)/ (ISIT), Los Angclcs,
USA, June 2020.

+ G. Zafzouf; G. N. Nair and ]. S. Evans, “Zero-Error Capacity of Multiple Access Channels
via Nonstochastic Information,” 2019 IEEE Information Theory Workshop (ITW), Visby, Sweden,
Aug, 2019,
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“Alles Gescheite ist schon gedacht worden.

Man muss nur versuchen, es noch einmal zu denken.”
“All intelligent thoughts have already been thought;
what is necessary is only to try to think them again.”

— JOHANN WOLFGANG VON GOETHE (1749-1832)

Background

E DEVOTE this chapter to presenting background concepts that are used in the rest of this the-

C (’ sis. To this end, we start with an overview of nonstochastic information theory in Section 2.1.
Next, we explain the concept of memoryless channels in Section 2.2. Afterwards, we discuss an exam-
ple of a multiple access channel (MAC), namely the Gaussian MAC, in Section 2.3. Final]y, Section

2.4 aims at Clarifying the notion of zero-error channel capacity using some well-known examp]es.

2.1 Preliminaries on Nonstochastic Information Theory

In this section, we review the uncertain variable (uv) framework introduced in [2—4]. The notions
reviewed here will later be used to study the problem of zero-error communication over different
classes of MAC:s.

2.1.1 Uncertain Variables, Unrelatedness and Markovianity

Consider the sample space Q as shown in Fig. 2.1. An uncertain variable (uv) X consists of a
mapping from Q to aset Z [3]. Hence, cach sample o € Q induces a particular realizationX((D) S

Z. Given a pair of uv’s X and Y, the marginal, joint, and conditional ranges are respectively denoted

by

[X]={X(0): 0eQ} 2, (2.1.1)
[X,Y] ={(X(0),Y (@) :0€Q} C Z x¥, (2.12)
Xyl ={X(0):Y(0)=y,0cQ} C 2. (2.13)

The marginal range and conditional ranges together fully determine the joint range as follows

13
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No measure on Q!

Figure 2.1: Notion of uncertain variable (uv).

X, ¥]= U [¥}x] xx.

xe[X]

This is similar to che way that joint distributions are determined by the conditional and marginal

ones. Note also that the family {[X|y] : y € [Y]} of conditional ranges is denoted [X|Y].

As in probability theory, the dependence on € will normally be hidden with most properties of
interest expressed in terms of operations on these ranges. As a convention, uv’s are denoted by upper-
case letters while their realizations are indicated in lower-case. Furthermore, the expression [a : D]

represents the sequence of integers {a,a+1,--- ,b—1,b}.

Definition 1 (Unrelatedness [3]). Aﬁnirc‘ collection X1,X5, -+ X, ofuz/s are said to be (murually) unrelated
if

X1, X, X,] = [X1] % [X2] % -+~ [Xa].- (2.14)

Remark 1. Unrelatedness, which is closely related to the notion of qualitative independence [27] berween

discrete sets, can be shown to be equivalent to the conditional range property
[Xklxix—1] = [Xe],  Vxra—1 € [Xix—1], VK€ [2:n]. (2.1.5)

Defimition 2 (Conditional Unrelatedness [3]). The uvk X, ..., X, are said to be conditionally unrelated

giVCnYif
[Xi,.... X Y] = [Xaly] % -+ x [Xu|y], ¥y € [Y]. (2.1.6)

Definition 3 (Markovianity [3]). The uv’s X1,Y and X5 form a Markov uncertainty chain denoted as
X1 <Y & X, if
[Xi [y, x2] = [Xiy], V(y,x2) € [Y, X2]. (2.17)

14



2.1 Preliminaries on Nonstochastic Information Theory

Remark 2. It can be shown that Def. 3 is equivalent to Xi and X, being conditionally unrelated given Y, i.e.,
[X1,. Xz |y] = [Xi[y] x [X2]y], vy € [¥]. (2.1.8)
By the symmetry of (2.1.8), we conclude that X; <+ Y < X5 iff Xo <+ Y < X).

Remark 3 (Markovianity for a genera] sequence of uv’s). We consider a sequence X, , X, ofn >3

wv’s. We say that this sequence forms a Markov uncertainty chain Xy <> X > -+ <> X, if
[[X];k_] y Xkt 1 |xk]] = [[X];k_] |xk]] X [[Xk-‘rl |xk]], Vxy € [[Xk]], Vk € [2 n— 1] (2.1.9)

This means that the conditional range of Xi11 given past realizations depends only on the most recent one. This

is also equivalent to the reversal-invariant property
IXtk—1: Xt 10 2] = [Xve—1 2] ¥ [Xew1on 2], Vox € [Xi], VR € [2:n—1], (2.1.10)

i.e., the future and past of the sequence are conditionally unrelated given the present.

2.1.2 Overlap Connectedness

In order to define a notion that quantiﬁes the information that can be gained about a uv X given
another uv ¥, namely nonstochastic information, we must first define a notion of connectedness to

describe the structural properties of the family of conditional ranges [X|YT].

Definition 4 (Overlap Connectedness [3]). Two points X and X' € [[X]] are said to be [[X|Y]]—overlap

connected, denoted x <~ X', if there exists a finite sequence {[X|yi]}1, of conditional ranges such that
x € [X|ni], ¥ € [X|ym] and [X |y N [X|yi=1] # O, for eachi € [2 : m].

Obviously, the overlap connectedness is both transitive and symmetric, i.e., it is an equivalence re-
lation. Thus, it results in cquivalcncc classes that cover [[X]] and form a unique partition. We call
this family of sets the [X|Y]-overlap partition and denote by [X|Y]s. Every set & € [X|Y]« can be

CXPI‘CSSCd as ﬁ)HOWS

G={xc[X]:xe b} = U 2. (2.1.11)
PE[X|Y]: P

2.1.3 Nonstochastic Information I,

Using the notions described previously, it is possible now to measure the amount of information
L. [X; Y] common to two uv’s X and Y. This framework allows information-theoretic tools to be used

to investigate problems where statistical scructure is unavailable. It will be shown in this section that

15
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Y Y
A ° y2 |----@-------- °
wl e | wle |
? — X X
[X|y1] [Xy2] [Xyi]  [X|y2]
(a) (b)

Figure 2.2: Illustrative example of (a) Overlap disconnected points; (b) Overlap connected points.
the proposcd nonstochastic information allows us to quantify how much information both variables
share [2].

Definition 5 (Nonstochastic Information [3]). The nonstochastic information between X and Y is given

l’)y
L[X;Y] =1log, |[X|Y].]. (2.1.12)

Remark 4. Note that the nonstochastic information is symmetric, i.e., L[X; Y] = L[Y;X]

Example: Consider uv’s X and ¥ with conditional range family [X|Y] = {[X|»], [X|y2]}-
Fig. 2.2(a) illustrates an example of overlap disconnected points. Observe that [X |y N [X|y2] =
0, and hence, the unique overlap partition [X|Y ]« consists of two singleton sets. Thus, the non-
stochastic information in chis case is I, [X;Y] =log,2 =1 bit. On the other hand, Fig. 2.2(b)
shows the case where the points are connected in overlap sense. In this case, it is easy to see
that [X|y1] N [X]y2] # 0 and [X|Y]. does no longer consist of two singleton sets. Hence,
L[X;Y] =log, 1 =0 bic.

Similar to mutual information, L[X; Y] comes with the following properties:

« Nonnegativity. The nonnegativity of I, [X; Y] can be directly deduced from (2.1.12). Thus,

L[X:;Y]>0. (2.1.13)

. Monotonicity. Using the maximal cv interpretation of I, it can be shown that, for any uv'’s

X,Yand W,

L[X:Y,W] > L[X;Y]. (2.1.14)
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« Data Processing Inequality. For any Markov uncertainty chain W <+ X < Y,
I*[W;Y] < I*[X;Y]. (2.1.15)
In other words, inner uv pairs in the chain share more information than outer ones.

2.1.4 Maximal Common Variables

Consider the basic problem in which two agents observe realizations of X and Y separately. These
agents apply separate functions to the corresponding observations to produce outputs; and wish to
eventually agree on a common value. In other words, the first and second agents apply functions f
and g to the realizations x and y respectively so that f(x) = g(y) for all (x,y) € [X,Y]. Consequently,

the common variable (cv) Z can be expressed as
Z:=f(X)=g(). (2.1.16)

If the agents cannot agree on anything unambiguously, then Z is a constant. Because of the lattice
form of the space of variables [28], there exists a common variable Z, = f,.(X) = g.(Y) that is maximal
in the sense that any other cv Z admits a function & such that Z = h(Z*). Therefore, it turns out that
no cv can take more distinct values than the maximal one. We formally define the notions of common

variable and maximal common variable as follows.

Defmition 6 (Common Variables [28,29]). A uv Z is said to be a common variable (c¢v) for X and Y if
there exist functions f and g such that Z = f(X) = g(Y).

Furthermore, a cv is called maximal if any other co Z" admits a function h such that Z' = h(Z).

Remark 5. As previously discussed, no cv can take more distinct values than the maximal one. The concept
of a maximal common variable was first presented by Shannon in the framework of random variables [28] to

which he referred by the term “common information element”.

Remark 6. The notion of “common information” has been widely studied in information theory and encap-
sulates different variants which are generally non-equivalent. For instance, the Gacs-Korner (G-K) common
information introduced in [30] captures the amount of common randomness between two rv’s X and Y that can
be extracted by observing them separately. The G-K common information corresponds to the log-cardinality of
Shannon’s common information element [28]. Another example is the Wyner’s common information [31] which,
on the other hand, reflects the minimum amount of common randomness required to generate the rv’s X and
Y sepamrely. More recently, the OC—Rényi variant of common information, with a € [0,00), was introduced

in [32, 33], where more general families of divergence are used instead of the Kullback-Leibler divergence.

The nonstochastic information I, [X;Y] is precisely the log—cardinality of the range of a maximal cv

between X and Y. This is because it can be shown that for all pairs of points (x,y) € [X,Y], the
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[IX1Y,wi]«| =3 XY, w2 | =2 [X1Y,w3]+| =2

Figure 2.3: Tllustrative example of a family of conditional ranges for three realizations wy, w; and ws.

partition set in [[X|Y]]* that contains x also uniqucly spcciﬁcs the set in [[Y|X]]* that contains y. Thus,
these overlap partitions define a ¢v for X and ¥, with corresponding functions f and g given by

labclling. Furthermore, this cv can be provcd to be maximal. See [2] for further details.

2.1.5 Nonstochastic Conditional Information

In classical information theory, conditional mutual information I1(X;Y|W) measures how much infor-
mation two rv's X and Y share on average given a third rv W that is available to both [1]. To treat
scenarios where joint probability distributions cannot be obtained but where ranges are known with

high confidence, we present nonstochastic version of conditional information.

Definition 7 (Conditional Nonstochastic Information [2]). The conditional nonstochastic informa-

tion between X and Y given W is

LIX;Y|W] := min log, |[X|Y,w].], (2.1.17)
we[W]
where for a given w € [W], [X|Y,w]. is the overlap particion of [X |w] induced by the family [X|Y,w] of

conditional ranges [X |y,w], y € [Y |w].

Example: Fig. 2.3 shows an example of a family [X,Y|W] with W = {w,ws,w3}. The non-

stochastic conditional information in this case is

LIX;Y|W] :=1og,(2) = 1 bit.

Remark 7. It can be shown that I, [X;Y |W] also has an important interpretation in terms of cv's: it is the
maximum log-cardinality of the ranges of all cvs Z = f(X,W) = g(Y,W) that are unrelated with W. For

more details we refer readers to [2].
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Noise
Source
Zl:n
Message | W Ercod Xin Channel &’D . 1% -
Source neoder Y = f(Xi,Z) ecoder Sin

F igure 2.4: Mllustration of a communication system transmitting over a memoryless channel defined

by a fixed function f(-).

Similar to its stochastic analogue, nonstochastic conditional information has the foHowing proper-

ties:
+ Nonnegativity: I, [X;Y|W] > 0.
. Symmetry: L[X;Y|W] = L[Y; X|W].
+ Monotonicity: L [X;Y |W] < L [X;Y,Z|W].
+ Data Processing Inequality: If X <> Y <> Z|W is any conditional Markov uncertainty chain

given W, then I, [W;Z’W] < I*[X;Y‘W].

2.2 Discrete Memoryless Channels (DMCs)

A basic and widely used model is the so-called discrete memoryless channel shown in Fig. 2.4. We
distinguish between five types of variables: a source message W, channel inputs Xj, channel outputs
Y;, noise term Z;, with time index i € [1 : 1], and a message estimate W.

As depicted in Fig. 2.4, the message source generates the message W € % = [1:|#]] such that
|| € Z>1. An encoder is then employed to map the message w to a string Xj., of n symbols in 2.
We call the sequence Xj., a codeword, and the set of all possible codewords as w ranges over # is
called a codebook. The set 2 of single letters X;, whose elements are used to form the codewords, is

called an alphabet. The channel output is given by
Y, = f(Xi,Zi) e, vVie [1 : n], (2.2.1)

where f(+) is a fixed function, Z; € 2 denotes the noise term, and & is the output alphabet. The

channel is said to be memoryless, if

pYilX1.i,Y1.i-1) = p(Yi|X;), Vie[l:n], (222)
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in a stochastic setting, or if
il Xy, Yi.i-1] = [Yi|Xi], Vie[l:n], (2.2.3)

in a nonstochastic setting. Furthermore, the channel is qualitied as discrete, when the alphabets
h tting, Furth . the channel is qualified as discrete, when the alphabets 2

and % are both discrete and finite sets. Thus, we call this a discrete memoryless channel (DMC).

At the receiver end, the decoder uses the channel output Y., = y1., to providc an estimate W = w of

the original message W = w.

2.3 Multiple Access Channels (MACs)

In many modern practical applications, information is sent by two or more users over the same
communication medium to a common receiver. Evcntually, all messages transmitted by any sender
should be reliably recovered by the receiver. Thus, in addition to channel noise, the decoder must
also take into account the interference between different users. Some real-world examples of this

communication scenario include the uplink of a cellular system and wireless industrial networks.

A channel model capturing the essence of this problcm is the aforementioned MAC. A natural ex-

ample of such channels is the Gaussian MAC
y=xW4+x® 47 (2.3.1)

where X1 and X@ are the inputs to the channel, Z denotes zero-mean Gaussian noise independent
of XU and X@  and Y is the channel output. Note that X, X@ and ¥ assume any real numbers.
In [34], it was shown that a reasonably good approximation of the Gaussian MAC is a deterministic 2-
user XOR MAC model carrying summation in Zy, i.c., a Galois field of order two. A further example
of MAC:s is the binary adder channel (BAC), which unlike the XOR model, pcrforms the addition over

Z and will be discussed in greater detail in Chapter 4.

In communication thcory, channel capacity is a notion that captures the maximum rate at which in-
formation can be transferred reliably in some suitable sense across the channel [35]. Unlike point-
to-point channels, whose channel capacity Cisa non-negative scalar, in the context of multi-user
channels, including the MAC in particular, we talk about a channel capacity region € that lies in an
M-dimensional space, where M is the number of users in the system. The ordinary capacity region €
of MACs has been extensively studied in the literature, and was first found by [19,20]. Subsequently,
by means of superposition coding, the single—]etter characterization of this region was obtained by

Slepian and Wolf in [24]. For more details regarding this topic we refer the reader to [36].
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Figure 2.5: Channel transition diagram of (a) Binary Erasure Channel with Cy = 0; (b) Pentagon
Channel with Cy > 0.

2.4 Notion of Zero-Error Channel Capacity

In the context of worst-case state estimation, it turns out that the notion of zero-error capacity
Co is a more insightful figure of merit than classical channel capacity C [2,3]. The zero-error capacity
Co of a point-to-point channel is defined as the highest block-coding rate which yields exactly zero
decoding errors at the receiver [37]. Intuitively, the block codes with the zero-error property are
those 1cading £o an output set that consists of distinct elements, i.c., no codewords result in the same

output.

Binary Erasure Channel. A well-known example of DMCs is the binary erasure channel (BEC)
with a binary input alphabet 2" = {0,1} and a ternary output alphabet % = {0,€,1} as de-
picted in Fig. 2.5(a). The probability of correctly transmitting a message x € 2~ over the BEC is
1 — p. If the transmitted message is lost, then the channel outputs the letter €. This event occurs
with a probability p € (0,1). It is clear here that the input letters are indistinguishable, i.e., the
corresponding output sets have a common element, as P(8|x) >0, Vx € 2. And indeed it can

be shown, from a result of [37], that the BEC’s zero-error capacity Cp = 0.

Pentagon Channel. Another example of a DMC, but with strictly positive zero-error capacity,
is the pentagon channel [37] shown in Fig. 2.5(b). Each letter of the input alphabet (also coin-
ciding with the output alphabet) X =% = [0 : 4} can be mapped cither to itself, i.c., y = x,
or to the next letter, i.e., y = x4+ 1 (mod 5). In 1979, Lovasz [38] showed that Cp = (log5)/2.
An interesting fact here is that it is possible to achieve the zero-error capacity of the pentagon
channel with a code of a block-length equal to 2. An example thereof is the following code-
book X = {00,12,24,31,43}. Tt is possible to manually check that all of these symbols are

distinguishable, i.c., do not yield overlapping output symbols.

It turns out that the zero-error capacity Cy does not dcpcnd on the probabi]ities of different tran-

sitions in the channel, and hence it can be defined without referring to a stochastic framework. It
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was shown in [3] that Cp of a point-to-point channel can be expressed in terms of nonstochastic

information as follows

L\X..: Y.
Cop=lim sup M, (2.4.1)
e xIx]jc n

where the uv’s X and Y are the channel input and outpurt, respectively.
In a similar manner to &, in a multi-user communication setup, the zero-error capacity region %o is
characterized by an M-dimensional set when dealing with M senders rather than a single scalar like

Co. A formal definition of €y is presented in Chapter 3 of this thesis.
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“.. when you have eliminated the impossible, whatever remains, however

improbable, must be the truth.”

— SIR ARTHUR CONAN DOYLE (1859-1930)

Zero-Error Capacity Region of Multiple Access
Channels

HE PROBLEM of charactcrizing the zero-error capacity region %o for multip]c access channels
T(MACS) has remained open for over three decades. Motivated by this challenging question, we
use tools from nonstochastic information thcory reviewed in Section 2.1 earlier in this thesis to derive
a channel coding theorem in a zero-error communication system for three different classes of MACs.
In the first section, we start by studying the case of a two-user MAC with a common message. Then,
we extend this model to a system with M > 2 users and one common message. Finally, a more general
channel model that encompasses pairwise inter-user correlation in addition to the common message
is investigated. Unlike previous contributions, this analysis does not assume that the block-length is

asymptotica]ly 1arge, and hence, the obtained results are applicab]e for finite Coding lengths.

3.1 Zero-Error Communication over Two-User MAC with Common

Message

We consider in this section a communication system operating over a two-user MAC. After
describing the system model, we formally introduce the notion of the zero-error capacity region of
the considered channel, and prove a multi-letter characterization using nonstochastic information

theory.
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3 Zero-Error Capacity Region of Multiple Access Channels

w ) X, w)
Source 1 &) >
(0) Y, i/ (0)
Source 0 W MAC £ 9 W
(2)
(2) X 2.(2
Source 2 W &(2) i W_(),

Figure 3.1: The two-transmitter MAC system with 2 common message operating at time instant k.

3.1.1 System Model

Consider a MAC with one receiver, two transmitters, and three sources, as illustrated in Fig. 3.1.
Assume the messages W(O), WO and W@ are mutually unrelated and finite-valued. Without loss of
generality, for i = {0,1,2}, let W take the integer values [1 : o] =: # for some integer o) >
1. For a given coding block-length n > 1, the messages are encoded into channel input sequences
Xl(:ln) and X 1(2)

nas

X(.j) ) (W(O),W(j)), je{1,2}, (3.1.1)

1:n

where &) and €@ are the coding functions at each transmitter. Note that the common message
WO s seen by both transmitters, while the private messages W and W@ are available only to the

rCSpCCtiVC CnCOerS. ThC Codf rate for Cach mCSSagC is deﬁned as
R = (log2 ) \) /n, i€{0,1,2}. (312)

Due to the common message, the two channel input sequences will typically be related. In the case
where the common message can take only one value, so that R©) = 0 bits, each channel input is
generated in isolation and is mutually unrelated with the other. At the other extreme, if each of the
private messages can take only one value so that R = R?) = ( bits, then the channel inputs are
generated in complete cooperation.

At this point, we define a nonstochastic version of the conventional notion ofstarionmy memoryless

two-user MAC as follows:

Definition 8 (Stationary Memoryless Uncertain Two-User MAC). Consider the product input space

2 =20 x 27 the noise space Z, an output space %/, and a fixed function f : X x Z — X . At
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3.1 Zero-Error Communication over Two-User MAC with Common Message

each time instant k, the output Yy € % of the stationary memoryless uncertain two-user MAC is

Ye=rx" x? z)ew, Vke. (3.13)

The encoded data sequences are sent over the stationary memoryless MAC (Def. 8) as depicted in
Q)(W(O),W(l)) c

l:n
[[Xl(zln)]], whilst encoder @) assigns (W@, w?)) o x%)l(w(o),w(z)) € [[Xl(zn)]] Let 2" () denote the
finite range [X )] for j € {1,2}. Note that [X)] is the set of single letters, unlike IIXI(:Q]] which

consists of n-long codewords that form the deployed codebook. Furthermore, it is assumed that

Fig. 3.1. The encoder &) maps the realized pair (W@, w(D) into the codeword x

current channel noise Z; is mutually unrelated with the messages WO WO and W@, as well as the
past noise sequence Zj.x—1, and has constant range [Z] =: Z.

At the receiver, the decoder 2 produces message estimates WO WO and W from the channel
output sequence Yi.,. Under a zero-error objective, these estimates must always be exactly equal to
the original messages, regardless of channel noise or interference between Xk(l) and Xk(z). In other
words, the conditional range [W®y;.,] contains exactly one element for each i € {0, 1,2} and any
realization yy.;, € [Y1.n]. We formally define the notion of an ([Z"R(O)L (Z"R(I)L [an@)-" n) zero-

CIror COdC as fOHOWSZ

Definition 9 (278”7, [2%8"], [2"R®], n) Zero-Error Code). Let the block-length n be a strictly
positive integer, and RY >0, for i € {0,1,2}. Consider the message sets O W) and W@ wich
respective sizes (Z”R(O)W, (2”R(I)—| and [Z"R(z)-|. Furthermore, let the function & DO ) 5 270,
with j € {1,2}. We say that the encoder pair (€1, &) forms a ([Z"R(O)-‘, [Z”R(I)L fZ"R(Z)L n) zero-
error code for the two-user MAC (Def. 8) if [[W(O) W w@ [V1:n] is a singleton for any y1:n € [Y1.n].

For a given code block-length n, the operational zero-error n-capacity, denoted as 6., is operationally
defined as the set of rate tuples (R, RM), R?)) for which a zero-error communication via the con-
sidered channel can be achieved by an appropriate construction of encoders and a decoder. Note that
this allows us to characterize the zero-error capacity region at finite code block-lengths, not just as
n — oo, Additionaﬂy, if it is allowed to make the code block—length n asymptotically large, then the

zero-error capacity region 6 of the channel is given by the closed union

o= Gon- (3.1.4)

n>1

The notion of achicvable rates is defined as follows:

Definition 10 (Achievable Rates). A rate triple R = (R(O), R, R(z)) is called achievable if there exists

a sequence of ( (Z”RE’O)L [Z"RSLI)], [2"R'(’2)—|, n) zero-error codes, with R, = (Rg,o), Rﬁ,l), RE,Z)), approaching
R.
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3 Zero-Error Capacity Region of Multiple Access Channels

Note that the system setup considered in this section is inspired by that of [24]. The critical difference,
however, is that the messages and channel here are not assumed to have any statistical structure and

the aim is to recover the messages perfectly, not just with an arbitrarily small error probability.

3.1.2 Convexity of the Zero-Error Capacity Region of Two-User MAC

Our aim now is to prove the convexity of the region defined in (3.1.4). To this end, we use
the time-sharing argument. Roughly speaking, the idea of time sharing is based on the concept of rate
splitting. For instance, we divided each sequence of bits to j blocks of length n and k blocks of Tength
m. Each type of blocks is then transmitted at a different rate, i.c., R, for the first type and R,, for the
second. Then, the total transmission rate represents a convex combination of R, and R,,. Note that
the well-known concepts of time and frcqucncy division are spccial cases of time sharing. For more
details on the time-sharing argument in literature, we refer the reader to, e.g., [35,36]. A rigorous

proof is presented next.
Theorem 1. The zero-error capacity region %0 (3.1.4) is convex.

Proof. Select two achievable rate triples R, R €% (3.14). For any € > 0, El(n,Rln) and (m,R:n)

such that

IR —R,| <e, (3.1.52)

U

IR"—R,,|| <€, (3.1.5b)

where R;l € 60, and R/,/n € G0,m for sufficiently large n,m € Z>; that denote the block-lengths of the
zero-error codes operating at R, and R, . First, we show that for any o € (0,1), we can construct an

achievable rate triple

/!

R=0aR +(1—a)R". (3.1.6)
We define the terms e, and e, as follows

(3.1.7a)
e, =R —R,. (3.1.7b)

By transmitting j blocks of length 7 at rate R, followed by the remaining k blocks of length m at

/!
rate R,,, we obtain

— ] n ’ km 11

= R R
T in+km ”+jn+km "
jn (R/ /) 4 km (R// //) (3 18)
= —e —e, . 1.
jn+km ") jn+km "
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3.1 Zero-Error Communication over Two-User MAC with Common Message

For sufficiently small 0 > 0 and given integers n,m > 1, we seck integers j, k such that

<94. (3.1.9)

o Jn
jn+km

Thus, for a fixed o € (0, 1), the ratio (k/j) € Q must satisty

< - < — | — = .
[ 5 1} F [ 5 1:| (3.1.10)

For arbitrarily small 6 and & € (0,1), there exist k, j € Z> such that (3.1.10) holds. Then, we have

||R RH ]n <Rl /) n km (R" //) aR/ (1 a)RN
_ — —e —e o . o
w jn+km ") jn+km "
jl’l / km 1" jl’l ' km "
= —o|R —(1-a))R - .
‘(jn—&—km > +<jn—|—km ( )> jn—l—kme” jn—i—kme’”
jl’l / jn 1" ]I’l / km "
< —al||R — al||lR
| jn+km 'H |+‘ jn—l—kar ‘H ”+jn—l—km”e"Hijn—i—kaemH
(3.1.11)
/ 1" ]n km
< O(||R R £ 3.1.12
<SR+ IR+ (52 ) G

=S([R[[+R 1)) +e,

where (3.1.11) follows from the triangle inequality, and (3.1.12) holds by virtue of (3.1.9), (3.1.5a) and
(3.1.5b). Hence, by making the block-lengths n and m sufficiently large, and €, 8 arbitrarily small,
the difference |

zero-error code rate Ry . We then deduce that R € €, which proves the desired property. O

Rmm —RH can be made arbitrarily small, i.e., the rate R is arbitrarily close to the

3.1.3 Non-Emptiness of the Interior of the Zero-Error Capacity Region of Two-User
MAC

Another property of the zero-error capacity region 6p of the two-user MAC is studied here,

namely the requircd conditions to guarantee the non-emptiness of its interior region denoted by

int(%o).
Lemma 1. Consider the two-input, one-output MAC (Def 8), with channel inpurs X (1), X and output Y,
as well as its zero-error capacity region 6o (3.1.4). The interior region of €y is non-empry, i.e., int(6p) # 0 if

the following requirements hold:

(i) There exists x() € 270, for which there are at least two inputs xgz),x(;) e 2@ that are non-
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3 Zero-Error Capacity Region of Multiple Access Channels

confusable, i.e.,

Y1 A2y M 1] = 0. (3.L.13)

(i) There exises x € 272, for which there are at least two codewords xgl) ,xél) e 2W thac are non-

Confusable, ie.,

Y@ A0y @, x0] =o0. (3.1.14)

Proof. 'The channel output ¥ € [Y] at time k € Z>( can be given in terms of a fixed function f as

follows
Y= f(X;fl),X,fz),Zk), Vk € Z>. (3.1.15)

Firstly, it is clear that the trivial rate tuple (R, R R?)) = (0,0,0) € . In fact, given any three
distinct messages w = W(O), W =) and w@ = W(2)7 the decoder will always be able to
errorlessly generate the message estimates, as each source is always generating the same message. Let
9% denote the boundary of €. We now establish an inner bound 9% on the region %p.

To this end, we proceed as follows. Allow only one source, namely Source i, to operate at a rate
R > 0, whilst the remaining sources are kcpt silent, i.e., the other two messages are fixed such that
W) = wl) with J # i, and hence, the corresponding rates are RUY) 0 bits.

We now show that there exists a codebook with strictly positive rate for some n > 1. For the sake of’
this proof, we keep the messages W@ and WO fixed, and set the codeword X,gl) = x(U. Hence, we

write

Y, = f(x(l)7XIE2)7Zk)
= F(x?, Z0), Vk € Z. (3.1.16)

In other words, for a given codeword x(]), the channel is now cquivalcnt to a point-to-point (pr)
channel denoted by f As shown in [37], a p2p channel has a strictly positive zero-error capacity Co',

2) (2)

if there exists at least two codewords X)X € %(2) that are non-confusable, i.c.,
Y A2y 0 1P = 0. (3.1.17)

As this is precisely condition (3.1.13), it is possible to transmit information over f with exactly zero
error at a strictly positive rate R?) >1 bit/sample. By equivalence of f and f in this setting (3.1.16),

the rate tuple (0,0,R(z)) thus belongs to the zero-error capacity region of f, i.c., (0,0,R(z)) € %o.

Note the difference here between Cp, which is a scalar, and the region 6. For more detail, please see Section 2.4.
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3.1 Zero-Error Communication over Two-User MAC with Common Message

In the same manner, we can show the existence of RV > 0 such that (O,R(l),O) € %o by exploiting
(3.1.14).

As to the rate R©) at which the common message W () is transmitted, we construct a slightly different
scheme. In addition to fixing the message W) = w(!) we also set the output of the second encoder
E? o x2 regardless of the message WO that is known also to the receiver. Therefore, at time

k € Z>1, the channel output ¥} can be written as

Yk = f(Xk(l)a-x(Z)7Zk)

=o(x",2), Vk € Z,. (3.1.18)
Note that by (3.1.14), there are at least two codewords xgl),xgl) e W that are non-confusable.
Hence, the rate R© > 0.
By virtue of the convexity of € (Theorem 1), the convex hull formed by (0,0,0), (R(O) ,0,0), (0, RW), 0)
and (0,0,R?)), represents an inner bound on %, that we denote by 6o. Asint(%p) is clearly non-

empty, this completes the proof of Lemma 1. O

3.1.4 Zero-Error Capacity Region of Two-User MAC with Common Message via

Nonstochastic Information

Based on the prcscntcd definition and inspircd by the previous results obtained in classic in-
formation theory, we are now in a position to prove the following theorem using nonstochastic in-
formation with the aim of characterizing the zero-error capacity region %o (3.1.4) for the two-user

MAC (Def. 8).

Theorem 2. For a given block-lengthn > 1, let Z(U, x\V x )) be the set of rate tuples (R©©), R(D R(2))

1:n 7
such that
nRO) < L [U:Y1.,)] (3.1.192)
nRY < 11xD:y,.,0] (3.1.19b)
nR® < 11X2:¥,.,U] (3.1.19¢)
where X1 o for JjE {1 2} are sequences of inputs to the multlple access channel (MAC) (3.1.3), Y., is the
corresponding channel output sequence, and U is an auxiliary uncertain variable (uwv). Then, the zero-error n-

capacity region Cgo n of the MAC over n uses coincides with the union ofthn nglons %(U Xl( n) 7X1(2)) over all

ws U, x ( ) that satisfy the Markov uncertainty chains X( ) U X)) ) and U + (X 1(’1),X(2)) “—

ln’ 1:n
Yl:n~

This result is the zero-error analoguc of the S]epian—Wolf ordinary capacity region % [24] in terms

of nonstochastic rather than Shannon information. Although € is prima facie given in ‘single-lecter’
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3 Zero-Error Capacity Region of Multiple Access Channels

terms, it is operationally relevant only at large block-lengths n, to yield small probabilities of error.
In contrast, the result above specifies all rates tuples that allow exactly zero errors to be achieved
at a given finite n. This could potentially be of interest in safety-critical low-latency applications in
distributed networked control.

Although (3.1.192)-(3.1.19¢) give a cuboidal rate region Z(U, x\ X( >) it is not clear if the zero-

1in>

2
eITor capacity regions also have gcomctrmally 51mplc shapcs due to the unions over U, Xl( n), Xl(:n)
and n.
Proof of Converse

Consider a zero-error code (3.1.1) with block-length n operating at rates R(O),R(l) and R
(3.1.2) over the two-user MAC (Def. 8), and set the auxiliary uv U := w0 As W(O), W and w®

are mutually unrelated, it follows from (3.1.1) that the codewords X\ and X2 are conditionally

() ()

unrelated given w© , i.e., the first Markov uncertainty chain X, <> U <> X, is satisfied. To prove

the validity of the second Markov uncertainty chain Y71, <+ (X(_l) Xl(:n)) U, Considcr the following

lin>
[y |x;) X0l = [y x5 x ), w (3.120)
CLY 1y 1O w© wy, 0w O W) oy
=YgV WO, WD), e WO w)] (3.121)
= [r|x;) X1, (3.122)

where (3.1.20) follows from the fact that U := W(© and (3.1.21) is valid because the encoding func-
tions &) and &) are bijective in a zero-error communication setting. Since the channel noise in
(8) is unrelated with the messages, and subsequently with the codewords, we also have the second

(1) %@

L X1 n) < U. As the messages are all errorlessly recovered at

Markov uncertainty chain ¥;., <> (X

the receiver, there exists a decoding function 2 such that
w© =20y.,). (3.1.23)

Since U = W(O), we see that W@ is cherefore a common variable (cv) between U and Yi.n. By the

maximal cv property of I, (see Section 2.1.4), we have

RO = log, | [W "))
< L[U;Y1.), (3.124)

proving (3.1.19a).

We next prove the remaining two incqualitics (3.1.19b) and (3.1.19¢). Observe that for a given re-

alization w(© of the common message, there must be a unique message wil) corresponding to each
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3.1 Zero-Error Communication over Two-User MAC with Common Message

e 1 P o 1 ra—
u(l) | u(2) | u(3) | Ty

Figure 3.2: Ilustrative cxamplc of the unique ovcriap partition, namciy the famiiy [[U|Y1;n]]*. The
horizontal lines represent the different member sets of the partition and the black filled-
in circles correspond to the selected points u(w(i)) fori€{0,1,2}.

)

,» otherwise, multiple values of wl) would be associated with a single channel

channel codeword xgl
output sequence Y., violating the zero-error requirement. Consequently, there must exist a map-
ping g such that W) = g(Xl(zln),W(O)). Furthermore, by the zero-error property there also exists a
function 2 such that W) = @(1)(}’1;”). Thus, W is a cv between (Xl(:ln),W(O)) and (Yl;n,W(())).

As by assumption W is also unrelated with U = W) the interpretation of conditional Z, in terms

of maximal unrelated cv’s (see Remark 7) allows us to conclude that

nR"Y = log, [[W]|
< LX) Y1, WO

lzn;
=xV:y,0), (3.1.25)

lzn;

proving (3.1.19b). In a similar way, the bound on the rate R?) stated in (3.1.19¢) can be shown.

Proof of Achievabi]ity

We now prove that if we have a block-length 7 and uv’s U7X1(:1n> and Xl(zn)

satisfying the require-
ments in Theorem 2, it is possible to construct a zero-error coding scheme at rates achieving the

equalities in (3.1.192)-(3.1.19¢).

Codebook Generation.  Wlog set nRO =, [U;Y1:n) and pick one point in each of the disjoint sets
of the overlap partition [U|Y;.,,]+. With mild abuse of notation call these distinct points u(w(®),
where w© [1: Z"R(O)]. Note that for a particular w0 ¢ [1: Z”R(O)], u(w(o)) is a realization of the
uv U. By also setting nRY) =1, [Xm'Yl;niUi for j € {1,2}, (2.1.17) implies that

lin>

2nR(j) < i [ixl(]riinmU = u(W(0)>:|] ’ VW(O) € [1 : an(O)i‘ (3.1.26)

*

For any W(O), we may therefore pick Z”Rm distinct codewords ngr)l

from [[X1(12l|U = M(W(O))]] such
that there is at most one codeword in each set of the overlap partition [[Xl(]n) Y10, U = u(wO)],. The
obtained codewords are then denoted by &) (W(O) , W(j)), wli) e [1: Z”R(j)]. This gives us the coding

laws in (3.1.1).

31



3 Zero-Error Capacity Region of Multiple Access Channels

Zero-Error Decoding.  To show that this code may be decoded with exactly zero errors, observe first

(1) (2)

L L the joint conditional range [[X(l) Xl(zn) U = u(w(o))]] is just the Carte-

that since X;./ <> U < X Ln s

sian product of the individual conditional ranges, i.c.,
Hx{},} U = u(w(o))ﬂ X [[Xf?,?lU - u(w(()))ﬂ : (3.127)

Thus we are guaranteed that for every w(%), all codeword pairs (&1 (W@ w(D) €2 (WO 1 (2)))
withw(/) e [1: Z"R(j)] and j € {1,2}, lie within the conditional joint range [[Xl(:ln),Xl(zzn) |U = u(w(o))]].

In other words, for every combination of w(®, w1 and w(® the triple (€M) (w0 w1)), &) (w0 1(2)),
u(w®)) is a valid point inside the joint range [[Xl(:ln) ,Xl(:zn), U = u(w)].

The decoding proceeds in three stages:

(a) In the first stage, the common message w® is recovered. Recall that each of the 27R" points
u(w®) lies in a distinct set of the overlap partition [U|¥1.,]« as shown in Fig. 3.2. By the cv
property of overlap partitions, this set is uniquely determined by the corresponding set of the
matching overlap partition [¥;.,|U]« that contains the channel output sequence y1.,. In this

way, w0 is uniquely decoded.

(b) In the second stage, having obtained w©  the decoder calculates which distinct set of the

(1)

lin>

conditional overlap partition [Y1.,|X;.., U = u(w(o))]]* contains y1.,. Again by the cv prop-
erty, this set uniquely determines the corresponding set of the matching conditional overlap
partition [[Xl(:ln) Y10, U = u(w(o))ﬂ* that conrtains the codeword 5’(1)(W(0),w(])). By construc-
tion, for each w(® | there is at most one codeword in each set of the latter conditional overlap

partition; thus w(l) is uniquely recovered.

l(zn) instead Ole(zln), and recovers w2

(c) In the third stage, the decoder repeats Step (b) but with X

uniquely in the same way.

3.2 Zero-Error Communication over M-User MAC with Common

Message

In this section, we consider the M-user MAC with one common message and M > 2. Similarly
to the previous section, we use concepts from nonstochastic information thcory to obtain an exact

characterization the zero-error capacity region @y of this class of MACs.

3.2.1 System Model

Consider the communication setup dcpictcd in Fig. 3.3. The system consists of M transmitcers,

cach wishing to convey a distinct private message W), where J € [1:M], and a common message
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3.2 Zero-Error Communication over M-User MAC with Common Message

WO o a unique receiver over an M-user MAC. Suppose the messages W(O),W(l),W(z) e ,W(M)
are mutually unrelated and finite-valued. We assume without loss of generality, that, for i € [0 : M],
the messages W) take the integer values [1: @] =: #) for some integer @) > 1. For a given
block-length n > 1, the messages are mapped into channel input sequences Xl(:llz,Xl(:zn), S ,Xl(:[f)
follows

x = &DwO wi)y, vjell:M], (3.2.1)

where {éa(j)}}}”:l are the coding laws at each transmitter. Note that the common message W is seen
by all encoders, while the private messages W) are only available to the respective transmitters. The

COdC rate fOI' CaCl’l mcssagc is dcﬁned as
R = (1og2 1y |) /n, Vi€ [0:M]. (322)

This general system configuration, where a common message is seen by all encoders, allows us to
incorporate some form of relatedness among the channel input sequences in the model. Similar to
the two-user MAC discussed in Section 3.1, in the case where the common message can take only
one value, then the rate R©® = 0 and each channel input is generated separately and is mutually
unrelated with the other. On the other hand, if the private messages can cach take only one value
so that R =R®) = ... = RM) — 0, then all of the channel inputs Xl(:ln), e ,Xl(f;[) are generated in
complete cooperation.

At this stage, we define a nonstochastic version of the conventional notion ofstationmy memoryless

M-user MAC by extending Def. 8 as follows:

Definition 11 (Stationary Memoryless Uncertain M-User MAC). Consider the producr input space X =
2 W @ .o M) the noise space Z, an output space %, and a fixed function f : X x & — X

At each time instant k, the output yx € % of the stationary memory]ess uncertain two-user MAC is

Ye=fxM x® . x zyew, kel (323)

The encoded data sequences are then sent over this channel (3.2.3) as depicted in Fig. 3.3. Notice
that the channel noise is denoted by Z; and is mutually unrelated with all messages and past channel
noise, i.e., Z|x_1, W(O), W(]),W(z), e ,W(M). We further assume that the range of the channel noise
[Zi] = Z is constant.

The receiver consists of a decoder 2 that generates estimates WO W o WM of the crans-
mitted messages using the channel output sequence Yi.,. As previously discussed, in the context
of zero-error communication, these estimates must a]ways be Cxactly equal to the original mes-

sages, despite the existence of channel noise or inter-user interference. This requirement means
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3 Zero-Error Capacity Region of Multiple Access Channels
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Figure 3.3: The M-user MAC system with 2 common message w () operating at time instant k.

that, for i € [0 : M], the conditional range [W?|yy.,] consists of one element for any channel out-

put sequence Y., € [Yi:n]. Tn an analogous manner to Section 3.1, we define the concept of an

([Z"R(O)L (Z”R(I)W TR [Z”R(M)L n) zero-error code as follows:

Definition 12 (([Z"R(O)-‘, [Z"R(l)-‘ EER fZ"R(M)L n) Zero-Error Code). Let the block-length n and the
number of users M be strictly positive integers, and RY >0, withi € [1: M]. Consider the message sets
W O ) o M) with respective sizes [Z”R(O)L f2"R<l)§|, RN fZ"R(M)] Furthermore, let the func-
tion D+ O sk ) — 2 for all j € [1 : M]. We say that the M encoders (éa(j))lj”:l form a

(fZ"R(OW, [2"R(1)-‘, e fZ”R(M)L n) zero-error code for the M-user MAC (Def. 11) if there exists no two
distinct codeword tuples (ag,z, R a%)) # (b(llr)n e ,b%)) € ZW x .o x M) that can result in the

same output sequence Y1, € [Yi:n], ie.,
[Wialalhy - a | O [ralels-- 612] =o0. (3.24)

For a given block-length n, we define the zero-error n-capacity region 64 , of the MAC as the set of rate
tuples R = (R(i))ie[O:M] for which this is possible by suitable choice of coding functions. Note that

when arbitrarily long block-lengths are permitted, the notion of an achievable rate becomes useful.

Definition 13 (Achievable Rate). We say that a rate tuple R = (R(i))ie[O:M] is achievable if there exists a
(i)

(i)
sequence ([2"Rn Jic[o:M]sM)nez, of zero-error codes with Ry = (Ry”)icjo:m) approaching R as n — eo.

Similarly to Section 3.1, the zero-error n-capacity region %p , of the M-user MAC is operationally
defined for a given code length 7 as the set of all rate tuples (R(O),R(l), e ,R(M)) for which it is

possible to achieve zero-error communication. Consequently, by allowing 7 to approach eo, the zero-

34



3.2 Zero-Error Communication over M-User MAC with Common Message

error capacity region 6o can be expressed as in (3.1.4). Additionally, it is worth noting that this
region, namely %0, is convex. The proof of this property follows the same lines of that of Theorem
1. The only difference here is that instead of defining R and R" in a three-dimensional space, we

consider them to be M + l—tuples. The rest of the proofremains the same.

3.2.2 Zero-Error Capacity of M-User MAC with Common Message via Nonstochastic

Information

At this stage, we establish a multi-letter characterization of the zero-error n-capacity region for

a give code length n > 1, denoted by 60 , of the introduced M-user MAC.

Theorem 3. For a given block-length n > 1, let %(U,Xl(:ln) ,Xl(:zn), e ,Xl(:ﬂ:)) be the set of non-negative rate
tuples (R(O),R(l),R(z), - ,RM)) such char

nRO) < L[U:Y1.], (3.2.52)
nRD <1 [X{ VU], vje 1M, (3.2.5b)
where Xl(;irg , with j € [1 : M], are sequences of inputs to the M-user multiple access channel (MAC) (3.3.4),

Y1., is the corresponding channel output sequence, and U is an auxiliary uncertain variable (uv).
Then, the zero-error n-capacity region 60 , of the M-user MAC over n channel uses coincides with the union

of the regions %(U,X(l) x? ... X(M)) over all uv’s U,X(l) x? .. ,Xl(:ﬁ;l) that satisfy:

In> im0 In> o’

) HEA;I% IIXIj:n|U]] = [[Xllzn? e 7X1(:Ar/zl)’U]]’ and

ii) U+ (Xl(:ln),Xl(:zn), e 7X1(:Ar/;l)> < Y1, form a Markov uncertainty chain.

This result is a generalization of the two-user MAC in terms of nonstochastic rather than the classical
Shannon information. The zero-error n-capacity 60, now is a region that lies in a M 4 1-dimensional
rate space. Like Theorem 2, the obtained characterization here is not Only valid for asymptotically
1arge block—lengtbs n, but it rather includes all rate tup]es that guarantee error-free communication
at a given finite n. If we are allowed to use arbitrarily long blocks, i.e., n — oo, then the relevant

zero-error capacity region 6 has the same expression as (3.1.4).

Proof of Converse

Consider the M-user MAC model introduced in Def. 11 and let (RW)X (3.2.2) be the rates
of some zero-error code (3.2.1) with block—length n. Furthermore, we set the uv U = w0, By as-

sumption, the messages {W ) }M  are mutually unrelated and hence from (3.2.1) we conclude that
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3 Zero-Error Capacity Region of Multiple Access Channels

the codewords satisty the following
M .
H [{Xl(]r”U]] = [{Xl(:ln)’ T le(f‘:)’Uﬂ . (3.2.6)

Jj=1

Additionally, the unrelatedness of the channel noise Z with the messages W(i), Vie [() : M], implies
that Z is also unrelated with the codewords {X(j) 1}4:1. Thus, the Markov chain Y7, <> (Xl(l x® ... ,

oo’
Xl({‘:)) > U is also satisfied.

As zero-error communication is assumed, the existence of a dccoding function 29 such that
w© =20y, (3.2.7)

is then guaranteed. Moreover, since U = WO it can be directly deduced that w0 i 4 cv, in the
sense of Def. 6, between U and Yj.,. The maximal cv property of nonstochastic information I, yields

the following

nR) = log, |[W")]|
S L [U;Yl:n]- (328)

This proves expression (3.2.52) of Theorem 3.

Next, we show inequality (3.2.5b) for j € [1 : M]. Firstly, note that given a specific realization
W =) of the common message, there exists a unique message w) associated with the channel
codeword x%lr)l This observation follows also from the zero-error property of the chosen code. In fact,
if different realizations W) = w() were mapped to the same codeword, then zero-error decoding
would obViously be impossiblc and the assumption would be contradicted. Therefore, there Ccrtainly

exists a function g1) such that Vj € [1 : M]:
WO = g0 (x2) W), (329)
Moreover, by the zero-error property there is indeed a decoding function & () such that
wi) =20y, Vje[l: M. (3.2.10)

Hence, we conclude that the uv W) is a cv between (XI(Q,W(O)) and (Y1, W(O)). Recall that in this
MAC model the private messages W) are unrelated with U = WO for all j € [1: M]. Therefore,
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3.2 Zero-Error Communication over M-User MAC with Common Message

the interpretation of conditional I, in terms of maximal cv results in

nRY) =log, \[[W(j)]]l
< LX), WO
= 1 IXY: v |U), Ve [l:M), (3.2.11)

1in>

proving (3.2.5b).

Proof of Achievabi]ity

The achievability proof consists in showing that if we have a set of uv’s U and {X }M for
some block-length n > 1 such that the outlined requirements in Theorem 3 are fulfilled, then it is

possible to construct a zero-error coding scheme at rates achieving (3.2.52) and (3.2.5b) with equality.

Codebook Generation. We firstly fix the rate of the common message such that

RO — M (32.12)
n

Next, select one point from each set of the family [U|Y;.,]«. We then denote the chosen points
u(w©) with w® € [1: 278",
Since nRY) = I, [)(1(:]2;Y'1:,,|U]7 for j € [1 : M], then (2.1.17) means that the following inequality holds

2R < XYy, U = u(w )], (3.2.13)

forall j€[1: M] and w0 e [1: 2”R(0)]. [t is therefore possible to select 2RV distinct codewords

( ) from [[X ]U = u(w )] for any realization w(% such that each nonempty set of the overlap
partmon [[X |Y1 o, U = u(w)], contains exactly one element. Subsequently, these codewords
denoted as 5( (W@ W), where wl) € [1 2"R(j)] and j € [1 : M], are obtained by means of the

cncoding functions (3.2.1).

Zero-Error Decoding.  In this part of the proof, we construct a decoding scheme that achieves exactly
zero decoding errors using the previously introduced code.

Firstly, recall that the uv’s U and {X M | satisty

M I
=1
Then, the codeword tuplcs (é"(l)(w(o), w(l)), e ,@("<M)(W(0),W(M))) certainly belong to the condi-

tional joint range [[X1 o X(M |U = u(w®)]. This means that any combination of messages
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3 Zero-Error Capacity Region of Multiple Access Channels

{(W(O),W(j))}l}il is mapped to a valid tuple of codewords lying within [X(l) o xM)

Lino """ 0% o

U]. Eventu-

ally, the receiver performs the foilowing M+ l—stage dccoding ptoccdurc:

(a) First of all, the decoder determines the transmitted common message w0, By construction,
each of the Z”R(O) points u(w(o)) is inside a disjoint set of the famiiy [[U|Y1;n]]*. Furthermore,
recall that the cv property of the overlap partition implies that each set in [U|Y1., ]« containing
u also uniquely speciﬁes the matching set in [[Yl;n|U]]* that contains y;.,. Hence, the common

message w(® is decoded with zero error.

(b) Next, after having determined w0 it is now possible to determine which set of the conditional
overlap partition ﬂYl;n]Xf:Q,U = u(wO)], contains the sequence yi.,. In a similar manner
as Step (a), this set uniquely determines the corresponding set of the family [[Xl(zln) Y10, U =
u(w )], where the codeword &1 (W@, wD) lies. Since at most one codeword has been
selected from each set of this famiiy for each realization W(O), then the private message of user

1, namely wl) s uniquely decoded.

(c) In the subsequent M — 1 stages, the decoder repeats Step (b) with A for JE€[2:M] and

1:n

similarly recovers W(J ) with zero error.

3.3 Zero-Error Communication over M-User MAC with Common

Message & Pairwise Shared Messages

In the previous couple of sections, the inter-user relatedness was modeled by means of one
€common message seen by all encoders. Nonetheless, this structure is not a]ways true, and it is also
important to investigate channel models that incorporate some degree of ﬂexibiiity in terms of the
relatedness among the users. To this end, we study in this section the M-user MAC with both one
common message as well as pairwise shared messages. After formally introducing the channel model,
an intrinsic characterization of its zero-error capacity region 6p is derived in this section using tools

from nonstochastic information theory.

3.3.1 System Model & Notation

Before introducing the system model, we start by explaining the notation used throughout this
section. Firstly, let M € Z>5 be the number of users in the system. Furthermore, consider the index

k € {1,2,M} which corresponds to the number of encoders seeing the message, i.c.,
« k=1 refers to a private message (only seen by one encoder);
« k=2 refers to a pairwise shared message (seen by exactly two encoders); and

« k=M refers to the common message to all users.
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3.3 M-User MAC with Common Message & Pairwise Shared Messages

Now, let & denote the set of all k-combinations of message indices from [1 : M|, and Z(m) be the

collection of subsets from % containing the indexm € [1 : M] The set . is defined as

J= J 4 (33.1)
ke{1,2,M}

By way of example, if M = 3, k =2 and m = 2, then the set of all pairwise shared message indices
is £ = {{1,2};{1,3}:{2,3}}. Note that each member set of consists of the users’ number to
whom the corresponding message is common. Additionally, the set of indices of the pairwise shared

messages available to the second user, i.e.,m =2,is #(2) = {{1,2};{2,3}}.

We consider the multiple access communication system consisting of‘w sources’, M users and
one receiver. The m-th user, with m € [1: M], has access to the set of messages #/ ") = (W(i))iej(m)
where & (m) := %1 (m) U #(m) U Fy(m). Note that the index i is an element-set from .#, and

hCl’lCC

« #1(m) is a singleton containing the index of the private message W which is only seen by

the respective m-th user;

(m,€)

« h(m) is the set of the indices of all pairwise common messages W available to the m-th

user and shared with the ¢-th user, for all £ % m € [1 : M]. Notice that w (mt) — yy (Lm).

« Iy (m) denotes the singleton containing the index of the common message W2 M) which
is available to all M users. Note that Fy(m) = Sy for any m € [1 : M|, i.e., the common

message’s index does not depend on m.
Moreover, as previously outlined, we denote by
« J the set of indices of all private messages W m e [1:M],ic., 1 = Upepi.s 21 (m);

« 7 the set of indices of all pairwise shared messages W) for all £ # m € [1 : M] users in the

communication system, i.e., %2 1= Upc[1.1] S (m);
« ¥ the set of indices of all transmitted messages in the setup as defined in (3.3.1).

Additionally, Let Fpared (m) := Fo(m) U Iy (m) and Fpared := F2 U Fyr denote the set of indices
of all shared messages associated with the m-th encoder and that of all shared messages in the entire
system, respectively. We assume that the messages are mutually unrelated and finite-valued. The
range of the message W is denoted by [W@], Vi € #. The structure of such a system for 3 users ,
i.e.,, M = 3, is shown in Fig. 3.4.

M

2The number of sources is equal to (1\14) + (2

) + (%), and hence the result above.
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Figure 3.4: [lustration of a communication system deploying a three-user MAC with special correla-
tion structure. The red-colored sources produce private messages, while the outputs of the
green sources are seen by two encoders. The blue block refers to the source that generates
the common message accessible by all three encoders.
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3.3 M-User MAC with Common Message & Pairwise Shared Messages

Given the code block-length n € Z>1, the m-th user maps its respective set of messages, namely W (m)

into the channel input XI(ZZ) by means of the encoding law (g"(m), ie.,
xm = glm (%m)) ,Vm e [1:M]. (332)

For each message W Vi e .# we define the code rate R% such that

R = (10g2 |[[W<f>]]|) /n. (333)
For a given block-length n > 1, the n-long sequences {X l(mn) M_ are then transmitted through the

MAC, to generate the channel output Y., according to the memoryless MAC law (3.2.3) introduced
in Def. 11. We present in Remark 8 an equivalent definition of the M-user MAC using the concept
of set-valued channel transition functions. It turns out that, for the analysis of M-user MAC with

common message and pairwise shared messages, this Cquivalcnt definition is more useful.

Remark 8 (Equivalcnt Definition of Stationary Mcmorylcss Uncertain M-User MAC). Consider the
product input space 2~ = & W xooox M) 4y output space %, and a set-valued transition function
T: 2 — 20"2/4 A stationary mcmorylcss uncertain MAC maps any tuple of input uncertain variables

X = (X(j))je[l:M] for any (X1, Y1:k—1) € [Xik, Yisk—1] to an outpuc uncertain variable Y such that
1 M 1
[[Yk|x§;127 T axg;k)myltk—l]] = T(x]({ )7 X )7 (334)

forallk € Z>y.

Upon reception of the full sequence Y1.,, the decoder & produces estimates of the transmitted mes-
sages denoted by (W("))iey. In a zero-error communication setup, these estimates match exactly the
original messages, i.c., WO =w), Vie . Hence, the decoder should be able to perfectly recover
(W(i))iej in spite of the noise affecting the channel and the occurring inter-user interference. Con-
sequcnt]y, given any output realization yi., € [[Yl;n]], the conditional range [[W(i) |y1;n]] must contain
exactly one element Vi € 7.

For the code block-length n, the operational zero-error n-capacity region 6o » of the MAC at hand is
then defined as the set of rate vectors R := (RY);c s for which it is possible to find encoding and
decoding rules achieving exactly zero error. Note that when the code block-length is allowed to be
arbitrarily large, then the notion of achievable rate becomes useful. We define achievable rates in a

similar manner to Def. 13 as follows:

. (i)
Definition 14. We say that arate 'tuple R:= (R(’) )ic.s is achievable if there exists a sequence ( [Z"R” licsr, n)nEZZ|

of zero-error codes with R, = (RS)) ic.7 approaching R as n — oo.
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3 Zero-Error Capacity Region of Multiple Access Channels

3.3.2 Zero-Error Capacity Region of the M-User MAC with Common Message &

Pairwise Shared Messages via Nonstochastic Information

We are now in a position to establish the main result of this section, namely to characterize the

zero-error capacity region 6y of the presented class of M-user MAC.

Theorem 4. Given the code block-length n € Z>, consider the set of rate tuples (R(i))iej denoted by
%((U(j))jeyshared, (X(m))me[le]) such that

1:n

nRY) < LIUY,; Y., (3.3.52)
nR™ <, [Xl(ﬁ);YMUﬂsmd(m)]? (3.3.5b)

where the indices j € Fgharea and m € [1 : M|. Furchermore, 2R o 2R e positive integers, Xl(ﬁ)
denote the input sequences transmitted through the M-user MAC (3.3.4), Y1y, is the channel output, U () and
U Fshared (1) g0 auxiliary uncertain variables (uwv’s).

Then, the zero-error n-capacity region 60, of the channel at hand over n uses is given by the union of the

(m)

regions Z(UY)) e syear X me(i:m]) over all wo’s (U9 je s (Xl(:z))mG[I:M] satisfying

i) Xl(:ln), e ,XI(SZ) are conditionally unrelated given (U(j))jeyshared,

”) X](n;) AN Ufﬁshared(m) YN Utﬂshared\fﬂshared(m), VYm c [] :M]’

iii) [lYk|xii/Z,"' aX%)m:k—laul = T(x;(cl), e ,x;(CM))fOWU (X1ks Y1k—1, ) € [Xiy Y1k, U Shared ]

and all k € [1 : n], with T is the sec-valued channel transicion function defined in (3.3.4).

In contrast to the model studied in Section 3.2, where only one common message is seen by all en-
coders, in this part we considered a more general form of relatedness among the channel inputs. As a
result of this generalization, (3.3.5b) involves all shared messages present in the setup, unlike (3.2.5b)
obtained in Theorem 3 which only involves the common message.

It is also worth noting that the channel model investigated here can be extended to MACs with
messages shared between three or more users. This represents a preliminary step towards the char-
acterization of zero-error capacity regions in general networks with arbitrary correlations between
multiple users.

This result obtained in Theorem 4 treats the users synirnetrically, with the result that the number
of auxiliary variables match the total number of shared messages. It is possible that an alternative

analysis could yield fewer auxiliary uv’s.

Proof of Converse

Consider a setup where M transmitcters are communicating via the previously discussed multi-

user MAC (3.3.4) and using a zero-error code (3.3.2) with block-length n. The code rates are given by
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3.3 M-User MAC with Common Message & Pairwise Shared Messages

the tuple denoted as (R(i))iej. Set the auxiliary uv’s UY) for all j € Fparea as follows
U =wl, (33.6)

In other words, for each of the common messages in the communication setup, whether it is the
common message to all users or the pairwise shared ones, we set an auxiliary uv. Notice that since
all messages WU forall i € & are mutually unrelated by assumption, it follows from the encoding
rule (3.3.2) that each two codewords Xl(:z) and XI(Q
given the tuplc (U(l 2y ’M), U(m’f) ) Thus, the Markov chain giveninitem (i) of Theorem 4 is satisfied.
Therefore, we obtain also the following Markov uncertainty chain (U(i)>ieﬂshmd > (X1(;’Z))me[1:M] >
Yin.

,withm # £ € [1: M], are conditionally unrelated

We ﬁrstly start by proving (3.3.52). By construction, there exists a dccoding function 20 that gen-

erates an estimare W () using the received sequence Yy, for alli € .7 ie.,

A

W= 20 (y.,). (3.3.7)

Furthermore, in a zero-error communication setup the messages are perfectly recovered at the re-

ceiver end, and thus it holds

(@)

W) —
=2V (11, Vie 7. (33.8)

As j € Fpared C 7, (3.3.8) holds in particular for all j € Fpared. Hencee, from (3.3.6) and (3.3.8), we
conclude that W) is a cv between UY) and Y., for all j € Fipared. Hence, by cv property, we obtain

log, [[WYW]| < L[UY); Y1) (33.9)

Along with the definition (3.3.3), this result completes the necessity proof of (3.3.52).

Now we derive the bound (3.3.5b) on the private messages’ rates, namely R(m), Vme 4 =[1:
M]. Consider the vector of auxiliary uv’s (UZsaea() Furchermore, we denote by (W7snurea(m)) the
collection of all common messages fed into the user &m). Together with the private message wm),

W Fstarea(m) form che complete message tuple w(m) — (W(m),WjSh‘“ed(m)) encoded by &m) (3.3.2).

The zero-error property implics that for a given tuplc ofmcssagcs W(m) there exists a unique codeword

Xl(:r:ll) = xm) (W) wPsmarea (M) Subsequently, if the tuple (Xl(f:) , Wsnared (1)) \as given, there certainly

exists a bijective function g(m) such that

Wm — g(m) (Xlgv;),wfsmd(m)) : (33.10)
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with w(m) being unrelated with all messages W Fsharea (m) Additionally, we have by construction

A

Wom = g (y,.,) (33.11)
= @(m) (len,Wrﬂsharcd(m)> . (3312)

Under zero-error objective, W = W Hence, from (3.3.10) and (3.3.12), it can be concluded
that W is a ¢v between (Xl(f:),W']Shﬂ‘ed(m)) and (Y}, WShaea(m)) By (2.1.17) of the conditional

nonstochastic information, we obtain

Lin

log, [[W™]] < LX) ¥y, | W Fsscalm)]
I

*[X(m) len|U</¢shared(m)]‘ (3313)

Lin

ThiS Concludes d’lC converse pI‘OO{:.

Proof of Achievability

Given a block-length 7 € Z>1 and a set of uv’s UY) and x™

Lin > with J € Fshared andm € [1 31\4]7

such that requirements i), ii) and iii) in Theorem 4 are fulfilled, we construct a zero-error coding

scheme operating at rates that achieve equality in (3.3.52)-(3.3.5b).

Codebook Generation. Initially, we consider the rates of all common messages (both pairwise and to

all users), i.e., RY) with J € Fhared- Set each of these rates such that it satisfies
RU) — (1* {U(j); Ym]) /n, ¥j € Fpared. (33.14)

From the disjoint sets of the ovcrlap partition [[U(j) |Y1;n]]*, we select Cxactly one point that we call
ul) (wl)) wichwl) €1 :2”R<j)].

Next, after having fixed the common messages we construct the privately transmitted ones, i.c., wm),
Vm € [1 : M]. Recall that the rates of W are given as nR"™) = I, [XI(TZ);Yl | U harea(m)] By (2.1.17),
we know that

2”R(m) S ‘ |:|:X1(nr,:) |Yl:n; u%hared (m) (W’ﬂshared (m) ):|:| (3315)

*

.. . . . - . (m)
This 1mphcs that for any realization of common message tuplc szmfed('"), it is poss1b1c to find 2"k

distinct codewords xgr;? for all m € [1 : M] such that no more than one is drawn from the same
member-set of the family [[XI(Z? Y15 7 shacea (1) (w’ﬂs“a"ed (m) )]« We call these points &m) (W(m) , szmfed(m)).

This establishes the encoding scheme (3.3.2).
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Zero-Error Decoding.  This part of the proof shows that using the constructed encoding procedure,
it is possiblg to achieve an error probability CX'lCtly equa] to zero. Consider the conditional range

[[X |U ]] for all j € Fghareq. It can be written as follows

- ]

L ..’

[[ ]] Vj € Fshared (33.16)

11 [x
M
H [[ ]U Ishared (M )H ’ (33.17)
where (3.3.16) and (3.3.17) result from items (i) and (ii) in Theorem 4, respectively. Hence, as the
auxiliary uv’s are set to the common messages, it is guaranteed that for all configurations of common

messages wshared(m) a1 M-dimensional codeword tuples

(g(l) (WD), ypFarea(1)y . (M) (W<M)7Wfshmdw>)>

M . - S
belong to the conditional joint range [[X (n) |U#sharea ], This means that for any combination

M(M+1)+2
2

L s

ofmessage I'CallZathl’lS7 EhC ~d1mensiona1 tuple

(@@(1) (WD) ypFomrea(D)y L. () (1 (M) y Somarea(M)) () (Wm)) 7

(M) jsare
X\, U]

. . M(M+1)+2 .
UPOH reception OfthC sequence Yl:n, thC TCCCIVET TCCOVETS thC # transmitted messages Crror-

with j € Fhared, is well defined in the j joint range [[X] oyt

lessly by proceeding as follows

(a) It starts by reconstructing all shared messages W), Vj € Fparea. Since each of the 2RV
selected points uly) (W(J)) is drawn from a distinct member-set of the family [[U ]Yl nlx, it is
possible to determine [UY)|¥1,, = y1.4] by using the ev property of overlap partitions to find
the set of the corresponding overlap partition [Y1., ]U ]]* in which lies the received sequence

V1. Consequently, the message w/ is retrieved with exactly zero error for all j € Fhared-

(b) After having determined the shared messages, the member-set of the family [¥1., ‘Xl(:’z) , u?sharea (1)
(sz*“‘“ed(m))]]* containing the sequence Y1, can be computcd In a similar manner to Stcp (a),
the corresponding set of the conditional overlap partition [[X ]Y ?sharea (1) (- Fvarea (1))
where the codeword &™) (W(m), W‘ﬂSha'ed(m)) lies can be determined, Vm € [1 : M]. By construc-
tion, it is known that for each message tuple (W(m) , W’ﬂshmd(m)), cach set of this family contains
no more than one codeword. Hence, the private message wim for allm € [1: M] is errorlessly

reconstructed. This operation is performed for all M encoders.
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3 Zero-Error Capacity Region of Multiple Access Channels

3.4 Summary

In this Chapter, we derived a multi-letter characterization of the zero-error capacity region for
three different classes of MACs. Unlike classical information theory, the tools from its nonstochastic
analogue allowed us to obrtain a result that is not only valid for asymptotically large coding block-
lengths, but also true for finite ones. Firstly, we started with the two-user MAC with one common
message that models existing correlation among both users. This setup is inspired from the work
of Slepian and Wolf [24]. Next, this model is extended to accommodate M users instead of two,
with M > 2. In this case, we have M private sources, whose messages are seen only by the respective
transmitter, in addition to one common message among all users. Finally, we consider a system where
the inter-user correlation is not only modeled by means of a singlc common message, but includes
also pairwise shared messages between the M transmitters. Both converse and achievability proofs

are established for the channel coding theorems of the different MACs.

In the upcoming chapter, the result of Section 3.1, namely Theorem 2, is used to find tight conditions

for achicving bounded state estimation errors over a two-user MAC.
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“Science is beautiful when it makes simple explanations of phenomena or

connections between different observations.”

— STEPHEN HAWKING (1942-2018)

Distributed State Estimation over Nonstochastic
MACs with Bounded Noise

OLLOWING the characterization in Chapter 3 of the zero-error capacity region 6y of different

MAC classes, and in particular the two-user MAC with one common message, we are now in
a suitable position to study the problem of distributed state estimation over such channels. The
setup that is investigated throughout this chapter consists of two sensors measuring the output of
three mutually unrelated dynamical systems. The output signals of two of these plants are privately
measured by each of the sensors, whereas the output of the remaining system is common to both
sensors. The aim of such formulation is to capture some of the essential elements of distributed
state estimation problem, e.g., where each sensor observes a different subset of the overall system’s
dynamical modes and any possible overlap between these subsets is modeled by the common plant.
Following a rigorous and detailed prohlcm formulation, we prove a theorem (Theorem 5) linking
the intrinsic properties of the dynamical systems and the zero-error capacity of the communication
channel. To this end, we first present a necessity proofusing the notions of nonstochastic information
as well as nonstochastic conditional information, followed by showing the sufficient condition by
constructing a suitable scheme. This setup is then shown to be general for noiseless linear systems.
Finally, an example of state estimation over binary adder channel (BAC) is discussed. Please note that,

,is used in the remainder of chis

Ul’llCSS OEhCIWiSG StaEQd, tl’lC foo—norrn, anOEGd by tl’lC symbol || .

thesis.
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4 Distributed State Estimation over Nonstochastic MACs with Bounded Noise

wl) (k), v(D (k) z(k)
l YD (k) s (k) l BREXO
Plant 1 ’)/(1) >
wl® (k), V0 (k)
l YO (k) q(k) 2O (k)
Planc 0 MAC o
w2 (k), v* (k)
|
@) (k s (k £@ (k
Plant 2 o ’)/(2) W A

Figure 4.1: State estimation of LTI systems with disturbances over a two-input single-output MAC
channel.

4.1 Problem Formulation

We consider three discrete LTI dynamical systems characterized by the following system equa-

tions for i € {0,1,2}:

XD(k4+1) =A0XD (k) + v (k) € RY, (4.1.1a)
Y@ (k) = cx D (k) +w (k) € R, (4.11b)

where AW € R4%4i refers to the state martrix, C1) € RO*di i5 the output matrix and the uncertain
variables (uv’s) 1740 (k) and w (k) denote process and measurement noise at time instant k € Z>.
For the remainder of this thesis, time is indexed as an argument in parentheses rather than as a
subscript.

Before being transmitted, the plant output sequences are first encoded into channel input signals

S (k),8?) (k) via the coding functions Y/ as
SO k) = YD (k, Y Q0: k), YY) (0: k), je{1,2}. (4.1.2)

Note that the outputs of System 0 are available to both encoders, whereas Systems 1 and 2 are
observed only by their respective users. The encoded data sequences are then sent through a stationary

memoryless two-user MAC (Def. 8) as shown in Fig. 4.1. The received symbol Q(k) is the output of

48



4.1 Problem Formulation

a fixed function f: .71 x ST — 9,
Q(k) = (S (k),SP(k),Z(k)) € 2, k€ Lo, (4.13)

where Z(k) is the channel noise at time k. At the receiver side, the symbols are used to generate an esti-

A A A

~ T T
mation X (k) := <X(0) (k) ,X(l) (k),X(z) (k)) of the original plant states X (k) := (X(O) (k),X(l) (k),X(z) (k))

by means of decoder 6, i.c.,

8O (k,0(0:k))
X(k)=8(k,0(0:k) = | 6 (k,0(0:k)) | €RY, (4.1.4)
83 (k,0(0: k)

where d = 21-2:0 d; and, for k = 0, the initial estimate )A((O) = 0. The prediction error is denoted by

the uv

EO) (k) XO) (k) —XO (k
E(k):==[ED®K) | = | xDk) XD (k) | € R (4.15)
E@ (k) X (k) - X® (k

Consider now the following definition.

Definition 15 (Uniformly Bounded Errors). The state estimation errors are said to be uniformly bounded
if 31 > 0 such that for any initial condition with range [X(0)], that lies within the closed ball B; C R4
centered at the origin with radius [, i.e., [X(0)] C By, it holds

sup[[||E (k)[|] = sup[||X (k) = X (k)||] < eo. (4.1.6)
k>0 k>0

The aim is to design the coder-estimator tuple (Y1), 72, §) such that the resulting estimation er-
TOTS are umformly bounded in the sense of Def. 15 with respect to the inﬁnity norm. We impose the

following assumptions Vi, j and h € {0,1,2} and Vk,t € Z>o.
(A1) Each matrix pair (C%),A?) is observable.

(A2) The noise terms V¥ (k), W@ (k) are uniformly bounded, i.c., supso [V (k)||], sup=o[[|[W (k)[]] <
o0, where V (k) := (VO (k), V() (k), V@ (k)T and W (k) := (WO (k), WD) (k), W (k))T.

(A3) The initial states X(?(0) and the noise signals VU (k), W (¢) are all mutually unrelated,
Vi, j, h€{0,1,2} and Vk,t > 0. .

(A4) The channel noise signal Z(k) is unrelated with the combined initial state and noise signals

(X(0),V(0:k—1),W(0:k)).
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4 Distributed State Estimation over Nonstochastic MACs with Bounded Noise

(A5) Each system matrix AW has one or more unstable cigenvalues é(i), ie., lg(i)] > 1, where the

subscript / corrcsponds to the index of the unstable Cigcnvaluc.

(A6) The zero signal is a valid realization of measurement and process noise, i.e., 0e [[V(i)]], [[W(i)]].

Remark 9. Note that the reason for assumption (A5) is that the main focus of this work is instability, ie.,
Mé(l)\ > 1. In fact, for stricely stable systems, the spectral radius of the state matrix AY, denoted by p (AWY),

is
p(AD) = max{|2"],--- |27}
< 1. (4.1.7)

Furthermore, it is established that matrices whose spectral radius is strictly less then I are convergent (see,

eg., [41, pg. 348]), i.c., thefollowing holds

lim (A)* =0, (4.1.8)
k—poo
and since also the process noise V) is assumed to be bounded (by virtue of (A2)), then the estimation error
(4.1.5) for such systems is guaranteed to be bounded. Hence, w.lo.g., we can omit systems that are strictly stable

and restrict our attention to state matrices that contain only unstable eigenvalues.

4.2 Uniformly Bounded State Estimation over MACs

We now present the main result of this chapter. First, for each subsystem matrix Al) ¢ Réixd;

let the topological entropy be given by

= Y logy 2. (4.2.1)
lgfgdiiug‘Zl

Theorem 5. Consider the linear time-invariant systems in (4.1.1a)-(4.1.1b) whose outputs are coded (4.1.2) and
estimated (4.1.4) via the two-input single output MAC (4.1.3). Suppose Assumptions (A1)-(A6) hold. If there
exists a coder-estimator tuple (y“), }/(2) ,0) yielding uniformly bounded estimation errors (Def. 15), then

T
hi= (h<o>7 A, h(z)) € %, (4.2.2)

where h is the vector of topological entropies of the corresponding systems and 6y refers to the zero-error
capacity region (3.1.4) of the channel.
Furthermore, if h € int (Cfo), then a coder-estimator tuplc that achieves uniformly bounded state estimation

errors can be constructed.
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4.2 Uniformly Bounded State Estimation over MACs

Remark 10. Note that the interior region of 6 is guaranteed to be non-empty, when Requirements (i) and

(ii) of Lemma 1 are fulﬁlled.

Remark 11. This result is an extension of 3,12], from centralized LTI systems with point-to-point channels,

to distributed LTI systems estimated over a MAC.

Remark 12. The case where h lies exactly on the boundmy of the zero-error capacity region, i.e., he %o\

int (6p) introduces some technical issues and is not addressed here.

Remark 13. Although the formulation with three decoupled subsystems may seem special, it will be shown

later in Section 4.3 that this setup is reasonably general for the case of noiseless linear systems.

Next, we present both necessity and sufficiency proofs of Theorem 5.

4.2.1 Necessity Proof

Without loss of generality assume that for i € {0, 1,2} the state matrix AW of Plant i is in real

Jordan canonical form, i.c., it consists of m square blocks on its diagonal such that the j-th block is

denoted by Ay) € R%i*dij ich j € [1:m]and ZT:] d;j=d;

Al o 0
(i
‘ 0 A 0
Al — . o | e Réd (423)
0 0 - AY

In the following proof we only consider the unstable system eigenvalues without loss of general-
ity. Furthermore, it follows from Def. 15 that uniformly bounded errors are obtained for any uni-
formly bounded noise ranges [V (k)] and [W (k)] as well as any initial state range [X(0)] con-
tained in some [-ball B;. Hence, for the upcoming analysis we set the noise terms to zero, i.e.,

[V(k)] = [W(k)] = {0} and construct the range of initial states in the following manner. First,

select € € { 0,1 —max . Note that this is guaranteed by virtue of Assumption (A5).

1
20121 20
We then divide the interval [—1,1] on the ¢-th axis into Ky equal subintervals of length 21/ such

that

. (@]* .
K= U(1—ew J tel:d). (4.2.4)

Let pg(s) denote the midpoints of the subintervals, for s = [l : Kg] and construct an interval Ig(s)

centered at py(s) such that its length is equal to I/%;. We define the family of hypercuboids ¢ as
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4 Distributed State Estimation over Nonstochastic MACs with Bounded Noise

{ (le ) ell:xg], Lel :di]}. (4.2.5)

Observe that any two hypercuboids from .7 are separated by a distance of I /Ky along the £-th axis for

follows

each ¢ € [1 : d;]. In the following analysis, the superscript i referring to the respective plant is omitted
unless otherwise stated. The initial state range is set as [X()(0)] = Uyesr H C B;(0). The operator
dm(+) is defined as the diameter of a set using the co-norm. Then, as [[EJ(.I) (3] =) [EJ(.I) (k)|q(0:k—1)],

dm([E) (K)]) = dm (TE}" (K)]g(0: k— 1)]) (42.6)
:dm([[X}i)(k)—S(i) (k,q(O:k—l))|q(0:k—1)]])
= dm ([A7)X]" (0)]g(0: k—1)]) 427)
= swp [@fre-p)
rpelX) (0)lg(0:k—1)]
1A (r = p)ll2
> sup
rpelX) (0)lg(0:k—1)] Vi
o (47)") =l
> sup
rpelX(0)[g(0:k—1)] Vi

o < (s §-"))k> dm ([x}" (OD;O k=1)]) | )

where k € Z>0, q(0:k—1) € [Q(0:k—1)], || - ||2 denotes the Euclidean norm and Op;n(+) refers
to the smallest singular value. The inequalities (4.2.6) and (4.2.7) hold because conditioning reduces

the range and the diameter of a uv range is translation invariant, rcspcctivcly. Now, note that the

Yamamoto identity for asymptotically large & states that

i (o 49) "~ o (1)

k—>oo0

, (4.2.9)

with Amin bcing the cigcnvaluc with the smallest magnitudc Then, since j € [1 : m] < oo, i.c., there

are finitely many blocks Ay), there exists kg € Z>¢ such that

Gunin (A7) 1= ) Amin (A, for k > k. (4.2.10)
(@9%) 2 (1= 5) 1Amin(a?)
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4.2 Uniformly Bounded State Estimation over MACs

Additionally, by uniform boundedness of errors (4.1.6) there exists & > 0 such that
& = sup [ I1E9 K ]
> sup 1] (1]

> 2dm (£ ()]

cdm ([x,"(0)]g(0: k= 1)] )
2/d; '

For large enough k € N, the hypercuboid family # in (4.2.5) is an [X()(0)|Q(0 : k — 1)]-overlap
isolated partition of [[X(i) (0)]. To show this, we suppose in contradiction that 3H € .7 that is
overlap connected in the family [X® (0)|Q(0 : k—1)] with another hypercuboid from 2. Therefore,
there would exist a set [[X(i)(())‘q(() : k—1)] which contains a point r; € H and a point p; € H,

> ’ (1 - g) Amnin(AY) (42.11)

with H' € 7€ \ H such that rj and p; are overlap connected. This implies
lpj—rill < dm ([[X<">(0)|q(o k- 1]])

_ 2V
[(1-5) Amin(a))

‘ 2 (4.2.12)

for j € [1 : m] and k > ke. Nonetheless, note that by construction the distance between any two

hypercuboids in .7 is equal to I /&y along the ¢;-th axis. Therefore,

lps=rill 2 =
pj—Tj =%
B [
-
[(1-e)2]
l

= - (4.2.13)
(1— )| Aumin (AL ¥

For sufficiently large &, it is possible to obtain ((1 —€/2) / (1 — 8))k > 2\/d;E /1. Hence, the RHS of
(4.2.13) would exceed the RHS of (4.2.12) resulting in a contradiction. Thus, when & is large enough,
the family 97 is [[Xi(O)|Q(0 : k—1)]-overlap isolated partition of [[Xi(O)]]. As the cardinality of any
[X(0)]Q(0: k — 1)]-overlap isolated partition is upper bounded by the nonstochastic information
[[X9(0)]Q(0: k—1)]. |, we obtain

LIXD(0);0(0: k—1)] = log|[x"(0)|Q(0 : k—1)].|
> log ||
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4 Distributed State Estimation over Nonstochastic MACs with Bounded Noise

o (fm)
:10g<[_11{ (1—e)d J)

d;

> log (Hos‘ (1—e)A )(k>

=1

~

k
d; .
=log | 27%(1 —g)kd H)Lg(l)
/=1
di o]0
=k dﬂog(l—e)—i—l—Zlog‘k/ ‘ . (4.2.14)
(=0

Hence, for i € {0,1,2} it follows from (4.2.14)

LIXD(0:k—1);0(0:k—1)] . LIXD(0);0(0: k—1)]
k = k

> d;log(1 —€) — k—i—ZlogM |. (4.2.15)

Thus, for k — oo and arbitrarily small € we obtain

LIXD(0:k—1);0(0:k—1)] - LIXD(0);0(0: k—1)]
k = k

d; .
> Y log |2, (4.2.16)
/=0
Before proceeding with the proof, we present the following lemma.

Lemma 2. Let A, Q and © denote three uv’s such that A and © are mutually unrelated. Then, the following
relationship between I, [A;Q|®] (2.1.12) and L. [A; Q] (2.1.17) holds

L[A;Q|0] > L[A; Q. (4.2.17)

Proof. To prove Lemma 2 we use the common variable interpretation of (conditional) nonstochastic
information as introduced in (2.1.12) and (2.1.17), respectively. Consider three uv’s A, ® and Q such
that A and ® are unrelated. Let Zp denote the sec of all uv’s Zg such that Zg L ® and Zg =
f(A,B) =g(Q,0). Thus,

LA QO] = Zgneai)&@ log|[Ze]|. (4.2.18)
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4.2 Uniformly Bounded State Estimation over MACs

Additionally, the set 2 consists of all uv’s Z such that Z = ¢ (A) = y(Q), and hence,
LIAQ = gleaﬂfxlogH[Z]]\. (4.2.19)
Since A L @, then ¢(A) L O and subsequently Z L @. Therefore, Z C %, and thus
log|[Z]| < log|[Ze]|- (4.2.20)
By maximizing both LHS and RHS of (4.2.20) over £ and Zg, we obtain
L[A; Q] < L[A; Q|O]. (4.2.21)

This concludes the proof of Lemma 2. O

Since X(O)(O tk—1)and xO (0) are unrelated for I € {1,2}, it follows from Lemma 2
LIXD(0);00:k—1)X90:k—1)] > LXP(0);00: k—1)]. (4.2.22)

Note that SN0 :k—1) < XD0:k—1) < SP(0:k—1), ic, SDO: k—1) L SP(0: k-
1)[X©(0: k—1). Furthermore, the initial states {X ¥ (0)}2_, and additive noises {W 9 (k), V@ (k) }2_,
are mutually unrelated. Hence, the requirement (A3) results in the Markov chain x® (0) < s 0:
k—1) < Q0 :k—1)|X©(0:k—1), for L € {1,2}. Thus, the conditional data processing inequality 2]
yields

LIXD(0):;00:k—1)XQ0:k—1)] <L[SD0:k—1);00:k—1)[XV0:k—1)]. (42.23)

By combining this lower bound on I, [S(l) (0:k—1);0(0:k— I)IX(O) (0: k—1)] with inequalities
(4.2.16) and (4.2.22), we obtain

LISD0:k—1);00:k—1)[XO0:k—1)
k

d
I Y log|2"], (4.2.24)
/=0

for k — oo. From (4.2.16) and (4.2.24), we conclude that
LIX90:k-1);00:k—1
k

LISD0:k—1);00:k—1)[XO0:k—1
k

)] & 20
> Z 10g| /A ’7
/=0

)] & 20
>Zlog’ (4 ’7
(=0

for I € {1,2}. This completes the proof of necessity.
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4 Distributed State Estimation over Nonstochastic MACs with Bounded Noise
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Figure 4.2: Structure of encoder Y<l) for I € {1,2}. Note that the symbol “| n” denotes the downsam-
pling block by a factor of n.

Decoder
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Figure 4.3: Structure of decoder 8. Note that the symbol “f n” denotes the upsampling block by a
factor of n.

4.2.2 Sufficiency Proof

The sufficiency of (4.2.2) is now established using a separation structure between source and
channel coding. To this end, we discuss in detail the structure of the encoder blocks YD and p2).
Firstly, a Luenberger observer @) with i € {0,1,2} generates the signals X (k) at time instant k.

The state observer @) is defined by the following equation
X0 (k+1) =A0XD (k) + L (Y(i) (k) — X (k)) , (4.2.25)
where L is a filter matrix of appropriate dimensions. The observability of (AD .Y fori € {0,1,2}

-Assumption (A1)- implies that chere exists an observer (4.2.25) which guarantees asymptotic bound-

edness of estimation error. More details regarding linear state observers can be found in [39]. Note
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4.2 Uniformly Bounded State Estimation over MACs

that the process noise corresponds to the innovations fed to the state observer, i.c.,
VOk) =Ly (k) —cDx O (k)). (4.2.26)
The i-th observer’s output X ) (k + 1) are then down-sampled by a factor of 1 to yield
X0 (nlk+1)) = (ADY XD (k) + ¥ (k), (4.2.27)
where it can be shown that the accumulated innovation noise term written as

Xr: Dyn=1=8p ) (nk + &),

is uniform]y bounded Vr € [O n— 1] over k € Z>¢ when an appropriate filter matrix L is used.

Next, each of the down-sampled sequences is processed by the respective adaptive quantizer 20)
to generate the messages M' that are drawn from finite sets . with cardinalities [.# )| for i €
{0, 1,2}, as depicted in Fig. 4.2. Finally, cach pair of messages {(M(O),M(l))}lz:l is mapped into the
codeword U (nk : n(k+ 1) — 1) with the block-length n by the corresponding channel encoder &)

at time instant k. The code rate for cach message M(i) is then
RY = (log|.#V|)/n, for i € {0,1,2}. (4.2.28)

The receiver 8, shown in Fig. 4.3, is a three-stage process that consists of the reverse operations per-
formed by the encoding block. Firstly, using the channel output Q(nk : n(k+ 1) — 1), the message
estimates {M (i)}l.zzo are produced by means of an appropriate channel decoder. Each of these esti-
mates is then processed by an adaptive dequantizer 4’ followed by an upsampling operation by 1 to
generate the state estimations X® (k) at time instant k for i € {0,1,2}.

As int(%) is an open set (by definition) and non-empty (Lemma 1), chere exists an open {oo-ball
centered at & and with arbitrarily small radius & > 0 denoted as Bg(h) C int(%p). Hence, for the
given vector of topological entropies h = (h(0)7h(1),h(2))T € int(%p), there exists a rate vector R =
(RO RM RCNT € Bs(h), ic., fori € {0,1,2}:

RO =p) 1§, (4.2.29)

Let Bg(R) be the £eo-ball of center R and arbitrarily small radius € > 0 as illustrated in Fig. 4.4. Since
R € %), then there exists a rate vector R, € 60, NB¢(R) withn € Z>y, ie.,

IR — Ryl < €. (4.230)

As € can be arbitrarily chosen, we can select € small enough such that € < §; and hence, it is guar-
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4 Distributed State Estimation over Nonstochastic MACs with Bounded Noise

<+—— Boundary of the € region

______
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= N_ P ' € and center R
o | | | R
& | ! '
|
|
|

R

Figure 4.4: [lustracive ﬁgure of the zero-error capacity region’s boundary in a two-dimensional space,
ie., R =0. The region shadowed in blue corresponds to a part of the channel’s [zoomed-
in| zero-error capacity region 6.

anteed that there exists a zero-error code with rate vector Ry, that is component-wise strictly larger
than h.

Conscqucntly, the communication channel linking each message M o its estimate M) can be mod-
eled as noiseless. Hence, by the data rate theorem (Proposition 5.2 in [40]) VRE,i) > Kl HQ(i),g(i)
such that the prediction error E() (kn) = x® (kn) —X0 (kn) is uniformly bounded.

Now, every time instant 7 € Z:>1 can be written for some nonnegative integer kast = kn+r, where

r € [0: n—1]. Furthermore, consider the estimator
XO@) == (ADY RO (nk), fori e {0,1,2}. (4.2.31)
We examine the requirement (4.1.6) for the resulting estimation error ED)=X0(1)—XO(1),ie.,

sup|ED (1) ]| = sup [|(AD) XD (nk) + 1 (k) — (ADY RO (k)|
< [[(ADY || sup [ XD (nk) — KD (nke) | + 2 ()|
= ok {19y 11} sup |ED (k)| + 12 (K) (4232)

©refom—1
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4.3 Generality of the Proposed Setup for Noiseless Linear Systems

Bounded Noise

|

@ — Sensor )/(1)
a7
y(2)

— Sensor }/(2)

|
Decoder
l N

Multiple Access Channel

Noiseless LTI System

with two mode subsets

Figure 4.5: The states of a noiseless (process and measurement) LTI system are detected by two dis-
tinct sensors. Each sensor incorporates an observer and a channel encoder. In this sce-
nario, we consider uncoordinated access strategies with no apriori resource allocation
modeled as a MAC.

where the prediction error E® (nk) of the down-sampled system was shown to be uniformly bounded
for some coder-estimator tuple, and the accumulated process noise term ‘Pﬁ‘) (k) does also satisty this
condition. The RHS of (4.2.32) is therefore uniformly bounded over k € Z>¢. This completes the

sufﬁciency proof.

4.3 Generality of the Proposed Setup for Noiseless Linear Systems

The dynamic decoupling between the three subsystems in (4.1.1a)-(4.1.1b) may seem like a strict
requirement. In this subsection, we show that any noiseless linear p]ant observed via two sensors can
be put into this form, under a mild assumption on the output matrices. Subsystems 1 and 2 represent
the plant modes that are observable only at sensors 1 and 2 respectively, while subsystem 0 represents
the modes that are observable at each of the two sensors.

Consider a noiseless LTI system with a dynamic matrix A € R4*? that is observed by two different

sensors YV and %) as depicted in Fig. 4.5. The system is described by

X(k+1)=AX(k), (43.12)
YO (k) =CDX (k), for I € {1,2}, (4.3.1b)

where the joint system ((CM,C?)),A) is observable. In order to decouple the states of the observed

system, it is possible to put the matrix A into Jordan canonical form [41]. Note that we call system

modes to refer to the states associated with a Jordan block. Supposing that A has p real eigenvalues
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{A3P_, and (n— p) /2 conjugate complex eigenvalues {4y = o+ jBi (A; = oy — jﬁk)}?:p+l with

m = p+ (n—p)/2, then there exists a transformation matrix T such that
T=i,vp, ROvps+1),3(Vps1), s R(vm),S(vim)) (432)

where vy refer to the eigenvector corresponding to the eigenvalue A¢. Using the matrix 7', (4.3.1a)-
(4.3.1b) become

X(k+1)=T"'AT X (k), (433a)

YD (k) =CUT X (k), for I € {1,2} (433b)
c)

with the initial state X (0) = T_IX(O). The dynamic matrix A has then the following form

Ji 0
A=T'AT = , (43.4)
0 Jr
with I" Jordan blocks such that the i-th block can be written as
A1 0
J = . , (4.3.5)
A1
0 Ai
for real cigenvalues, and
W, b 0
Ji= S W= By 1= (43.6)
W b B 0 1
0 Wi

for complcx conjugate cigcnvaiucs o; ]ﬁ, For simplicity we suppose that each of the blocks {Ji}};l
admits distinct eigenvalues. Note that the output matrix C") can be expressed as a concatenation of

sub-matrices Ci(l) withi € [1:T]

c<’>:(c§” clh cp)eiibwd, (4.37)
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where cach sub-matrix Ci(l) is a collection of column vectors such that
V= () o) - D) R (43.8)

Lemma 3. Without loss of generality, consider the state matrix A to be in Jordan form (4.3.4) and the output
matrix CY) (4.37) for I € {1,2}. T denotes the number of Jordan blocks such that each block admits a distinct

cigenvalue. Then the pair (A,C") is observable if and only if the leading column of the block Cl-(l), namely

Cglz-, is non-zero Vi € [1 : T7.

Proof. The fol]owing proofis based on Hautus test [39, p. 156] that states the following.

. A—AI .
Theorem 6. A system (A, C) is observable if and only if the macrix ( c ) has full column rank at every

eigenvalue A of A.

Let A € R?%4 he the state matrix in the sense of (4.3.4) and C) € Rr<d he the output matrix as

. A—sl . .
defined in (4.3.7). For s € R, consider the matrix ( C(Z; > with the following form
/11 — S 1
l] — S 1
11 —S
)Q —S 1
12 — S 1
),2 - ’
7Lr — S 1
A,r — S 1
)\,1" — S
] T I I I T I I I
I L B R I A
(4.3.9)

where the empty entries are zeros. In the following analysis, we focus on the ﬁrst]ordan block without
loss of generality. Hence, for s = A4, the matrix (4.3.9) consists of columns whose components are

cither

« All zeros except for the last b; elements (the respective column of C(l)). This is the leading

column of the Jordan block associated with Ay; or
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« All zeros except for one non-zero element (either 1 or A; — Ay for j € [2 : T]) and the last
b(l> elements (che respective column 0fC<l)). This is the leading column of each of che ]ordan

blocks associated with A; for all j € [2:T7; or

« All zeros except for two non-zero elements (1 and A; — A for j € [2:T7]) and the last b\

elements (the respective column of c).

As the rank of (4.3.9) will not change by elementary row operations, by means of Gaussian elimination

we transform it into the following form

0 1

A=A O

A —A 0
b - ’

Ar—MA 0
Ar— A
)r 0 0

T 0 0l &0 0 |

)

(4.3.10)

where 0 is a b;-dimensional all-zero column vector. Clcarly, the first column of (4.3.10) consists of d
elements that are zeros followed by b; entries corresponding to cgl)l . Therefore, to obtain a full-ranked
O]

matrix (4.3.10), the column ¢ | must be non-zero. Using the same argument with the remaining I'— 1

eigenvalues, Lemma 3 is established. O

We now assume that the macrix C%) has the following structure: If there exists a non-zero coefficient

(

¢ 3, ¢ € [1:dj], associated with a Jordan block J;, then the leading column in Ci(l) must be non-zero,
ie., cglz # 0. For each of the systems {(A,C")}?_, constrain the matrix A to the Jordan blocks that
have non-zero contribution to the output y(l). This results Wll.o.g. in a reduced system (Afkl) , C,El)) for
1 € {1,2}. Based on the structure of CY) (and subsequently ") as well as Lemma 3, both systems
are observable and thus the modes associated with the Jordan blocks are reconstructable. To clarify

this structure for the reader, an example is provided in the next page.
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Without loss of generality, we express (4.3.3b) as

YO (k) = (cg,) 0) <§ol§2>  for € {1,2} (4.3.11)
o'

where Xy and Xy are the system states observable and unobservable at the I-th sensor, respectively.
Let Xor and X 51 denote the subsets of observable and unobservable states at sensor I € {1,2}. Then,
by virtue of the discussion after Lemma 3, the system modes can be partitioned into three distinct

classes:

« modes common to both encoders () and ), i.e., X(©) = Xor NXy2,
« modes observed only by Y<1)7 e, X = Xo! ﬁXOz,

« modes observed only by y<2), e, X® = X2 N X(—)n.

Example: In this example, we consider a system matrix A with two Jordan blocks as follows

M1 0 0

A 0 A 0 O e RY, (4.3.12)
0 0 A 1
0 0 0 A

and two output matrices such that CW) satisfies the assumed structure and C@ violates i,

V= (f} o} 0 o)er o
c? = (0 3, 0 cg’z) eR™, (43.14)
with el e e and ¢ # 0. Then, the reduced sys ations for [ € {1,2} are respectivel
1.1:621:€2 1 22 A S ~_}SEfflTl equatlons orl € { 5 } are respegtlve y
o _ (A1 2%2
AW € R¥2 (4.3.15)
V= (c) o) er™ (4316)
and
1
A® _ ) e R>2, (43.17)
0 A
c? = (0 C<22%> cRI%2, (4.3.18)

According to Lemma 3, the modes (x1,x2) fall into the observability space of Sensor 1, whereas (x3,x4)

are unobservable by both Sensor 1 and 2.
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In order to estimate the different states, a dead-beat observer [42] is incorporated at each sensor. By
collecting the measurements (Y(l>(n(k— 1), -, Y(l)(nk)) for any k € Z>1 over a period of time 7,

the I-th sensor recovers its observable states and generates the following measurements
7D (nk) = Xoi (nk), for I € {1,2}. (4.3.19)

Using the mode classes X(O), X(]), and X(z), itis hence possible to decompose the original system into
three subsystems with dynamic matrices A® - AM 3nd A® and reform (4.3.32)~(4.3.3b) to obtain the
setup dcpictcd in Fig. 4.1 characterized by (4.1.12)-(4.1.1D).

Hence, this formulation captures some of the essential elements of the problem of distributed state es-
timation, e.g., where each sensor observes a different subset of the overall system’s dynamical modes,

although it is limited to three systems.

4.4 Numerical Example: The Binary Adder Channel (BAC)

4.4.1 Zero-Error Capacity Region of the BAC

A well-known example of a MAC in the literature is the binary adder channel (BAC). This channel
model consists of two indcpcndcnt users communicating with one receiver via a common discrete

memoryless channel such that at cach time instant k € Z>¢
ve=x"+xY e{0,1,2}, (4.4.1)

where Xk(l), ka € {0,1} are the inputs generated by users 1 and 2 respectively, and Y is the
corresponding channel output. The i-th user selects a particular codeword xgl)n from a finite set
20 cC {0,1}", where n € Z>, is the code block-length. At the receiver side, zero-error decod-
ing is achieved when each element of the sumset

1:n 1:n

Y = {x(ll,)l a2 vl e ) xﬁz,{ € %(2)} (4.4.2)
appears exactly once, i.c., one-to-one correspondence, and hence unambiguous decoding is always
possiblc. Note that the addition here is carried out over Z". At first glancc, the problcm might seem
simple, nevertheless no closed form of the BAC zero-error capacity region % has been found yet.
This has led to the emergence of two streams of research: a first group of researchers investigating the
outer bound of this region and a second one focusing on improving the known inner bound. In regards

to the outer bound, it has been always clear that % lies inside the ordinary Shannon capacity region

which was determined by Ahlswede [19] and Liao [20] as the closure of the convex hull of nonnegative
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rate pairs (R, R?) that satisfy

The most recent upper bound was obtained by Austrin et al. in [21]. In their paper, the authors
showed that for R() > 1 — € such thar € is sufficiently small, we have R(?) < 0.4228. Nonetheless,
this bound quickly converges to (1 — &) +R®) < 1.5 as € increases, and hence, it is still unclear
whether zero-error transmission over BAC at rate (R(l) ,R(z)) such that R + R = 1.5 s possible
or not. On the other hand, the current state of the art in terms of lower bound on %} was obtained
by Mattas and Ostergird [23] who found a zero-error code such that the sum rate is

log, (24
RO LR — ng(60> ~ 1.3178 bits. (4423)

The zero-error code achieving this sum rate is used in the numerical example of the next section.

4.4.2 Application to the State Estimation Problem (Theorem 5)

To appreciate the result established in Theorem 5, we explore a setup where the states of two
independent dynamical systems with given topological vector of entropies & = (A1), A?))T are mea-
sured, encoded and transmitted by users & M) and €@ through a BAC (4.4.1) and eventually recov-

CI'CC]. at thﬁ receiver ﬁl’ld.

Simulation Details. We implcmcnt two scalar LTI systems described by the following equations

D (k+1) = aDxD (k) + v (k), (4.4.42)
y(i)(k) — (k), ie{1,2}, (4.4.4b)

where a® = 21" and v(® (k) denotes the process noise with range [—1, 1]. At time instant k = 0, the
systems’ initial states {x@ (0)}1-2:1 and noise term {v(i) (0)}%:1 are randomly chosen from [—1, 1]. At
cach sampling time nk the encoder produces an estimate £ (nk) of the true state xU¥) (nk). Then, the
error el?) (nk) := y(0) (nk) — (nk) is processed by means of an adaptive uniform quantizer 20 a5
follows. Firstly, the interval [—1, 1] is partitioned into K; sub-intervals of equal size whose respective

midpoints are denoted by (D(l), o ,w(K,-). Next, the error el (nk) is scaled and quantizcd via

e (nk) := 20 (e(i)(nk)/gl(f)) c{w(1), -, 0(K)}. (4.4.5)
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(i)

Both encoder and decoder agree on the initial value of the scaling factor £y’ and update it at cach
instant nk as follows

i T i
4 = Tieﬁj + Wi, (4.4.6)

where the term ‘PI(I’;LX = ZZ;}) (a(’.))”_l_é forms an upper bound on the accumulated noise ‘Pflizl (k)
during a time window of duration n. The quantized error egi) (nk) is then encoded by &) which
employs a zero-error codebook with block-length 7 and a rate RY = log,(K;)/n. The decoder 2
uses the received codewords to generate the eg) (nk) with exactly zero decoding errors. Finally, the

state estimate £0) (n(k+1))is updated by means of che following rule
D (nk+1)) = (aD)" ()e(") (nk) + el (nk)) . (4.4.7)
Note that the estimate £() (k/) for time instants k € (nk,n(k+ 1)) is computed via

FD(K) = (@) =50 (k). (44.8)

Fig. 4.6 illustrates the described construction above.

Numerical Results & Discussion.  The system (4.4.4a)-(4.4.4b) is simulated for different parameter
settings as outlined in Table 4.1. Fig. 4.7 dcpicts a realization of the systems’ unstable states, i.e.,
XM = xM 4nd X@ = x?)_ on both linear and logarithmic scales. Zero-error communication over
the BAC is accomplished by means of the following codebooks [23] ofblock—length n==~0:

2 ={0,3,6,15,17,27,36,46,48,57,60,63},
2 ={8,9,10,13,21,22,26,28,29,30,33,34,35,37,41,42,50,53, 54,55},

where 2D and 2@ are expressed in the decimal basis. In this experiment, 107 realizations of
system (4.4.42)-(4.4.4b) with different initial conditions and noise values uniformly chosen from the
range [—1, 1] are simulated. At each time step k, the estimation error with the maximum norm over

all realizations is selected and p]ottcd in Fig. 4.8-4.9 for both scenarios 1 and 2.

When the vector oftopological entropies h lies within the zero-error capacity region of the BAC, it is
possible to find code rates such that R > ) for i € {1,2}. Thus, the estimation error is bounded
in accordance with Theorem 5 as exhibited in Fig. 4.8. Scenario 2 on the other hand illustrates the
case where h ¢ int(%6)), and hence, it becomes impossible to reconstruct the state estimates at the
receiver with zero error. One can see in Fig. 4.9 that the estimation error grows exponentially with

time.
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Scenario N° 1 2

%) 0.15 0.85
R 0.597  0.597
h? 0.18 0.95
R?) 0720 0.720
VOl [-1,1] [-1,1]

Table 4.1: Simulation Parameters. The code block-length is set to n = 6.

(a) System 1

T T
+ State estimate ||
True state |z(V]

1

0 50 100 150 200 250 300

(b) System 2

10‘20
T T T
+ State estimate |#?)|
= True state 22|
&
s
10° !
0 50 100 150 200 250 300

Iteration

Figure 4.7: Example of state realizations 1 @ and cheir corresponding estimations £ 2@ for

unstable systems 1 and 2 on a logarithmic scale.
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(a) System 1

3
E
=10}
=

0
0 150 3()0
b) System 2
20 (b) ¥
% 15 F
_E
=10}
i ¥
0
0 150 300

Time Step k

(a) Empirical maximum error norms on a linear scale.

(a) System 1

§1§»|HmJO| ! mjmum I
il me”m|“”\|‘l”|””ﬂo

(b) Zoomed version of (a).

Figure 4.8: Scenario 1. The topological entropy vector & € int(%)), and the code rates RW > p() and
R2 > p(2)
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(a) System 1

T T T T
50
% 10" + s
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(b) System 2
T T T T T
"
E 1050 L B
S
Q)
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100 L L L L L
0 50 100 150 200 250 300
Time Step k

Figure 4.9: Empirical maximum error norms on a logarithmic scale for Scenario 2. The topological
entropy vector i ¢ int(%p), and the zero-error code rates RV < (1) and R?) < h®?).

4.5 Summary

We studied, in this chapter, the problem of distributed state estimation across a two-input
singlc—output MAC with bounded noise. Using the notions of nonstochastic information as well as
nonstochastic conditional information, tight necessary and sufficient conditions to ensure uniformly
bounded errors at the receiver end were proven. It was shown that in order to achieve this goal,
the vector of the plants’ topological entropies must lie within the zero-error capacity region of the
communication link. This result establishes a connection between the intrinsic properties of the
linear systems and the channel characteristics. Afterwards, we have demonstrated that the considered
setup is indeed gcncra] in the case of one-dimensional dynamical systems. Finally, the Cxamplc of
state estimation of scalar plants communicating over a two-input BAC was thoroughly discussed

and corresponding simulation results were prcscntcd.
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“Knowledge rests not upon truch alone, but upon error also.”

— CARL JUNG (1875-1961)

Universal Lower Bounds on the State Estimation

Errors

FTER HAVING established the necessary and sufficient conditions to achieve uniformly bounded
Aestimarion errors over two-input single-output MAC in Chapter 4, our aim now is to character-
ize the fundamental trade-off between the communication data rate, code-length, system dynamics
and the state estimation performance. The performance of the coder-estimator is quantiﬁed by the
asymptotic worst-case estimation error max norm. Using volume-based analysis and the well-known
Brunn-Minkowski inequality [35, pg. 675], we derive universal lower bounds on the performance of
any applicable estimation policy in Theorem 7. As this result is obtained on the overall performance
of the entire system by treating the communication channel as a point-to-point one, we call it a
centralized lower bound. We then refine this lower bound and derive decentralized lower bounds in
Theorem 9, which capture the distributed nature of the considered setup. It is subsequently shown
that these bounds are indeed tight by constructing an encoder-estimator tuple for scalar systems for
which the lower bound is achieved. Next, the centralized lower bound is generalized to a system
with an arbitrary state dimension (Lemma 4). The obtained lower bound connects between the code
block-length, average entropy per dimension, the available rate and the volume of noise. This re-
sult is then analyzed for asymptotically large code block-lengths, and we show in Lemma 5 that the

estimation performance in this regime is driven by the worst-case system eigenvalue.

5.1 Problem Formulation

The state estimation problem studied here is chat of Chapter 4 and illustrated in Fig. 41. In

fact, recall that for the i-th plant PO withi € {0,1,2}, at time instant nk, where n € Z> is the
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code block-length and k € Z>(, the estimator generates
XD (nk) = 89 (nk, (0 : nk)), (5.1.1)

where Q(0 : nk) is the channel output sequence.

The estimation error of the entire system (P p(), P(z)) at sampled time instant nk is defined as

EO) (nk) XO) (nk) — X ) (nk)
E(nk):= | EOnk) | = [ XV (nk) =X (nk) | = X (nk) — X (nk) € RY, (5.1.2)
E® (nk) X (nk) — X (nk)

where d refers to the entire system’s state dimension, ie., d = 21-2:0 d. Recall also that, at time
instant n(k+ 1), the scate X can be written as
n—1

XO(n(k+1)) = (40) XD (k) + ¥ (AOY 14V 0k + &), (5.13)
&=0

In the following analysis, we derive a lower bound on the max-norm of the downsampled prediction
error E(nk) in (5.1.2). Note that the system matrix A := diag(A®), A1), A®)) and process noise term
V(t) = (vO(r),v(r), v ().

In this chapter, we use volume-based analysis to derive centralized and decentralized lower bounds
on time-asymptotic error norm for any possible estimation policy. The qualifying terms ‘“centralized”

and “decentralized” allow to distinguish between two types of lower bounds obtained here, namely

«+ Centralized bound: is 2 bound on the max-norm of the estimation error achieved by the whole

system, i.c., E as defined in (5.1.2); and

+ Decentralized bounds: refer to the bounds obtained on the estimation errors associated with

the individual subsystems PO withi e {0,1,2}.

5.2 Centralized Lower Bound

We start by deriving the centralized bounds that apply to any coder-estimator construction.
To this end, we present an analysis of the evolution of the estimation error volume with time. Such
approach of error analysis, namely the study of error volume’s evolution over time, was also adopted
in previous works both in a deterministic setting, see, €.g., [43], as well as stochastic setting, such
as [44]. The difference here with the techniques used in [43] is that we exploit the non-stochastic

information thCOI‘CtiC framcwork to formulatc thC kCy argumcnt.
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Theorem 7. Consider the linear time-invariant systems in (4.1.1a)-(4.1.1b) with topological entropy sum H =
21-2:0 h and whose outputs are encoded by (4.1.2) and estimated by (4.1.4) over the two-input single output
MAC with bounded noise in (4.1.3). Then, for any coder-estimator tuple with data rate sum R = 21-2:0 RO,

the following bound holds at any sampled time instant nk:

(i) IfR < H, then

gggosup N E (nk)]||] = . (52.1)

(i) Elseif R > H, then

1 2mH/d—1  vol([v])/¢

' > . .
]}I_Igsup MI|E (nk)||] > 5 Sl ] 1)’ (5.2.2)
where d is the sum of the subsystems” individual dimensions.
Proof. It is evident that for any bounded measurable [E] C RY, it holds
vol([E]) < (2-sup[||E[I])". (52.3)

Set Mk := sup[||E(nk)||], where E(nk) is the state estimation error obtained at time instant nk,

with k € Z>p and n € Z>. Then, it follows that
(2n)¢ > vol([E (nk)]). (5.2.4)

Observe that when the channel output sequence Q(0 : nk) takes particular values g(0 : nk) € rktl
then we know that [E(nk)|Q(0 : nk) = q(0 : nk)]] C [E(nk)]. Subsequently, we obtain

max  vol([E(nk)lg(0: nk)])"* < 2, 525
q(O:nk)e?@nkHV ([[ (i’l )‘CI( n )]]) < 2Nk ( )
Z:n;Enk)

with m(nk) denoting the d-th root of the maximum error uncertainty volume. For the (k+ 1)-th
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step, i.e., at time n(k+ 1), we obtain

m(n(k+1)) = q(ogl(%il))vol([[E(n(k—i- 1))]g(0 : n(k+1))])"/¢

_ q(ogq(z]:)il))vol( [X (n(k+1)) = R (n(k+1))|q(0: n(k+1))])V4

CLY hax vol([A"X (nk) +§A”*175V(nk+§)—
q(0:n(k+1)) E=0
O(n(k+1),q(0:n(k+1)))|q(0:n(k+ 1))]])1/”’

constant trﬂnslntion

n—1
= max_vol([A"X(nk)+ Y A"V (nk+&)|q(0:n(k+1))])/4,  (5.2.6)
q(0:n(k+1)) E=0

where (5.2.6) follows from the fact that the set volume is invariant under linear transformation. Next,
since the process noise V does not depend on the channel output ¢(0 : k), then we re-write the RHS
of (5.2.6) as

n—1
[A"X (nk) +5Z A”’l’éV(an— E)q(0:n(k+1))] =[A"X(nk)|q(0: n(k+1))]+
-0

[[nf A1V (nk + )] (52.7)
£=0

Before proceeding with the derivation, we now state the Brunn-Minkowski inequality [35, p. 675], as

it plays a central role in the proof.

Theorem 8 (Brunn-Minkowski Incquality). Letn € Z> and n be the Lebesgue measure on R™. Further-
more, consider two Lebesgue measurable sets o7, %8 C R", and define the set sum o/ + B :={a+b:a €
o, be ,%7} Then, the following inequality holds

w(et +2) > ()1 4 ()1, (528)

By using Theorem & and the fact that [V(k)] = [V] at any time instant k € Z>¢, we obtain the
following lower bound on m(n(k+1))

m(n(k+1))> max vol([A"X (nk)|q (0 : n(k+1))])"/¢ +v01([["f A8 (ke + E)]) V4
q(0:n(k+1)) £=0

n—1
= |detA["/* max vol([X (nk)|q (0 : n(k+1)])"/* +vol([ Y A" "5V (nk+ &))"/
q(0:n(k+1)) £=0
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— |detA|"/? 1([X (nk)|q (0 : n(k+ 1)+
|detA| qr(%%q(nkg%m)VO(ﬂ (nk)|q (0 :n(k+1))])

Vol([[rfA"*I%V(nk%-é)ﬂ)l/d
£=0

> |detA|"4 1([X (nk)|q (0 : n(k+ 1)+
> |detAl qr(%%q(nkg%+l))VO(ﬂ (nk)|q (0 :n(k+1))])

n—1
Y | detA| "= dyol ([V (nk + &)]) /¢ (52.9)
520 ———

=[v]

— |detA|"4 1([X (nk)|q (0 : n(k+ 1) V9+
|detA q%i’k‘)q(nkﬂiéﬂ))vo(ﬂ (nk)|q (0:n(k+1))])

|detA|"/4 — 1

———vol 1/d 2.1
!detA!l/d—1V°([[V]]) ’ (5:210)

where (5.2.9) follows from the application of the Brunn-Minkowski inequality (Theorem 8).

Now, note that since the channel output Q is a function of the current sensor measurements as well

as channel noise (4.1.3), we have

[X (nk)|q(0: nk)] = U [X(nk)|q(0:n(k+1))]. (5.2.11)
q(nk+1:n(k+1))e2n

This yiclds the following

vol([X (1k)[q (0 : nk)]) T =" vol ( U [X(k)lg(0: n(k+ 1))]])
q(

nk+1:n(k+1))e 2"

< Y vol([X (nk)|q (0 :n(k+1))]) (5.2.12)
q(nk+1:n(k+1))e2n

<|2 1([X (nk)|g(0:n(k+1
<l max vol([X(k)lg (0 n(k+ D))

< o ®OHRDERE)pax vol([X (nk)|q (0 : n(k+1))]), (5.2.13)
q(nk+1:n(k+1))

where (5.2.12) is a result of the countable subadditivity property of measures on R4, e.g., see [45, p.
43] and (5.2.13) follows from the fact that |.2"| < 2"(R(0)+R(l)+R(2)). Note that the individual data race

R here encodes the output of the respective subsystem PO and is defined in bits/channel use as
RY :=1log, |.#"|/n, Vi {0,1,2}. (5.2.14)

with 7 the code block-length and D is the finite set of messages to which the plant output Y@ is
mapped after undergoing the appropriate signa] processing steps, i.e., downsamp]ing and quantiza-

tion.

75



5 Universal Lower Bounds on the State Estimation Errors

Let R=Y2 R and substitute (5.2.13) in (5.2.10) to obtain

—nR/d n/d ) 1a | detA] -1 1/d
m(n(k+1)) > 27"R/4| detA"/ qr(%%)vol([[X(nk)]q(O.nk)ﬂ)/ +Wvol([[x/]])/
=27"R/d| ger A4 max vol([X (nk) — & (nk,q(0 : nk)) |q (0 : nk)]) ¢+
g\vn S—_—
=X (nk)
|detA|"/4 — 1 1/d
 vol([V 52.15
deta—1 VD) (5215
nfd _ 1
_ ~-nR/d n/d | detA| 1/d
=2 |detA] m(nk)+7|detA|l/d_IVOI(HV]])
= 2 "R=H)/dpy (nk 21 1I([v])/e (5.2.16)
= m(n )‘i‘m"o([[ Ve 2.

where (5.2.15) holds as the volume of a set remains invariant when constant translacion is applicd
(which is, in this case, 8 (nk,q(0 : nk)) given a particular realization (0 : nk)), and H = Y'2_o A1) is
the sum oftopological entropies. If R < H, it is clear then that m(k) — oo,

On the other hand, if R > H then solving the recursive inequality (5.2.16) yields

m(nk) >

— 9oH/d _ 1 1 _2-n(R-H)/d

2mH/d _ 1 yol([V])|'/4 2mH/d _ 1 vol([V])/4
07 SH/d_1 1 _2-(R-H)/d

) p~kn(R=H)/d (59 17)

—0 as k—yoo
Using this in (5.2.5), we obtain

L 21 vol([V])/4

i > — . . 2.
tim sup[E(u)]] > £ 2L VDI 5218
This completes the proof of Theorem 7. O

5.3 Decentralized Lower Bounds

After having found a lower bound on the prediction error for the totality of the system, i.c.,
(P(O),P(l), P(z)), we proceed now to obtain similar performance measures on each of the individual
subsystems. Observe that sensors ¥' and ¥? encode the measurements (Y@, ¥ (1)) and (v©), ¥y ®)),

respectively. Since all of the plants are mutually unrelated, we have
« At most R bits/use to estimate x0)
- At most R!) bits/use to estimate X1,

(2

. At most R@ bits/use to estimate X 2.
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5.3 Decentralized Lower Bounds

Theorem 9. Consider the linear time-invariant systems in (4.1.1a)-(4.1.1b) with topological entropies {h}2_,
and whose outputs are encoded by (4.1.2) and estimated by (4.1.4) over the two-input single output MAC with
bounded noise in (4.1.3). Then, for any coder-estimaror tuple with data rates {R®Y2_, the following bound
holds at any sampled time instant nk and for i € {0,1,2}:

(i) IfRYD < hD then

lim sup[||E® (nk)||] = o. (53.1)
k—ro0

(ii) Else ifR(i) > h<i), then

12D ol (v @) 1/a”

]:I 2 5 . 2h(i)/d(i) -1 1— 2_n(R(,')_h(,-))/d<i) 5 (532)

lim sup[||E® (nk) ||
k—>oo

where d) is the state dimension of the i-th subsystem and E\¥)(nk) is the estimation error associated

with it, i.e., plant PO withi e {0,1,2}.

Corollary 1. It follows from Theorem 9 that

(i) If there exists at least one subsystem PO with RO < b then

I}im sup [||E (nk)||] = oo. (53.3)

(ii) Elseif, Vi€ {0,1,2}, R > h() then

lim sup [||[E(nk)||]] > max
k—yoo0

i€{0,1,2}

1 orh?/d9 _ 4 vol([[V(i)]])l/d(i) (5.3.4)
2 ph0/dD _pp —p-n(RO-hD)/d@ [ -

Proof. Consider the estimation error of the states of P() denoted by E((nk) at the sampled time

instant nk. We define m(Y (nk) as
mWnk):=  max  vol(JEV (nk) | ¢(0: nk), XO (k) = 0, X (nk) = 0] ) /4"
q(0:nk)e Qnk+1

<2nl), (5.35)

where n,(l,i) = [|IEM (nk)||]. At time instant n(k+ 1) the dD-th root uncertainty volume m(! (n(k +

1)) is

mV (n(k+1)) = q(ogl(%il))vol([[E(l)(n(k—i- 1) q(0:n(k+1)),
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5 Universal Lower Bounds on the State Estimation Errors

q(0:n(k+1))

q(0:n(k+1))

q(0:n(k+1))

>  max Vol([[(A(l))

~ q(0:n(k+1))

q(0:n(k+1))

> [detaD/d"

n—1
Z |detA!
£=0

= |detAW) /"

|detA( p/a"

max  vol([x!

max  vol([(A)"x

max  vol([(A))"

1)) =0, X®(n(k+1)) = 0) /"
R0 (a(k+1)) | (0 n(k+1)),

X (n(k+
J(n(k+1))

XOnk+1)=0,X (2)( (k—i—l)):o]])l/d“)

1=y (ke &) —
:0

W (n(k+1),q(0: n(k+
constant translation

XO(0: n(k+1)) =0, XD (n(k+1)) = 0])/*"

1)) 14(0:n(k+1)),

Z oy (k4 &) |
:0
g(0: n(k+1)), X (n(k+1)) = )t/

0, XD (n(k+1))=0
©

()(nk) q(0:n(k+1)), X )(n(k—i-l)):O,

([[ZZ Ay -8y 1€ |
=0

X (n(k + 1)) = 0]) /4" vol

| detA(D)|1/d"

= |detA(1>|”/d<l) max

q(0: n(k+1)), XO(n(k+1)) =0, XD (n(k+1)) = o) /"""
(5.3.6)
max  vol([(AMY' X (nk) | g(0: n(k+1)), XO(n(k+1)) =0,
X (n(k+1)) = o)) /" +
vol([ T (4018 e £)]) V4
£=0
q(o:rrrll(%il))vol([[X(l)(nk) 1 g(0:n(k+1)), XO(n(k+1)) =0,
X (n(k+1)) = 0]/ +
o ol (v O gk + )] 4"
=[v]
q(o:rrrll(ﬁl))vol([[X(l)(nk) 1 g(0:n(k+1)), XOnk+1)) =0,
X (k1) = 0]+
—Lolv o
—1
max  vol([XW(nk) | g(0: n(k+1)), X (n(k+1))
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5.3 Decentralized Lower Bounds

X (n(k+1)) = 0]V +

1 3.7
’detA(l)P/d(l)—lVO ([[V ]]) ) (53 )

where (5.3.6) holds by virtue of Brunn-Minkowski incquality for volumes of set sums (Theorem 8).

Similar to (5.2.11), we have

[XW (k) | g(0: nk), XO(n(k+1)) =0, X® (n(k+1)) =0] =
U X (nk) | g(0: n(k+1)), XO(n(k+1)) =0, XD (n(k+1)) =0]. (53.8)
q(nk+1:n(k+1))e2n

This yields

vol([X ™M (nk) | q(0: nk), X O (n(k+1)) =0, XP(n(k+1)) = 0])
< y vol([XV (nk) | (0 : n(k+1)), XD (n(k+1)) =0, XD (n(k+1)) = 0])
q(nk+1:n(k+1))e2n

<12"  max  vol([XW(nk) | g(0:n(k+1)), XV (n(k+1)) =0, XP(n(k+1))=0])
q(nk+1:n(k+1))

<2® max vol([X M (nk) | g(0: n(k+ 1)), XO(n(k+1)) =0, XD (n(k+1)) = 0]),
q(nk+1:n(k+1))

(5.3.9)

where (5.3.9) follows from the observation that the states of subsystems PO and P@ are fixed to
null, and hence, the number of channel output symbols is at most equal to the number of messages

generated by p(), namely R By substituting (5.3.9) into (5.3.7), we obtain

(1)) 2 27 dera WP max vol(IX ) (nb)lg(0 b))
q(0:n

|detA[n/d" 1
|detA(D[1/40 _ |

= 0 nRY/dY) Ge g (D) n/d max vol (X (nk) — W) (nk, ¢(0 < nk)) |q(0 : nk)]) /4"
q(0:n,

vol([v()1/a”

detA(Dn/dY 1 m
ol
|detA(D|1/dY —q

N |detA(Dn/d" _
|detA(D[1/dM _ ]
2nh(')/d(]) 1

Dyy1/dM
WVOKHV( HUe. (5.3.10)

= 27RO/ qer A /4 D) () vol([vp/”

— o—n(®D—n)/aM (1) (nk) +

79



5 Universal Lower Bounds on the State Estimation Errors

Thus, if R < AW it follows that m(Y) (nk) — eo. On the other hand, if R > A1) then we obtain

oV [dY 1 ol (v (D)4

)
m (nk) 2 20 7d0 _ 1 1 — 2-nRD—hD)/d0)

(1) 7,7(1) (1)

m _2nh /d —1 VOI([[V(])]])I/d zfnk(R(l)—h(l))/d(l) (53.11)
07 S5h0 /a0 1 1 — 2—(RV—h1)/dM) : >
—0 as k—oo
Thus,
1o yol([v])1/e

i (0 —. .

lim sup[IEV AT 2 3 o m =1 T @iy (53.12)

In a similar manner, a lower bound on the max norm of the estimation error for subsystems P and

P® can be established. O

5.4 Tightness of Decentralized Lower Bounds for Scalar Systems

5.4.1 System Model

Consider three unrelated and fully observable LTT scalar systems, P(O), P and P(z), described

by the following system of equations

O (k+ 1) = a®x (k) + 91 (k), (5.4.12)
YO (k) = xD(k), forie {0,1,2}, Vk € Zso, (5.4.1b)

where a@ = 21" and v (k) denotes the process noise with range [V®]. At cach sampled time
instant 7k, the encoder produces an estimate £ (k) of the true state x\(nk). Then, the error
ell) (nk) := x0) (nk) — % (nk) is processed by means of an adaptive uniform quantizer 2 45 follows.
Initially, the interval [—1, 1] is partitioned into K sub-intervals of equal size 2€(gi). Both encoder

and dCCOdﬁI‘ agree on the 1n1tlal ValUC Of th€ scahng factor 6(()), Q.l’ld update 1t I'CCUI'SIVCly at mstant

n(k+1) by

0+ : (542)

80



5.4 Tightness of Decentralized Lower Bounds for Scalar Systems

where the term Wik, = Zg;}) (a)=1=5vol([VD]) forms an upper bound on the accumulated noise

during a time window of duration n. Observe that

) 2
lIJI(I{l)a)( = (i)
200 1

vol([V@]). (5.43)

The error el (nk) is then scaled and quantized as follows
e (k) := 20 (ef(nk) /ei")) e {o(1),-- oK)}, (5.4.4)

Next, each pair of quantized errors (e((]o) (nk),egj) (nk)) is encoded by &), with j € {1,2}. The

CnCOdCTS Cmploy ZETO-CITOT COdCbOOkS Wltl’l block—length n, and thC COdC rates are dCﬁl’lCd as

. (0)
R = M, vie {0,1,2}. (5.4.5)

We assume in this construction that (h(o),hm,h(z))T € %o and R > h(i), with 6p being the zero-

error capacity region of the MAC and i € {0,1,2}. At the other end of the channel, the decoder
(i)

_@ uses thC ICCCiVCd COdCWOI‘dS to gcncratc thC Cstimatcd CIror éq (nk) Wl[h CXZlCtly Z€1r0 dCCOdil’lg

errors. Hence, we have
& (nk) = e (nk), Vi € {0,1,2}. (5.4.6)
Finally, the state estimate £7) (n(k+ 1)) is updated by means of the following rule:

2D (n(k+1)) = (@) (J?i(nk) 00 (nk)) ,Vie {0,1,2}. (54.7)

5.4.2 Proof of Tightness of Decentralized Lower Bounds

From (5.4.2) and (5.4.3), we write ﬁl(j) as

g(i) B (a(i))ng(i) N znh(f> 1 VOl([[V(i)]])
k+1 — K(,’) k 2h(i) 1 2

(5.4.8)
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5 Universal Lower Bounds on the State Estimation Errors

Solving the recursive equation (5.4.8) yields

. o L k=1 L nh _ (i)
@) _ (An(r—RO\® () n(h®—ROY\ S 2 1 vol([V™])
0 = (2( )> o +§Zo <2< )) S

k00 0y, L= 2D 20— ol (v )

0+ T T (5.4.9)
Subsequently, as R > h) we obtain the following for asymprotically large k:
g 12 1 .
lim ¢\ = vol([V 7). (5.4.10)

koo K 2 k0 ] —n(RO—h()
As ﬁl(j) is indeed an upper bound on the worst-case estimation error, i.c.,
sup[[| E® (nk) [] < £, vk € Z.
Thus, the time-asymptotic worst-case estimation error max norm is upper bounded as follows

lim sup[[|E® (nk)||] < Tim £%)
k—ro0 k—ro0

n

1Y
T2 0h) 1 —o-n(RO—hW)

vol([v@]). (5.4.11)

Therefore, this construction achieves the universal lower bound stated in Theorem 9 as an upper
) pp

bound as well, and this shows the tightness of the decentralized lower bound.

5.5 Comparison between Centralized and Decentralized Lower Bounds

In the following numerical analysis, we consider two scalar LTI systems whose states are esti-
mated over a two-user BAC. To compare the performance of the previously obtained lower bounds
in Theorem 7 and 9, we examine two different scenarios for different feasible rate pairs (R(l),R(z))i
Firstly, we are interested in the setting where the topological entropies of both plants are of the same
order (Scenario 1). Next, we investigate the case ofhaving one plant with a dominant Cigcnvaluc, ie.,
its topological entropy is much larger than that of the second system. The relevant fixed parameters
of both scenarios are given in Table 5.1. For the sake of simplicity, we refer to the centralized and

decentralized lower bounds by LB“" and LBdecent respectively.
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5.5 Comparison between Centralized and Decentralized Lower Bounds

Fixed Parameters Scenariol Scenario 2

d 1 1
d? 1 1
h) 0.08 0.1
h2 0.07 0.01

n 6 6

Table 5.1: System parameters of Scenario 1 and 2. The system parameters are chosen such that the
topological entropies of the plants are of the same order in Scenario 1, whereas, in Scenario
2, the second plant has a tenfold larger topological entropy. The code block-length is set to
6 to be consistent with the numerical examplcs and analysis presentcd in previous parts of
this thesis.

5.5.1 Numerical Results for Scenario 1

As it was theoretically proven in Section 5.4, the decentralized bound LBdeeent shown in Fig.
5.1 turns out to be tighter than the centralized counterpart LB illustrated in Fig. 5.2. This can be
particularly seen when one of the rates is fixed to null. In this case, LBIeent remains constant (=~ 80
when R = 0 bit, and ~ 52 when R®) = 0 bit) as the other rate increases, whereas the performance
of LB" deteriorates exponentially. Another observation is the symmetry of LB™ with respect to
the line described by the equation £ : R® =RW Thisis particularly obvious in Fig. 5.2(b) showing
the contours of LB in the (R(l) ,R(z)) plane. This behavior stems from the fact that the expression
of LB™ depends on the sum of topological entropies & and the sum rate R, unlike LBdecent which is
computed by selecting the subsystem with the parameters maximizing the RHS of (5.3.4), as shown

in Corollary 1.

5.5.2 Numerical Results for Scenario 2

In this scenario, we are interested in the shape of LB*™ and L Bdecent

when there is a subsystem
with a dominant eigenvalue. To this end, we set the topological entropies A =10-7? as outlined
in Table 5.1. Whilst the shape of LB, shown in Fig. 5.4, does not exhibit any particular change in
comparison to the previous scenario, the order difference between A1) and 2 is reflected in the
non-symmetry of LBdecent (ywich respect to £ R? = RW) illustrated in Fig. 5.3. In fact, one can
see that, for a fixed sufficiently small R(l), LBt & 38, On the other hand, if R is fixed to a
small value, then the lower bound LBY*™ becomes nearly 20. This suggests that a larger topological

entropy results in a degradation in the performance of the state estimator, i.c., the corrcsponding

state estimation error’s magnitude increases.
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5 Universal Lower Bounds on the State Estimation Errors

5.6 Generalization of the Centralized Lower Bound

In our earlier analysis, we have focused on a system that consists of three unrelated LTT plants
whose states are estimated over a two-user MAC. It is now natural to extend this setup, and derive a
generalized lower bound on the estimation error norm. To this end, consider a dynamic system with
d decoupled states and a state matrix A = diag(ﬂ,(l), e ,l(d)) that is govcrncd by the following

equations

X(k+1)=AX (k) +V(k) € RY, (5.6.12)
Y (k) =X (k) € R, Vk € Zo, (5.6.1b)

where V (k) € [V] denotes the process noise disturbing the plant at time instant k € Z>q. After
being appropriately downsampled and encoded by means of a zero-error code with block-length n,

thC measurements are mappcd to
S(k) = y(k, Y (0 : k)). (5.6.2)

The encoded sequence is then communicated over some channel, which can be either point-to-point
or MAC, operating at a total rate R. Using the received channel output Q(0 : nk), the estimator uses

the dCCOdil’lg 1aw 6() to produce
X (nk) = 8(nk,Q(0 : nk)). (5.63)

Similar to previous parts of this thesis, the estimation error E (nk), at sampled time nk;, is defined as

the difference between the true state and the estimate, i.c.,
E(nk) := X (nk) — X (nk). (5.6.4)

In the following, we derive a lower bound on the max norm of any vector of elements of the estimation
error E(nk) when k — oo (Lemma 4), which then allows us to find the best lower bound on the time-

asymptotic worst-case estimation error of the entire system.

5.6.1 Analytical Analysis

By virtue of the same argument used in Section 5.3 to show Theorem 9 and, subscqucntly, Corol-
lary 1, it is also possible to derive a family of lower bounds on the worst-case max norm of the es-
timation errors EY(nk) associated with the subset of state indices § C ® :={1,--- ,d} as stated in

the following lemma:

Lemma 4 (Generalized Centralized Lower Bound). Consider a linear time-invariant system obeying
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5.6 Generalization of the Centralized Lower Bound

(5.6.1a)-(5.6.1b) with a d-dimensional topological vector b = (hV) -+ | AT and whose outputs are encoded
by (5.6.2) and estimated by (5.6.3) over a communication channel operating at a total rate R. Furthermore, let

J be a subset of state indices {1,--- ,d}. IFR >} jey h\9), then

R 1 2nLieshV /131 L(TVIT /R
tim sup | E2(u)] > £ 2 oD
—>00

—- . . 5.6.5
T2 LihV/RI | —pnR-Eegh)/l3) (565)

where n is the code block—lengrh and [[V"]] is the range of noise disturbing the states with indices from J.

Proof. Consider a plant with d states associated with the cigenvalues A = {A1) ... 4@} The
plant’s measurements are communicated over a channel operating at a total rate R and using a code
with block length n. Hence, any state X0 withie [1:d], can be estimated using at most R bits/use.
Let J denote a subset of the eigenvalues’ indices and its complementary set J=D\J. The proof
follows the same steps of Theorem 9, except that now, we fix the states associated with all modes

with indices from j to null, to obtain the following bound

vol([X3 (nk)|q(0 : nk), X3 (n(k+ 1)) = 0]) _
< Z vol ([X? (nk)|g(0 : n(k+1)), X*(n(k+1)) = 0])
q(nk+1:n(k+1))e2n

< \£"|q(nkm@m)vol([[xﬁ(nk)\q(o n(k+1)), X3(n(k+1)) = 0])

<2"® " max  vol([X7(nk)|q(0: n(k+1)), X‘;’(n(k+ 1)) =0]), (5.6.6)
q(nk+1:n(k+1))
where ‘Q| is the cardinality of the channel output alphabct 9. Using (5.6.6) and procccding to a

similar manner as in the proof of (5.3.12), we obtain

R 1 2nXieshV /3l _q vol([v3]) /Rl
i EY(nk)||] > = - . . . .
kggsup[[\l (” )H]] ) 2Zjesh(’>/|3\ 1 1 _Q*n(R*Zjesh”))/lC‘\

This completes the proof of (5.6.5). O

Using this result and the fact that J can be any desired subset of indices from D, it is possible to
improve the lower bound on the estimation error’s norm by partitioning D and maximizing the max

norm of the RHS of (5.6.5) over all possible subsets of indices { 2, - - - , Pg }. Notice that @ denotes

thC number Of 311 pOSSiblC SUbSﬁtS, and thUS, it can be Computed as {:OHOWS
d
o=)

d
—24_ 1, (5.6.7)
£ (5 >

87



5 Universal Lower Bounds on the State Estimation Errors

State Dimension  Entropy vector h Maximizing Set Eval. of RHS (5.6.10)
d=1 (1) {n} 434768
(0.1,0.9) {h 29.0860
J—n (0.2,0.8) {n)} 20.5888
(0.3,0.7) {1 n21 17.7836
(0.5,0.5) {rD) n21 17.7836
(0.1,0.1,0.8) {n®} 20.5888
J=3 (0.13,0.13,0.74) {3} 17.0399
(0.2,0.2,0.6) (R 1® KB} 165202
(0.1,0.45,0.45) {hD 1@ K3} 165202
(0.333,0.333,0.333)  {n).A®) A3} 165202

Table 5.2: Evaluation of RHS (5.6.10) for systems with the same toral entropy H =1 bit, but different
state dimensions d and entropy vectors i := (h(j))jlzl.

Define the function f such that

1 2% — 1 vol([V3]) /R

J)i==-— . = 5.6.
)= g T 5:68)
where f_l;j is the average entropy per dimension defined as
hy =Y n9/[3]. (5.6.9)

JEJ

As we are considering the max norm in this analysis, the lower bound on the asymprtotic worst-case

estimation error magnitudc of the entire system is then

lim sup[[||E (nk)||] > max |f(Z%)]. (5.6.10)
k—oo i€[l:@]

5.6.2 Numerical Example

To gain better understanding of the impact of the system parameters, such as the state dimen-
sion and the dominant eigenvalue, we evaluate numerically the RHS of (5.6.10) for different con-
figurations. The fixed parameters in this computation are the coding block-length chosen as n = 6,
the total rate set to R = 1.31 bits/use and the topological entropy sum H = Z?:] h() =1 bit. Note
that the individual topological entropies 1Y) are selected differently in each experiment with the
constraint that their total sum is equal to 1 bit. Table 5.2 summarizes the experiments’ outcomes for
10 different scenarios.

The interesting fact, that one can observe in Table 5.2, is that the largest topological entropy does

not always maximize the lower bound (5.6.10). From these results, two different regimes appear to
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5.6 Generalization of the Centralized Lower Bound

emerge, namely a regime where the lower bound performance is driven by the topological entropy
with the largest magnitude, and another one in which all topo]ogicai entropies of the system maxi-
mize (5.6.10).

To gain more insights into the behavior of the lower bound (5.6.10), we plot the function f(J) for
a two-dimensional system with topological entropies A and @ in Fig. 5.5. The entropy sum is
fixed to a given value, namely (a) 1.2 bits and (b) 0.12 bits. Likewise, the coding block-length n
and rate R are set to 6 and 1.31 bits/use, respectively. The purple line in both figures corresponds
to the obtained lower bound, i.e., the maximum f(-) over all possible partitions of indices, namely
{{1}:{2};{1,2}}. One can see from Fig. 5.6.10 that two different regimes can be distinguished: In
the first regime, the worst-case entropy drives the performance of the lower bound. This is observed
when (a) imax < 0.16, and (b) Amax < 0.016, where A,y is the dominant topological entropy, i.c.,
PAmax = max{h(l),h(z)}. On the other hand, in the second regime the function f(J) is maximized by

the entropy sum, i.c., J = {1,2}.

5.6.3 Analysis of the Large n Regime

Assuming that R > H, then as n — o, the lower bound established in Lemma 4 becomes

1 E(] > . 7
Jim sup[lE* (k) = 5 - 7 T e

_ 1 ' Vol([[v3]])1/\3|

nh
2 2k @™ =1
(1 +27RIAI=h) 4 p=2n(R/RI=a) 4 o2 3n(R/R 'J‘ﬁ))) (5.6.11)
1 1TV /I _ _ N ) .
=3 . w <2nh3 +2n(2ha—R/\\j|) +0(2n(3h3—R/|‘JD))
L2 a1/l nhy

where (5.6.11) is obtained using the asymptotic expansion of‘W. Fig. 5.6 exhibits the behav-
ior of the RHS of (5.6.12) as the state dimension |3] increases, for different values of n. The interesting
fact, that one can see in this plot, is the drastic deterioration of the lower bound performance for
medium-sized systems. For instance, for a system employing n = 50, the lower bound drops from a
value slightly above 200 when the system is scalar to only 30 in the case of an 8-dimensional system.
This performance deterioration means that the lower bound obrained in (5.6.12) becomes loose as

the state dimension increases, and, if possible, it is better to assess the different states of the system

individually.

Lemma 5 (Lower Bound in the Asymptotica]iy Large Code Biock—Length Regime). Given that R > H,

then for asymprotically large code block-length n, i.e., n — oo, the lower bound on the time-asymptotic worst-
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5 Universal Lower Bounds on the State Estimation Errors
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(b) Entropy sum is fixed to Z?:l 1Y) = 0.12 bits.

Figure 5.5: The function f(J) evaluated for different system settings. We consider a two-dimensional
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system with entropies hD and h®  whose sum is maintained fixed in each case (a) and (b).
The coding block-length is n = 6 and the rate sum is set as 1.31 bits/use. Each line depicts
the function f(J) for J = {1} (blue line), J = {2} (ved line) and J = {1,2} (yellow line).
The lower bound (5.6.10) is shown as a solid line (purple).



5.6 Generalization of the Centralized Lower Bound
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Figure 5.6: Behavior of the lower bound (5.6.12) for different state dimensions |J|. For the purpose
of this plot, the entropy sum was fixed to ¥ ;3 A7) =0.1.

case estimation ervor max norm (5.6.10) becomes

1 2nhmax

lim sup[[||E(nk)||] > = =——— - vol([V™™]) 4 o(2"tmax), (5.6.13)
k—soo 2 2hmax — ]

where hmay is the largest element of the topological entropy vector h, and V™ refers to the process noise
affecting the corresponding state.

Proof As n — oo, the RHS of (5.6.12) is maximized by the index subset J with the largest ljl:j >0,
since this yields the largest exponential factor 2103 i the leading term. This is achieved for the
largest element of the topological entropy vector A, that is when hy corresponds to the worst-case
component. The proof thereof is straightforward. Consider the topological entropy vector i with
d components, i.c., h 1= (h(l),h(z), e ,h(d)). We assume w.l.o.g. that WD > p2) >0 > pld) o Ag

KD > pU) for any j € [1 : d], then it holds, for any combination of components of & with indices
JCA{L,--,d}, that

(5.6.14)
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5 Universal Lower Bounds on the State Estimation Errors

Subsequently, it follows

Tz%,vgg{i,---,d}. (5.6.15)
\_// q,_/
:hl :]_13

As (D) by assumption is the dominant topological entropy, this proves that the RHS of (5.6.12) is

indeed always maximized by the worst-case component of 4, i.c.,

nhmax

1 2
lim sup[||E (nk)||] > = =——— - vol([V™*]) + o(2"max), (5.6.16)
P 2 2 — 1

where limay is the largest element of the topological entropy vector A, and V™ refers to the process

noise affccting the corrcsponding state. Thus, Lemma 5 is established. L]

Remark 14. Observe that 1f the d-dimensional process noise V has a hypercuboidal structure such that its

range [V] is
Vl=[-V.v, (5.6.17)

then the volume of [V™*], where V™ is the noise term disturbing the state corresponding to the eigenvalue

Amax|, becomes

with the largest magnitude, i.e.,
vol([V™™]) =2V. (5.6.18)

Thus, the lower bound obtained in Lemma 5 can be further simplified to

2nhmax

¥ hmax
mV‘i‘O(zn ) (5619)

lim sup[|| £ (nk)||] =
k—ro0

5.7 Summary

By analyzing the evolution of the estimation error uncertainty volume, we firstly derived a
centralized lower bound on the worst-case max norm of the asymptotic error (Theorem 7). We then
further refined this result to obtain a decentralized lower bound on the norm of estimation errors
associated with cach of the three systems in Theorem 9 and Corollary 1. These lower bounds are
qualified as universal, since they are applicable to any encoder-estimator tuple achieving bounded
estimation errors regardless of their implementation or the employed technique.

Next, we showed that the obtained decentralized lower bounds are tight for the case of a scalar system
by constructing a scheme achieving the bound of Theorem 9. Then, after gcncra]izing the centralized

lower bound to the case of a system with an arbitrary number of decoupled states, we studied the
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5.7 Summary

behavior of the bound when large code lengths are employed. In our analysis, it was revealed that
the dominant eigenvalue, ie., the eigenvaiue with the iargest magnitude, is the decisive parameter in
terms of driving the system’s performance.

In order to provide a guarantee on the estimation performance, our aim in the next chapter is to
derive an upper bound on the error when the measurements are quantized. Along with the lower
bound, this will allow us to gain a better understanding of the estimation performance, and subse-
quently, characterize the fundamental trade-off between the communication data rate, code-length

and system dynamics.

93



This page intentionally left blank.



“To know that we know what we know, and to know thar we do not know

what we do not know, that is true knowledge.”

— NicoLAuUs COPERNICUS (1473-1543)

Asymptotically Tight Upper Bounds on the State

Estimation Error

NATURAL step that follows the derivation of lower bounds on the state estimation error in the
Aprevious chapter is to examine if it is possible to delimit the error max-norm with an upper
bound as well, i.c., to find guarantees on the estimation performance. To address this question, we
consider the same setup as in the preceding chapters of this thesis, where the measurements are
processed by means of a uniformly adaptive quantizer. Additionally, each state is estimated using
a portion of the total available rate as it is Cxplaincd in Section 6.1. Using this construction, upper
bounds on the time-asymptotic max-norm of the estimation error are then presented in Theorems 10,
11 and 12. The first result (Theorem 10) is obtained for scalar]ordan blocks, whereas Theorems 11 and
12 address the more generalized case of non-scalar Jordan blocks with real and complex eigenvalues,
respectively. Afterwards, we mainly focus on the case of one-dimensional Jordan blocks. As it turns
out, the obtained upper bound depends on the individual rates allocated to estimate cach state,
and hence, the problcm of ﬁnding the tightcst upper bound boils down to dcriving the optimal
rate allocation strategy as shown in Theorem 13. Thus, we formulate the appropriate optimization
problem and study it in Section 6.5. In the same section, the obtained solution of the optimization
problem is studied in the asymprotically large code block-length regime (Theorem 6), and it is shown
that che upper and lower bounds in this regime converge to the same limit in Proposition 1. Finally,

a numerical example is presented in Section 6.6.
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6 Asymptotically Tight Upper Bounds on the State Estimation Error

6.1 System Construction

Consider the three LTI systems (P, P() P()) which are coded and estimarted via a two-user
MAC with common message (Def. 8) such that the system’s topological entropy vector H € int((fo).
Recall that G denotes the zero-error capacity region of the deployed MAC, and is defined in (3.1.4).
We are interested in deriving an upper bound on the max-norm of the state estimation error E (k)
in (5.1.2). Note that the system employs an ([2"R(0)-| , (Z”R(l)w, [Z”R(z)-| ,n) zero-error code (Def. 9). In
order to simplify notation, we assume, without loss of generality, that 2R ¢ Z=oforallie {0,1,2}.
In the following analysis, we further assume that the systems’ states are fully observed by the sensors,

and are governed by the following equations:

X(i)(k+ 1) — ADx @ (k) +V(i)(k), (6.1.12)
YO (k) =xD(k), Vie{0,1,2}, (6.1.1b)

where the state matrices A, A and A?) are in Jordan canonical form [41], i.e.,

AW = € Ré>di (6.1.2)
(i)
JB(i)
with B Jordan blocks, such that B-th block is associated to cigenvalue ﬁ,lgi), VB € [1:BW] and is

written as
. (i) o, 1 0) ;
79 = A eR% s VB e[1: B, (6.13)

for real-valued eigenvaluesl. Note that the total number of states associated with the system matrix

) - _ «B® ()
AW s g = Yhoibg
At each sampled time nk, the decoder generates an estimate (X, X1 X)) of the state vector
(x© x(M X2 Note that the system states X ac sampled time instant nk have the expression

(5.1.3). The state estimation error E()(nk), defined as
E(nk) = (XO(nk) - X0 (nk) ) € R, ¥i € {0,1,2}, (6.0.4)

is then quantized at cach sampled time instant nk, for k € Z>(, by means of an adaptive quantizer

'A detailed discussion of Jordan blocks with complex cigenvalues is presented in Section 6.4
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6.1 System Construction

Q(i)(-). The quantization process occurs as follows: At k = 0, a d;-dimensional unit hypercube

) (0), whose radius (defined using the max-norm) is ||j(i) (0)]] = 1 and volume Vol(f(i) 0)) =
24 g partitioned into onRY hypercubes {Iﬁi) (0) }?n:Rl(i) such that, for all s € [1 : 2"R(i)], Vol(Igi)(O)) =
27"R<i)vol(f(i) (0)). Let 6 (s) denote the center of 1Y (nk) at time instant nk, Vs € [1 : Z”R(i)]. The
encoder maps the scaled estimation error vector into the nearest point ol (S), ie.,

-1

EO(nk) 1= 20) ((LU)(k)) : E(i>(nk)> c {6(0(1)7... ,GU)(an‘”)}, (6.1.5)

where L0 (k) isad; X di—diagonal matrix that comprises the scaling factors for the components of

E® (nk) such that

LY (k) := | . : (6.1.6)

0G4 (k)
Each of the on-diagonal entries of L (k), namely {£0:6) (k) }?:1’ forms an upper bound on the norm
of the corresponding element of E® (nk), and is known to both the encoder and the decoder. The

update equation of £(:¢) (k) will be derived in the next part of this section. The subsequent state

estimate X (n(k41)) is computed as follows

X0 (k1)) = AV R0 (k) + LD (R) ED k). (6.17)

Rate Allocation for Systems PO, P and P?).  We define the topological entropy H of the i-th
system, where i € {0,1,2}, as

= b 10g |AL)]. (6.1.8)

Without loss of generality, assume that M.Igi)| >1forall B e[1:BY)andie {0,1,2}. Also, recall
that the messages of Systems 1 and 2 are private and encoded by EW and £, respectively. On the

other hand, information generated by System 0 is common to both encoders.

To achieve uniformly bounded estimation, the following set of inequalities must be satisfied, for
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6 Asymptotically Tight Upper Bounds on the State Estimation Error

iE{O,l,Z}:
P s 1og A vy e 1:6W], B el B (6.1.92)
. il by, . B,
)L 28 g
RO>Y Y rip, (6.1.9b)
p=1y=1
(i) (i

i . ~ . . . .
where B denotes the rate at which the y-th element of the bﬁ -dimensional estimation error vector
9,
i . . . . .
E[g), associated with the B-th Jordan block of the i-th system, is transmitted. Next, we proceed to
erive upper bounds on the time-asymptotic max-norm of the estimation error for three different
d pper bound h ymp f the est for three diffe
cases:

« Scalar Jordan blocks, i.e., bg) =1,vBe]l :B(i)].

« Non-scalar ]ordan blocks with real eigenva]ues.

. NOTL—SC(IZ&H’ Jordan blOCkS Wlth complex CigCl’lVElIUCS.

6.2 Upper Bound on the State Estimation Error for Scalar Jordan Blocks

The first case that we consider in our analysis is when the Jordan blocks are one-dimensional,

ie., bg) = 1. We start by presenting the main result in Theorem 10 followed by its detailed proof.

Theorem 10. Given three dynamical LTI systems (P(O),P(l),P(z)) in (6.1.1a)-(6.1.1b) that are coded and
estimated over a two-input single-output MAC with common message (Def. 8) such that the systems’ topological
entropy vector H := (H (0),H (1),H (2))T in (6.1.8) lies wichin int(%60). Furthermore, assume that the Jordan
blocks of the state matrix AW are scalars, i, bg) = 1, and the conditions (6.1.9a)-(6.1.9b) are satisfied.

Then, the time-asymptotic max-norm of the estimation error E () associated with che i-th system can be upper

bounded as

. (i) .
1+ x(l) n2*"’g k(‘)n_l_ '
il 12| URS (6.2.1)

lim ||[E® (nk)|| < max . 5 0
k—so0 ﬁe[l;B(’)} 1— ‘ll(;)‘nz_nrﬁ ‘Aﬁ | _ l

where VW = sup[[||V D[] such that V) is the process noise affecting the i-th system, n refers to the code

block—lengrh, El’lC number of]ordan blOCkS B(l) is l’lCVﬁ' Cxacrly equal to El’lC state diﬂlﬁflSiOH d,‘ and }’l(;)

allocated for the estimation of the B-th state, with B € [1 : BY].

I'I”lﬁ rate

. . . ~ . . i
Proof. The aim here is to derive an upper bound on the max-norm of the estimation error El(;), where

Be[1:BDandie {0,1,2}. At time instant n(k+ 1), the error term E[(ii) (n(k+1)) can be written
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6.2 Upper Bound on the State Estimation Error for Scalar Jordan Blocks

as follows

i D\ (i D\" 18 N 7)o 20
EY ok +1) = (1) ES 0+ X (9)) v k&) = () 1) WEL k),
(6.2.2)

(i)

where Véi) and Lg) are the noise term and the update matrix associated with J i , respectively. Note

here that since we are considering the error term associated with a single Jordan block gt
(i)

update matrix Lg (k) consists of the same element denoted by €g) (k) on its diagonal and zeros in

, the

EhC remaming entries, 1.€., 1t 18 thC pI‘OdUCt Of tl’lC scalar g%) (k) and tl’lC unit matrix Of approprlatc

dimension. Hence, it is possible to simplify L(Bi) (k)E(i) (nk) in (6.2.2) with f(i) (k)E(i) (nk) to obtain

B p \KEp
(i O\" () (i) 1\ 50 N (00
EQ(n(k+1)) = (Jﬁ> <EB (nk) — €5 (K)E (nk))+520 (JB) Vi (nk+&).  (623)
We define V(@ as follows
V@ = sup[ [V (6.2.4)

ThC max-norm ()fEéi) (I’L(k + 1)) can thCI’CfOI‘C bC upper bOUl’ldCd as fOHOWS

IES (n(k+1))] <

(5" (e om - g ()" v

£20
sH@é")" .HElg")(nk)—zg)(k) ',gf><nk>H+ ;;(Jéi)>n_l éVé’)(nk-i-é)
(62:5)
S1GHR RUAC] ef;")l(mEé’)("k)—Eé”(nk) +
V(0 H () :
éZ_O ()" vy ) (62.6)
<[|()"]- 15 o gg;(k)Eg)(nk)—Eg)(nk) +§) <Jéi))n1€”‘(i)
(6.2.7)
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6 Asymptotically Tight Upper Bounds on the State Estimation Error

NI i . e
(CONEACE gg;(k)E;(i)(”k)— 5 (nk) +§Z_‘,O ()" éHV“,

(6.2.8)

where (6.2.5) and (6.2.6) follow from the triangle inequality, (6.2.7) is by virtue of the definition of

v (@) (6.2.4), and (6.2.8) follows from the assumption that Kg) (k) is an upper bound on the max-norm
ofEl(;) (nk), and hence, it is positive. Based on a result in [41, pg. 138], it turns out that 3K > 0 such

; (i), ()
that for the Jordan block J ﬁ(;) e R’ %6 it holds
H\" D_1, . () in
(7)< &t iy, (6.2.9)

where llgi) = eig(]l(;)). Note that, in this inequality, we do not necessarﬂy need to assume that bg) =1.

Hence, it follows from (6.2.8) and (6.2.9)

IES (n(k+ 1)
O 10 (i) i 1 i = (i © D10 (Dn—1-E 5
< Kb AP 00| B ) — B0 B Kn— 1 =8 g
B ¢=0
D11 n (D) n (i 1 i = (i O_1 ") o1 e
< K~ AP (k) g(i)(k)Eé)(nk)— (k) || + K (n—1)"» ]‘sZOMé)! e,
; -

(6.2.10)

(i) (1) .
where (6.2.10) results from the fact that (n—1— é)bﬁ 1< (n— l)bﬁ ~lvEe [0:n—1]as n,b;? €

VASY

(

As the RHS of (6.2.10) is an upper bound on the max-norm of‘Eﬁi)(n(k + 1)), and consequently, it

by
=1
,withye[l: bg)]. Firstly, recall chat E_}(/%,

is an upper bound on all of its components {Ej% (n(k+1))

bound on the term HEJ% (nk) — Eg'l,)ﬁ (k)E_}(,% (nk)

associated with the Y—th component of the estimation error vector, and corrcsponds to

we now aim to derive an upper

(nk) is

EV(nk) 1= 2 (ES (nk) /0 (0)) € 4 005 (1), o3 (27 (6211
%ﬁ : %B Yﬁ %B ’ ’ Yﬁ ’ o

, . (i)
where 67(/”)3 (s) is the center of the s-th hypercube Igml) (nk), Vs e [1: znr“ﬁ], which is restricted to

. . i . 0
the y-th component of the i-th system. The diameter of each hypercube is 2~""76 - 2, meaning that

. @ _ i
the radius is HIEZ’Y) (nk)|| = 2", By construction, to be mapped to E?(/% (nk), the scaled version of
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6.2 Upper Bound on the State Estimation Error for Scalar Jordan Blocks

the real error, namely (E;% (nk)/ﬁg?ﬁ (k)) must lie within the hypercube with center Ej(/;g(nk) and

_ )
radius 27 ""78. Thus, we obtain

7.8
=27y (6.2.12)

Hence, by plugging (6.2.12) into (6.2.10), we obtain the following upper bound on HE}(};’ (n(k+ 1)) ”

(@) |n
: (0 o 1Ag =1 _
IEY, (n(k+ 1)) < Kn'? *1|7L M09 (k)27"18 + K (n— 1) *ILV(’). (6.2.13)
v.B v.B M(I)| 1
5 |-
Now, the RHS of (6.2.13) is used as the update equation offgf)ﬁ( ), ie.,
(i) |n
: O_1 0 ()igmnr® (i o 1Ag =1
A0 (k) = K5 A 2 v 00 (k- 1)+ K (n - 1)1 1%1/0
e
by 1 0 \*
= (k¥ a2 ) 0
; k—1 k(‘) n__ 1 )
+K(n—1)""" Y (kn8 A 12 v )k 2 ’3.‘ v
= A0 -1
£=0 ‘ B
Thus, we write K;l)ﬁ (k) as follows
09 0y = (k¥ 120 p2 ) 49 (o)
BT T B .8
(i) ; (l)
(z) O B Mﬁ "—1_
+K(n—1)" v, (6.2.14)

6] - [6) ’ i
PR PR
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6 Asymptotically Tight Upper Bounds on the State Estimation Error

As KEZ)B (k) is an upper bound on HE}(,T;3 (nk)||,

K(n G (6.2.15)
Knbs A2 — 1 A7 1
When bg) = 1, the system is completely diagonalizable. In this case, K = 1, and since y € [1 : bg)]

can only be 1 here, we write rg) = rj(/l)ﬁ and E( (nlk+1))= ;}3( (k+1)). Thus, (6.2.15) becomes

. N
Iy otk )l < (132 ) o)+

B

<M 2" ) L=

Ay )y | ﬁ.' VO (6210)
A2 1 A=

As k — oo, the RHS of (6.2.16) becomes

(1) |knny—nkrly ()
. i —nr(i) i i —nr(i> M" | 2 F-1 M' | _l—i
tim & a2 o)+ (13 p2 ) S SR
<1, as ' >1og A1)
48T B
. (i) .
1+ )L(Z) nzfnrﬁ )L(l) n__ o
_ 45| .| ﬁ»' v (6.2.17)

; (0) i
1= 12 -1

Therefore, the max-norm of the estimation error EW associated with the i-th system can be upper

bounded as

t+ s a0
lim ||[EY (nk)|| < max ‘ RN v, (6.2.18)
k—reo Be[1:B1) 1_|Aél)‘n2*’"ﬁ Mﬁ |—1

This completes the proof of Theorem 10. O
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6.3 Upper Bound on the State Estimation Error for Non-Scalar Jordan Blocks with Real Eigenvalues

6.3 Upper Bound on the State Estimation Error for Non-Scalar Jordan

Blocks with Real Eigenvalues

After having studied the case of scalar Jordan blocks, we continue now with a more general case,
(0

namcly WhCl’l EhC _]ordan blOCkS are matrices Wltl’l rcal Cigcnvalucs and bB > 1. Tl’lC uppcer bound on

the max-norm of the estimation error in this setting is shown in Theorem 11.

Theorem 11. Given three dynamical LTI systems (P(O),P(l),P(Z)) in (6.1.1a)-(6.1.1b) that are coded and
estimated over a two-input single-output MAC with common message (Def. 8) such that the systems’ topological
entropy vector H := (HO) H HCNT in (6.1.8) lies within int(6y). Furthermore, the state matrix A%
(6.1.2) consists of non-scalar Jordan blocks of the form (6.1.3), and the following conditions hold

. 0)
. . 1— A0 o
(i) O B (i) yylogn )
r%ﬁ>log\lﬁ \—l—nlog 7_‘%%71 +(bﬁ 1) pa (6.3.12)
sl . |
R > rig Vyel:bg)), B ef1: B9, (6.3.1b)
B=1y=1 "
Then, we have
A 0_ (i)
. 1— (A0t (n—1)% ! -1
l}gnHE(l)(nk)H §ﬁén[la;_)] max, 1 f(i)| 1 — 0 . f(")| 1V(z)
o BY] yell:by - B —[ag’ : j i -
vell:bg] B 1 Mﬁa') 8 b;i)’l\/l(’)]"z’”’% 8
1= B
(6.3.2)

with VO := sup[|[VO].

Remark 15. Observe here that the required condition on the rates rgj )13’ Vyell: bg)], B € [1:BY], namely
(6.3.1a), is more restrictive than (6.1.9a), when the Jordan blocks are scalar. This condition Veﬂects the tmdc—off
involving the Jordan block size bg), the code length n, the eigenvalue magnitude, and the allocated rate I’?(/l)ﬁ:
« If the code length n remains fixed, while the Jordan block size bg) is increased, one can see that the RHS
of (6.3.1a) would also increase, implying the need to allocate more data resources to reliably estimate

the states associated with this Jordan block.

« For a fixed Jordan block size and asymprotically large code length n, the RHS of (6.3.1a) approaches
log |7L[§l) l suggesting that by making n large enough it is possible to maintain the same estimation

performance while reducing the allocated data rate.
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6 Asymptotically Tight Upper Bounds on the State Estimation Error

Proof. Firstly, it should be pointed out that the proof of (6.2.15) presented in Section 6.2 is valid for
(i)

HOH‘SCQIQI Jordan blOCkS Wlth real eigenvalues, as bﬁ was not assumed to ]’36 I’1€CCSSZlI'i1y un:ll to 1.

Hence, the max-norm of each element of the estimation error vector is upper bounded as follows
(i) W1 Dy \ 0
1E, g (nk)|| < | Kn™8 " |Ag7["2 778 ) £, 5(0)+

bg)fl )’(1) n 7nr(i)ﬁ k .
Kn ] ﬁ|2 2 -1 M[(gl)|n_1_~
v, (6.3.3)

0,
K(n—1)% B . - —
K% a0 - A

where y € [1: bg)], B € [1: BY]. Observe that for the RHS of (6.3.3) to converge, the following

constraint must be satisfied
b9 —115 (i) jnn—nrl)
Kn"s A8 < 1, (6.34)
which leads to
nrt) > 1o Knbg)_l\l(i)\”
B~ 08 B
=logK + (bg) —1)logn+nlog |7Ll§i>|. (6.3.5)

This condition is more restrictive than (6.1.9a) which requires that rgll)ﬁ > log Méi) |

The first step in this proof is to find an expression of K in terms of the problem’s parameters. Recall
. . : (i) o ,()
that K is a strictly positive real number for which the max-norm of the Jordan block J[(;) e R% <5

to the n-th power is upper bounded as follows [41, pe 138]
()" by =110
H(Jﬁ ) H < Kn"s 20, (6.3.6)
where l[gi) = eig(.lg)). For real eigenvalues l[gi), the Jordan matrix can be expressed as

J(i) = l([)l @ +N ., (6.3.7)
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6.3 Upper Bound on the State Estimation Error for Non-Scalar Jordan Blocks with Real Eigenvalues

where Nb(ﬁi) is the bg) X bg) of the following form
0 1 0
Ny = (6.3.8)
B 1
0 0
Then, (]ﬁi))"H can be expressed as
OV [y () (e pm—¢
J = (A')°N';
o)1= £ (2) wen
/! n i n—
- X (5) (Ag))*N"* (6.3.9)
E=n—bj)+1 b
/L n (i) n—
<L <§> o5 |
é:nfbg)+l B
b1
\ no\ e
= Z (kﬁ )T N;m (6.3.10)
r=0 n—r B
by -1
n
< ADyn=r| (6.3.11)
o ,;, (n— r) ( B )
where Step (6.3.9) follows from the fact that NZ(” =0foralln> bg) and (6.3.10) is a straightforward

B
consequence of variable changc, ie,E=n—r. Additiona]ly, foreachre[0: b(ﬁl) — 1], it holds

n ) | - [P0 D DY
n—r B B ”!(A[gi))r
r l(i) n
< gl ﬁ.) (63.12)
(A

Therefore,

(Jl(;))"H can be upper bounded as follows
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6 Asymptotically Tight Upper Bounds on the State Estimation Error

b 1| riy (Dyn
BZ’ n (?Lﬁ )
=0 | Ay
) bg)fl |)~B(i)‘_r
Az |" 6.3.13
SN Y (63.13)
oyt nce B 00
We can now upper bound the finite sum Y, 7 r! as follows. Since T < Mﬁ | 7" for any
relfo: bg) — 1], an upper bound on the finite sum is then
by 1|7L | rooby -1
) < Z 25"
r=0
1= \/1 Und
— 71 _ (6.3.14)
_ Mﬁ -1
Thus, K from (6.3.6) is found to be |
1=
K= 71. (6.3.15)
_ M’ﬁ -1
Hence, the requirement (6.3.5) can now be eXpressed as
0 - ()
rvp > nlog|7L |+log —a | + (b —1)logn. (6.3.16)
1= 2|

Now, recall that the generalized upper bound on HEJ% || (6.33) is

k

i D)n nr(i) i
JEY, ()| < | K8 (A28 |49, 0)

<1, by (6.3.16)

Pt 1 @) n ) .
- <Kn B M’ﬁ | 2 v.B —1 |A(l)‘n_1

(i) ; (i) : (i) V(l) (6.3.17)
! Mé’)]"Z‘”’yﬁ —1 A1
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By substituting the expression of K (6.3.15) into (6.3.17) and taking the limit k — oo, we obtain

i), —b) (W _ (i)
. 128" oy A1
tim ||, (nk) | < o % ) LV (6319)
k—yeo P2 1—Mﬁ |1 P Y Iy RO @)1y —r? Mﬁ |—1
- ﬂ(i) Ve L
=2 | B

Conscqucntly, thC upper bound on thC max-norm Of tl’lC estimation error 21$SOCi€lth Wl[h thC i—th

system is

lim |[E@ (nk)|| < max max {lim E(i) nk }
fim EO1 < max,  max, | fim 250

1_Mg>‘—b%") (1
< max max G —
Belt:B ) yennf | 11— Mﬁ |- L 1_|,1[§r>|*b13 bg)*1|;t(i)|n2*"r%
A
|7L(i)|" 1
ﬁ(TV(’) . (63.19)
A1
Hence, Theorem 11 is established. O

6.4 Upper Bound on the State Estimation Error for Non-Scalar Jordan

Blocks with Complex Eigenvalues

We now broaden the horizon of our study by considering non-scalar Jordan blocks with complex

eigenvalues l(i), namely llgi) = St(léi)) + ;3 (ll(;)). In chis case, the real ]ordan form is
wy b 0
X .. .. (O] (i)
J[(;) _ . e R*s ¥ (6.4.1)
Wl3 b
(i)
0 Wﬁ
, (/A g@l) 10
Wi = ( ( B(l; ( Bi)) b= , (642)
—3) R 0 1

Firstly, we present the main ﬁndings of this section in Theorem 12 which is shown afterwards.

Theorem 12. Given three dynamical LTI systems (P(O),P(]),P(z)) in (6.1.1a)-(6.1.1b) that are coded and

estimated over a two-input single-output MAC with common message (Def. 8) such that the systems’ topological
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6 Asymptotically Tight Upper Bounds on the State Estimation Error

entropy vector H := (HO HW HCNT in (6.1.8) lies within int(6p). Furthermore, the state matrix A%
(6.1.2) consists of non-scalar Jordan blocks of the form (6.4.1), and the following conditions hold

i (i)

i i 1
r;)ﬁ > (2bé) _ 1) ogn +log\/l |+710g |i(i)|1 , (6.4.32)
B
BY bg) _ _
rig ¥yel:by)), B ef1: B9, (6.4.3b)
B=17=1 P
Then, we have
lim ||[EY (nk)|| < max max {hm ||E (nk)”}
ke BEl:BO] yefrp)) ke
i), —2p (i)
cm . 1—\/’Ll§)y p (n—1)%6 !
N Be[l?;@] ye[la.l;%i)} 1— M(i) -1 o ,Zbg) . .
1= B
() |n
-1
Mﬁ(,-)"_/(") : (64.4)
A1

with VW := sup[||V|].

Remark 16. When conside; ing the more general case of Jordan blocks with complex-valued eigenvalues, the
condition on the rates " ﬁ (6.4.3a) slightly changes in comparison with (6.3.1a). Although the main observations
mentioned in Remark 15 remain valid here as well, the Jordan block size that arises in this expression is now

multiplied by a factor of 2.

Proof. We start by noting that W[gi) (6.4.2) is given by

wy) =sp(ag))s, (6.4.5)
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6.4 Upper Bound on the State Estimation Error for Non-Scalar Jordan Blocks with Complex Eigenvalues

where, as exp]ained in [41, §3.4.1], we have

i ()
B
. (—lj 1) (6.4.7)
s = i <_1 J ) (6.4.8)
2j\ -1 —j

(i) (0) (i)

such that iﬁi denotes the complex conjugate ofxlﬁ . Hence, we can write ‘]ﬁ as follows

s = Wp
=5D(A))s™! D10+ Ny, (6.4.9)

() _ w ) )
Jy =W ®Ib(ﬁ')+N2b;;)

WhCI'C ® I'(’,fCI‘S to EhC KI‘OI’I(’,CkCI‘ product. By raising Jl(;) to the power Ofl’l and computing thC max-

n 14
_ h () _ n—&
— 520 <§> <W/3 ®Ibg)> NZb(BD

n | :
N> (2) <W[§1)®Ibg)> N (6.4.10)

norm, we obtain

")

E=n—2b)+1 b
1 n (i) ¢ n—
< Y () HWB &1, .
E=n-2b)+1 ! A
2b) -1 ; 0 ner
= W' 1 N, ‘ (6.4.11)
r;) (n—r) H P 25
(0
21 0 ner
< Z(’) o HWﬁ ®Ibg> , (6.4.12)
r=,

where (6.4.10) holds because N;b(,.) =0, for all n > Zbg), and (6.4.11) follows from changing the
B
variables r =n—§&.
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6 Asymptotically Tight Upper Bounds on the State Estimation Error

Observe that || - || is the max-norm and L is the identity matrix of dimension bg) X bg). Thus,
B
(i) A (i)
HWB ®Ibg) = HWB

) v -

=0 r!(xg )

=|lpas"|
= max{|Ag"|, |1}
= 4", (6.4.13)
Hence, we have
2byy) 1 )
H\" (@) n—r
H (Jﬁ ) < Zz) (n_r> Ag " (6.4.14)
Using (6.3.12) for each r € [0 : Zbg) — 1], we obtain
2b) 1 ;
0\" < () jn—r
ly)=g ()
(i) _ )\n
2b) 1 n’(lé))

r=0 r!
. 21
< 2O 0]
>n | B | ;) | B |
(i) —25)
W e L—|Ag | TR
= 2 ——2 0 (6.4.15)
1— Mﬁ |1
Hence, from (6.4.15) we can identify K as
; (i)
K=———. (6.4.16)

1= 2|

By virtue of (6.4.15), the upper bound on the time-asymptotic estimation error HE?(/t)ﬁ (nk) H (6.3.3)
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6.5 The Optimal Rate Allocation Policy for Scalar Jordan Blocks

then becomes

0 1 |Aéi)r2b(é> 0 ‘
i 2by 114 (i) 1n —nr! i
|Eyp k)] < | AP ——T T Lop(0)+
B
, k
A TTB oy iy )
: lﬁ(l) Pt | 1 N o)
) 1—|A;7 ! B 1— l(l) —2bg l(’) n_1
201 B | i | \ B | .
(n—1)> B T 0 v,
2 ; ) i 1— A~ Y1
I Mﬁ(\i) L 20y Ag 171 1457
=2 B
(6.4.17)
Notice that (6.4.17) converges when
(i),—2b
0 N L—=|Ag"| k 0
1- Mﬁ |-
. (0
() (i) () L= ag) |
B

Hence, if (6.4.18) is satisfied, then the upper bound on the time-asymptotic max-norm of the esti-
mation error associated with the i-th system turns out to be

lim |[EY(nk)|| < max max {lim E(i) nk }
i EO 0 < e, ma, {fim 500

1 M(i)‘—Zbg)
< max max b G
peltByepia)) | 1—[A57|!

205" =14 (i) [pny—nr
EERG R
|7L(i)|" 1
7 (6.4.19)
A1
Thus, the proof of Theorem 12 is completed. O

6.5 The Optimal Rate Allocation Policy for Scalar Jordan Blocks

In thC SCqUCl, we restrict our attention to thC case WhCrC thC ]ordan blOCkS are scalars, i.CA,
B0

g = 1. The objective now is to find the rate allocation minimizing (6.2.18) over rg) while satisfying
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6 Asymptotically Tight Upper Bounds on the State Estimation Error

(6.1.92)-(6.1.9b). We start by presenting the main result of this section in Theorem 13, and then,

proceed to proving it in Subsections 6.5.1 and 6.5.2.

Theorem 13. Consider a system P with state marrix A = diag(),l(i), R ,)1,52) ), topological entropy HY

in (6.1.8), disturbed by process noise V@) and V) s defined in (6.2.4). Furthermore, assume that the B-th
(

state Xﬁ ), ’LUIE}I B S [1 . B(l)], [N p?’OCESSEd by means ofan adapm)e umform quantlzer and esmmated at a rate

ﬂ?um@ﬂmmkww%@medwmﬂmm@mmmmswamwm@mewmumwmm

that
RO 80 > g, (6.5.1)
Then, the optimum rate allocation can be determined via a two-stage process:

a) Firstly, solve the following implicit equation with respect to U

_ p _ B 106
i i p_ 1 & g1
HY —RD+80 =Y log, . (6.5.2)
n A= ) |l(l)|"71 _ ’
p=1 U4+ 2 g
g 1-1
wich U0) > Pam" =1 ()
T A1
b) Aﬁerwm‘ds, COTI’LPHI’E Eh€ rates rl(;) using
O At 0
() M, 1 211 ()
ry =log,|Ag’| — —log, 0 , VB e[1:BY] (6.53)
B B n VU
UG ﬁ(i) V(i
a1

In the next part, we prove the convexity of the RHS of (6.2.18). Subsequently, we formulate the rate
allocation problem as a constrained convex optimization problem whose solution(s) represent the
optimal strategy (Theorem 13).

6.5.1 Convexity of the RHS of (6.2.18)

Observe that the cost function in terms ofrg) in the RHS of (6.2.18) has the fol]owing form

—bx
fx)=L THae ™ (6.5.4)

1 —ae b’
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6.5 The Optimal Rate Allocation Policy for Scalar Jordan Blocks

where L > 0, a > 1 (as it is assumed that Méi)‘ > 1) and b > 1. To study the convexity of f(x), we
compute the second derivative f” (x) (f is twice differentiable on the interval of interest (log(a) /b, 0)).

Thus, we have

—bx
Subsequently, the second derivative of f is
" _ (1 + aeibx)
f (x) = 2(lb2Le bxm. (656)

!

1 . . .
When x > O%)(a), f (x) >0, and hence, we conclude that f is convex on the interval of interest.

6.5.2 Analysis of the Optimization Problem

Recall that in this particular analysis, we are assuming bg) =1, withf el: B(i)] and i €
{0,1,2}. Define the function G(I’g)) such that
(9)

1+ AP ms 2O g
_ 5| 74Ul (6.5.7)

YOS
J(rg’) = . 0) i
B I_M«lgl)‘nz_nrﬁ |2’[§)|_1

Then, using an auxiliary cost variable U, we formulate the following convex optimization problem,

fori€{0,1,2},

min U® (6.5.82)
se UD> 3(1”1(;)), VB e [1:BY], (6.5.8b)
ry — e > log, A", vB € [1: B, (65:80)
RO -850 >y r;;)’ (6.5.8d)

p=l1
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6 Asymptotically Tight Upper Bounds on the State Estimation Error

where the pull-back factors €@ > 0and @) > 0 are constants. Subsequently, we write

min U1 (6.5.92)
st UD=3(rf) >0, vB e [1: 7], (65.9b)
ré) el —10gzM | >0,vBe[1:BY), (6.5.9¢)

To derive the Karush-Kuhn-Tucker (KKT) conditions, we form the Lagrangian L(rg),p) as follows

=09 § o 09-360) - o (et
B=1

. . B() )

— (R(z) _§0 _ Z’ rf?) _ (6.5.10)
Thus, the KKT conditions consist of
L ,

J 5 =0,VBell : BY), (6.5.11a)

81"’(;

L
=0, (6.5.11b)
Ul — (;(3)) >0, VB € [1:BY), (6.5.11¢)
ry — & —log,|2"| = 0, VB € [1: B, (65.11d)

B0
RO _§0) _ rg) >0, (6.5.11¢)
B=1
g ( ~30r) ) 0, VB € [1: B, (6.5.11f)
P2 (rl(;) — —10g2 |7LI§I ) =0,VB €| :B(i)], (6.5.11g)
4 ) B
3 <R<z> ~50-Yy r;;) =0, (6.5.11h)
B=1

pig: Pags p3 >0, VB € [1:BY). (6.5.111)
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6.5 The Optimal Rate Allocation Policy for Scalar Jordan Blocks

Condition (6.5.11a) yields

oL 00y
8rl(;) P1g 8rg) P2 T P3
)i 0
:—2n\),/§i)]ln(2)\7(’)| é(:)l ! 2! — P18~ P2t D3
2511 (l_mlgi)nznréw)
= (1) n.v0)
Lo (6.5.12)

Additionally, from condition (6.5.11b) we obtain the following relation

JL B _
oum ! _lel’l,ﬁ =0, (6.5.13)

which means that
BU |
Y pip=1 (6.5.14)
p=1

We now consider the following different cases:

+ Case 1: Suppose that p3 = 0. In chis case, (6.5.12) leads to the fo]lowing:

A0y’
| =252

n"'/(i)) 2—nrg)

pip=—r—r Prp. (6.5.15)
C ( 2 [gz)’ B

Note that C(lg>,n,‘7(i)) < 0 for Méi)] > 1. Hence, py g and p; g have opposite signs. How-

ever, condition (6.5.11i) tells that pipg=>0 and p2p 2> 0. This is, therefore, only possible when

pig=p2p =0 forall B el : BY]. Nevertheless, this conclusion contradicts with (6.5.14),

and consequently, with condition (6.5.11b). Thus, we conclude that this case is impossiblc.

» Case 2: Suppose now that p3 >0and p g =0,VB € [1 : B(i)]. Hence, (6.5.12) yields

- 0\ *
(o)
T YR ) RS
>0. (6.5.16)
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6 Asymptotically Tight Upper Bounds on the State Estimation Error

(i)

Furthermore, condition (6.5.11f) implies that either p; g =0 or U —3(r13 )=0.

Observe that, since p3 > 0, py g = 0 if and only it

ry =log|AJ].

However, this cannot be the case because of condition (6.5.11d). On the other, U — 3(rﬁ

0 means that

. (i) .

' ]—|—|A(l)|”2_ml3 |l(l)|n_1_ ) .
Ul — lz.) = ﬁ(ﬁ) 70, vpe1:BY).
1— (a2 A7 =1

Consequently, we obtain

() |n
: W . W A" —=1_
(1= A2 s ) U0 = (14428 )7’ 2 " g
u® _ =150
(i) n ) Méi)‘*l
(:)MB "2 = 1
yo 4 "y
A8 1-1

(1) n
% "y

. 291 .
@—nrg) = log, WZ\" : —nlog2|7LB(’)\,
Ul 4 L —p

Ay -1

where Step (6.5.19) is valid only if

N .
U(l) Z ?V(l), VB S [1 :B(l)],
A5 -1
L
=y > Pmax] — 7 (i)
M| — 1

with nggxl = maxge;.50){ |7Ll§i) |}. Hence, we obtain the following expression of the rates rg

Op_y
UR Rid 10
Ay

i 1
ré) =log, |ll(3)| — —log, B
n T
Ui+ =8y
Ay -1
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Because of condition (6.5.11d), (6.5.21) is valid only in the case where

(i) n
SO Rt vil)

U
Yo <1, (6.5.22)
OB )
Ul + Wg’)\*l \%
(i) A=
which is true for |A;’| > 1, since then 2yl >0.
B A5 -1
For condition (6.5.11h) to hold, we must have
) ) BO .
RO -0 — Y ) =0, vB e [1:B).
p=1
Furthermore, from (6.5.21) we know that
. M(i)ln_l _
BB o1 Ul — Viga‘_] @
Z rg” = Z 10g2|2'/3 |_210g2 T
p=1 p=1 U + B@ 40
-1

(i) n
0 _ P "

1 BY 01
n 4= NS
= U+ o V@
A8 -1
<0

where Step (6.5.23) follows from the definition of H% in (6.1.8) and that the considered cigen-

values in this setup have all a magnitudc 1argcr than 1 (unstable states). Therefore, we obtain

(’) n
Y S(UI RS 0
HO g 450 1 BZ o Iyl (6.5.24)
BT =R P o
A -1

The problem parameters and their domains of definition are summarized in Table 6.1 and Table 6.2,

respectively.

6.5.3 Analysis of the Large n Regime

In chis part, we study the behavior of the solutions of the rate allocation prob]em for asymptot-

ically large code block-lengths.
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6 Asymptotically Tight Upper Bounds on the State Estimation Error

Fixed Parameters Optimization Variables

H®O UD (6.5.24)

RO r (6521)
5 -
(i)
' ’
() -
n -
B ;
Table 6.1: Summary of the problem parameters and their expressions, with B € [1 : B(i)] and i €
{0,1,2}.
Parameter Domain
Ul s "1 (5) o
-1
ry (102,25 1,R — 50|

Table 6.2: Domains of definition of U and rg), with B € [1:BY]and i€ {0,1,2}.

Lemma 6. Consider a system P with state marrix A1) = diag(ll(i) oo ,lg%), topological entropy H)

in (6.1.8), disturbed by process noise V(i), and V) s deﬁned in (6.2.4). Furthermore, assume that the ﬁ—th

(i)

state X", with B € [1: BY], is processed by means of an adaptive uniform quantizer and estimated at a rate

i Let RO be the total available race and 8 a non-negative pull-back factor such that
RO - 50 > g, (6.5.25)
Moreover, let O be
o :=—(HD —RO 450, (6.5.26)

For asymprotically large code block-lengths, i.e., n — oo, and when no >> 1, the cost variable U @) (6.5.2) is

given by
Ul mmo ) <2|7L:/a2| ) , (6527)
laX _1 n max
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6.5 The Optimal Rate Allocation Policy for Scalar Jordan Blocks

and the rates in this regime are allocated as follows

) _ logzlkéilx!+,<max+o(), i 140 = AL,

0 0 (6.5.28)
log, |25 +0(1), if 25| < [Amax],

with Kmax the total number of l such that M ‘ = M,max\

Remark 17. The result obtained in Lemma 6 provides a set of guidelines for the system designer to allocate
the available data resources in an efficient manner, while maintaining the estimation error at the receiver side

bounded, and hence, ensuring a reliable state estimation. The rate allocation strategy suggests the following:

- To reliably estimate states associated with the dominant eigenvalue the dedicated rate must be slightl
larger, i.e., by o(1/n), than the sum of the eigenvalue’s log-magnitude and the back-off factor © equally

d'[‘UldEd among L’l’l€ COTTC‘SPOTldlng states, and E]’LLLS, L’]"lC‘SC states are esmmatsd usmg equal rates.

« Additionally, in order to estimate the rest of the states, it is enough to allocate a rate strictly larger than

the log-magnitude of the associated eigenvalue.

Proposition 1. [fno >> 1 and the process noise VO has a hypercuboidal structure, then the lower and upper
bounds on the max-norm of the estimation error given by (5.6.19) and (6.5.27) respectively, coincide. Hence,

we have

Mfmax|n

| ax!—

tim sup £ (nk) ] = 0 4 (1A, (6529)
where V) is deﬁned in the sense of (6.2.4).

We devote the rest of this section to prove Lemma 6. As n — o, then by (6.5.24)

g Ao
A (i) _gl) 4 §0)
- Y log, PI= =HY-RY 435 <0. (6.5.30)
n n _ ————— —/™ ™
(i) (i) const.
U0+

Let 0 be a fixed stricdy positive real number such that

o = —(HO — RO 4 500y, (6.531)
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6 Asymptotically Tight Upper Bounds on the State Estimation Error

Hence, the following must hold

(i) 1n
y _ s "o
Ay -1 sen
Y log, , = —no =3 —oo. (6.5.32)
M(l)‘n*l
Ul 42—y
A5 1-1

For (6.5.32) to be satisfied, there exists at least one ﬁ S [1 : B(i)] for which it holds

APp—1 e

Ag) =1 Ay =1

U yl ) for large n. (6.5.33)

On the other hand, because of (6.5.20), (6.5.33) can be valid only for B such that M[(;)| = M,E{Qx ,

where A[ﬁ;x is the dominant eigen\/alue, i.e., with the largest magnitude. Subsequently, in the large n

regime, we can approximate U a5 follows

U A" = 1 ly

+ Wn, (6.5.34)
Mfmax‘ - 1

where Y, is a residual error term that depends on n. Then, (6.5.32) becomes

yo % '" Ly

B
M J1-1
—no = Z_“logz M T
p=1 Uyt 4 ¢ W'\ V(@)

6.5.34 n

D Y = +
A9 1=129, (i)
BilAg 1= Amax| 2(“1V >+wn

o1 12 |n 1
Z log Crﬂi; 21~ 1) v
2 O 1n <") 1\

S MTEN ('m‘ﬁ%ﬁf)voww
( B |/1<)|n>v(l ‘
Y [ !

= Z log, o + Z log, Yo

suday \2(Ar=0) V04w | i <1+|'lm |,,>V<")+‘lfn

() n
571"
~0 (lf) =o(1)
NG
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6.5 The Optimal Rate Allocation Policy for Scalar Jordan Blocks

= Z log, Y +o(1). (6.5.35)
B2y A 20251770 1y,

When o is kept constant and 7 — oo, then n0 > 1. From (6.5.35), one can see that this regime implies

that ZMEZ) "V (@ is the dominant term in the denominator of the fraction PRz ‘:"/_:(_) . Hence, ¥, <
-y,
B

i .
|7L[g121x|". Suppose that Y, can be written as

W, = c(pn)", (6.5.36)

where p,, is a real number that might depend on n. Thus, we obtain the following

—no (6:3:35) Z log, 7(;5/" - +o(1)
paf =y \2A 1V

5. N 2y ()
(6.336) Y nlog, P log, v +o(l).
Doy ) A ¢

ﬁ:Mpl |:|)“m[a><‘ B

Therefore, the following result holds

» 2y ()
—N0 = NKpax 10g, (7;)) — Kinax 10g, < ) +o(1), (6.5.37)
|Amax| ¢
where Kpax is the sum of algebraic multiplicities of the eigenvalues llgi) such that Méi)| = Mn(;c)lx|

This yields

(@)
K'maxlog2 (M,in ’> =—-0+ I;llaX 10g2 <2‘2 ) to (i)

. 2y (i)
< Pn= M’fgllz)lxu_a/’(max : 2log2( ¢

)i qotifm (6.5.38)
By expressing W, (6.5.36) in terms of p,, (6.5.38) and substituting it in (6.5.34), we get

o =1 200

T e 2
ax| —

. 7
‘i’;{‘l:x" V + <2—n0/’(max|a1n ’I’l ) (1 +0(1))
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6 Asymptotically Tight Upper Bounds on the State Estimation Error

n X 7 n
yan:xn 0 gm0 2V L, (2’?;3;“ ) (6539)
) |- 1 max
(@) n _ (D) 1n
_ MVO) +0 | Amax | ) (6.5.40)
A -1 2ol
In this regime, where n — c0 and no > 1, the dominant term in (6.5.40) is lz(vf‘)“x‘ v,

We then use this result to develop an optimum rate allocation policy for this regime.

Rate Allocation Rule. Subscqucntly, by virtue of (6.5.21), we obtain the fol]owing rate allocations

in this regime, with i € {0,1,2} and VB € [1 : B

(0
U(i)_Mﬁ(_)L-m
- ) A1
7y =log |2y - n 082 |;L£)|n,1 _
Uyl By
411
(6.5.39)
10:%2|7L |-
D" "1 TN 00) 4 o k3 () 11 AT ki
I a1 ) VT a2V 0 | i
-1 6.541
n o8 2 Al 70 4 2-n0/Knas |20)1n . 27) A" (6540
FRONES +m 1 + [Amax"- 2V + 0 { 67

We have now to distinguish between two cases, namely when (i) |7Ll§i) | = |),[£1’3x| and (ii) Mﬁ | < Mméx |:

. . . i i . .
(i) The rate allocated to estimate states with M/g )| = |)L,$121x] is computed using the second-order

approximation ofU(’), and Corrcsponds to

— 10, | Ao | —

216 /Kmax

27’16/7(111&)( ngngl . 2‘7(’) _|_ o ( M’Ig‘f‘()lx‘n >

—log, :
n ., —
2V( ) M‘mL’mall(‘ ’ + 2- nG/Kmax M’max‘n 2V +o <23§/’i"max )

2—n0'/KmﬂX ng;)ix ’n
l" 4 310 /s | 0, |

; 1
~ log, Méf.c)lx\ — ;10g2

A~ 1
. 1 B .
~ log, | Adiax| - Zlogz (2 e K <M«ggx| - 1))
i o 1
= log, |Adax| + +o <> : (6.5.42)
Kmax n
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6.5 The Optimal Rate Allocation Policy for Scalar Jordan Blocks

with B € [1: B s.c. |45 = | Adikl.

(i) For |45 < Ak,
of U (6.5.40) as follows

= 1M M

) 5" 1—1 A"
s Nlogz\/l |——10g2

a1 1]
45T 1=1 A"

i () |n (i) 2Dn
A8 =1 1457 A =1 1257
= log \/l |— In|1—-——F: . —In| 14+— .
1 2511 Pl 25711 [l

i () 1n i @\ 2
- 2 i i " i i
Proam2 L 201 Al 2\ A0 -1 A

. )in ] Din ? " ’
_’&ggx’—l Mlg)‘ _|_l M”f(“li)‘x‘_l |7ng)| +0 M |
A= 1l 2\ AP |1 Al ol

D\ 2
; 1 ﬁ,mx—IM ) A5’
= log, |44 - —— ) “" +0 &
nin \/1 =1 A | Amax |

=o(1)

i
Conscqucndy, the rates ré) are

. (i) 2@n
i ; 2 =1 1457 1
) = togy 1)+ 2 Pl L (1)

nln Mﬁ’_lmmaxw n

=o(})
1
=log, M | +o (n> (6.5.43)
with B € [1: B s.c. |45 < | Al

This analysis shows that the states associated with cigenvalues A , such that M \ = Mmax

be estimated using equal rates (6.5.42) that are mainly the sum of the log-magnitude of the eigenvalue
and the term R — §() — g () equally divided among these states. On the other hand, the estimation
of all other states can be performed using rates that are slightly larger than the log-magnitude of the

associated eigenvalue, as it can be seen in (6.5.43).
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6 Asymptotically Tight Upper Bounds on the State Estimation Error

6.6 Numerical Example

We now explore the following numerical example: Consider two unrelated plants P(l),P(z)

whose state matrices A and A®) have the following structure
‘ l(i)
AD = (™ 0 , fori e {1,2}. (6.6.1)
2

Note that, in chis secting, we have for each dynamical system two Jordan blocks, each of dimension

one (scalar), i.e, for i € {1,2}

B 2. (6.6.2)
by =1,vB e 1:2]. (6.6.3)

Recall that the topological entropy for each of the plants is defined as follows
) _ v (i)
o — l;l log, M’ﬁ |. (6.6.4)

The communication is assumed to occur over a BAC such that H() < R(i), for i € {1,2}, and

(R, R?)) € €. Furthermore, unless otherwise stated, we suppose that the noise ranges are

VO] = [v] = [-1,1] x [=1,1], fori € {1,2}. (6.6.5)

For a fixed code block-length n, we have

(D)n
) po -5 ge
—o=HD RO 50 =1 ¥ jog, i
n A= Y S U
p=1 v+ % "y
4 1-1

N\ 2 M,(i)‘n*l M’z(i)‘n*l _ . . M(l‘)‘n*l M(i)‘"fl — (N2
(U(l)) - ( |/11<i)|71 + |lz(i)|71 voy® + |/11(")|—1 m (V(Z))
& 270 = 1 1 (6.6.6)

(0 (0 (0 (0
(i))2 A= = Gy 6) A= R ()2
v +<|zf’)|1 A AR NPT A

<
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6.6 Numerical Example

R (i) 1n
Solving (6.6.6) with respect to U and letting Ag)n = %V( yields the following solutions
A (— AP, + A8 +27)
- ._2(1__27n6) I.n 2.n
A+ AD 2 (142702 a1 - 2‘"")2A§fLA§fL> . (66)
and
Ul _ 1 (_( AD £ AD (1 42719
+ —2(1—2-19) 1n 2.n

A0, +AD (1 +27m0)2 401 - 2—"<’>2A5’§LA£’LL) . (66

We now prove that UJ(:) does not fall into the domain of U (Table 6.2), and hence it is not the

desired solution. Without loss of generality, suppose that Mz(i)] < Ml(i) ,
expression
—2(1-27") (U} = A))
— (A, + A (1+270) +

=A>0

VAT, +AD2(1 42792 41 =2 72A] A, +2(1-277)A],

:=B>0
=B—A. (6.6.9)

?
Our objective now is to examine the sign of B—A, i.c., determine B 2 A. Since A,B > 0, we study
the sign of B> — A%, where

\_/
/\
-
_|_
[\.)
3
Q
N—
l\)
.p
—
~
|
[\.)
:
Q
\_/
>A
>A
_l’_
N
—~
=
|
l\)
=
Q
N—r
[\ )
—~
| >
5 =
N—
[\*)
+

401~ T""MYN <A§?n +A§’LL>2<1 F2e a2 AL,
Hence, the difference between B? and A2 yields the fol]owing

—A?=—4(1-27)2 A0 AD) ra(1 -2 (Al )2

N/

+4(1—2‘”")A§i)\/(Aﬁ)nqLAg;)nV(l+2*"")2—4(1 27102 A0 AP (66.10)

N 2.n°
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6 Asymptotically Tight Upper Bounds on the State Estimation Error

Since 4(1 — 2*”6)/\(’-) > 0, we have

1,n

4(1—2-m0)Al) b

I,n

+ \/ (A + AT )2(142710)2 —4(1 — 2710 2A0) AT (6.6.11)

It remains to show that Agl)n - Ag)n > 0. To do this, we study the behavior of the function ¢(x)
defined as

o(x):= xi—ll’ withx > 1, n€Z>;. (6.6.12)
x_
Observe that
() _ UIRIG
AD = (|7LB \) 1408 (6.6.13)
The first derivative ¢l(x) is then
/ _(n—l)x"—nx”71+1
x" —1 —n
- TEn)E ((n—l)—nx +x )
- (Xf i (n+x™) = (14+x7h). (6.6.14)

Since (xfnil)z >0, then sign(¢' (x)) = sign((n+x"") — (1+x71)). Now, we distinguish between two

cases as follows

« n=1:Itis clear in this case that ¢ (x) =1 for any x > 1, and hence ¢)(|ll(i)) — (I)(Mz(l)\) =0,
for any A7), ]A07] > 1.

« n>2: Asx > 1, then it holds that
1 1
1+*<2§n<n—|—7. (6.6.15)
X X
Hence, (]),(x) > 0.

From the analysis above, we conclude that ¢ (x) is non-decreasing in x, for x > 1 and n € Z>;. Hence,

since by assumption |7Lz(i)| < |),l(i)‘7 then

INURNS) (6.6.16)

126



6.7 Summary

Therefore, by using this result in (6.6.11), we conclude that
B*—A?>0. (6.6.17)
And as A, B > 0, this means that B > A. Subscqucntly, from (6.6.9) we obtain

—2(1-27") W~ Ay >0

1,n
= Ul <A (6.6.18)

o - () s | Pl =15 (i) : : (i) . .
Since the domain of U is VW oo |, we conclude from this analy51s that U}’ is not the

x|~ 1

desired solution (and U is consequently the unique solution).

To compare between the lower and upper bounds on the max-norm of the time-asymptotic estima-
tion error, we plot the results obtained in (5.6.16) and (6.6.7) in Fig. 6.1 for different combinations
of‘(hgi),hg))T and 8. In fact, each row in Fig. 6.1 shows the behaviour of the lower bound and U®)
using the same vector of topo]ogical entropies but different 8. Clcarly, for all of the six scenarios,
U (6.6.7) and the lower bound (5.6.16) converge to the same limit, as it was discussed in Proposi-
tion 1. A furcher interesting observation here is that the increase of the pull—back factor 5(i) (from
0.01 to 0.1) causes the convergence of U and the lower bound to occur at a larger block-length n
(see plots (a) vs (b). (¢) vs (d) and (e) vs (f)). Additional]y, as the sum of topologica] entropies, i.e.,
HY = Yicf12} hSi)7 grows, it takes also larger block-lengths n for U and the lower bound to con-
verge. For instance, take the example of 8 =0.1and HD = 0.2 (Fig. 6.1(a)), then the convergence
happens at a block-length n of ~ 18, whereas for H®D =05 (Fig. 6.1(c)), n needs to be approximately

45 fOI' U(l) and thC 1OW€I' bOUl’ld to approximately concur.

6.7 Summary

In this chapter, we started by deriving an upper bound on the time-asymprtotic max-norm of the
estimation error when the measurements are uniformly quantized. In the context of this analysis, we
studied three cases, namely one-dimensional Jordan blocks (Theorem 10), non-scalar Jordan blocks
with real eigenvalues (Theorem 11), and non-scalar Jordan blocks with complex eigenvalues (Theorem
12). Afterwards, we focused mainly on scalar Jordan blocks, and formulated the upper bound as a
convex optimization problcm in Section 6.5. This led us to derive the optimal rate allocation strategy
that minimizes the previously obtained upper bound (Theorem 13), i.e., in other words, that results in
the tightest upper bound. Subsequently, by conducting an analysis for the large block-length regime
in Subsection 6.5.3, we showed that when noise has a hypercuboidal structure, then the upper and
lower bounds converge to the same expression in Proposition 1. This result was ﬁnally illustrated

using a numerical example in Section 6.6.
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Figure 6.1: Behaviour of U (6.6.7) and the lower bound (5.6.16) on the state estimation error of the i-th
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system for different configurations of the topological entropy vector (hgi),hg) )T and pull-back
factor 8. The rate R®) is set to 0.7203 birs/use. Note that the results on the LHS are plotted for
50 = 0.1, whereas the ones on the RHS are obtained for 50 =0.01.



« . . L
1 seem to have been only like a boy playing on the seashore, and diverting
myself in now and then finding a smoother pebble or a prettier shell than

ordinary, whilst the great ocean of truth lay all undiscovered before me.”

— SIR IsaaC NEWTON (1643-1727)

Conclusion

IN THIS chapter of the dissertation, we conclude with a summary of the contributions and the
insights developed throughout the thesis, followed by a discussion of possible future research di-

rections and remaining open problems of interest.

7.1 Thesis Summary

The underlying motivation behind this work was to investigate the problem of state estimation
in distributed systems. More specifically, the states of an unstable system are observed by means of
different sensors whose measurements are simultaneously communicated over a MAC. The objective
at the receiver side is to reliably estimate the system states, i.c., to maintain bounded estimation
error. To this end, we started by investigating the zero-error capacity region %0 of MACs in Chap—
ter 3. Firstly, we rigorously studied zero-error communication over two-user MAC with common
message. An initial result in this Chaptcr was proving the convexity of € (Theorem 1), followed by
providing the required conditions that guarantee the non-emptiness of the interior of €p (Lemma
1). Afterwards, we derived a characterization of % of the two-user MAC model using the notions
of nonstochastic information as well as nonstochastic conditional information (Theorem 2). Subse-
qucntly, we extended this result to both the M-user MAC with one common message (Theorem 3) as
well as the M-user MAC with both a common message among all users and pairwise shared messages
(Theorem 4) .

Next, the state estimation problem over two-user MAC with a common message was addressed in
Chapter 4. The setup studied in this chapter consists of three mutually unrelated LTI systems whose

outputs are detected by two separate sensors. The output signals of two of these dynamical systems
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7 Conclusion

are privately measured, whereas the remaining plant’s output is available to both sensors. We derived
both necessary and sufficient conditions under uniforrnly bounded error criterion (Theorem 5). This
result allowed us to connect the intrinsic properties of the dynamical systems, namely their topolog-
ical entropies, to the zero-error capacity region of the communication channel. In particuiar, it turns
out that if the vector of topological entropies £ lies within the interior region of %y, it is possible to
construct an encoder-estimator tuple yielding uniformly bounded estimation errors. Additionally,
we have proven that if there exists an encoder-estimator tuple achieving the desired criterion, then
h € €. Subsequently, we showed that this setup is indeed general in the case of noiseless LTI systems,

and provided a numerical exampie to illustrate che result using the BAC model.

In Chapter 5, we focused on studying the system performance by deriving universal lower bounds on
the estimation errors. We used two approaches, namely centralized and decentralized, to obtain a set
of lower bounds that characterized the fundamental trade-off between the communication data rate,
code block-length, system dynamics and the state estimation performance (Theorem 7 and Theorem
9). Furthermore, we proved the tightness of the decentralized lower bounds in the case of one-
dimensional systems. Finally, the centralized bounds are generalized to accommodate the case of a
system with an arbitrary number of decoupled states in Lemma 4, and the behaviour of the obtained
lower bound was studied when the code block-length is asymprotically large (Lemma 5). In such
regime, we showed that the system performance is mainly driven by the dominant mode and the

process noise ai‘fccting the respective state.

Finally, in Chapter 6, we turned our attention to deriving upper bounds on the max norm of the
estimation error, as this would give us a guarantee on the system performance. The same setup was
considered in this chapter along with the assumption that the plants’ measurements are uniformly
quantized, and the states are estimated at a share of the total rate at which the channel operates. By
focusing on the case where the state matrix consists of one-dimensional Jordan blocks, we formulated
the upper bound on the time asymptotic max norm of the estimation error as a convex optimization
problem, whose solution corresponds to the optimal rate allocation strategy. This result allowed us to
gain better insights on how to cﬁicicntly allocate the available data resources while maintaining the
estimation error bounded. For instance, for asymptotically large block-lengths the rates allocated to
estimate the states with dominant cigenvalucs must be strictly larger than the sum of the Cigcnvalue’s
log-magnitude and the back-off term equally distributed among these states, whilst the rest of the
states can be reliably estimated using rates strict]y 1argcr then the 10g—magnitude of the Correspond—
ing cigenvalues. Additionally, we devised a process to derive the upper bound, and a closed-form
expression when the code biock—]ength n — oo. In this regime, it turns out that, for hypercuboidal

process noise, both upper and lower bounds converge to the same limit.
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7.2 Future Research

7.2 Future Research

The obrtained results in this work provide preliminary steps towards understanding information
flow in complex networks that will allow us to address worst-case distributed estimation and control
problems. Some of the interesting research questions that can be can be investigated in the future

are discussed below.

« So far, we have oniy considered a communication system operating over a MAC without feed-
back, i.c., the current channel output does not influence the future output. Therefore, a nat-
ural extension of this scenario is to find a characterization of the zero-error feedback capac-
ity region @o,r. In a paper published in 1985 [46], Dueck determined % ¢ in the classical
information-theoretic framework for a Spcciai class of MACs with feedback, namcly where
cach input is a function of the output and the other input. It is, hence, interesting to ad-
dress such model using the tools offered by nonstochastic information theory and use this as

a starting point to study the zero-error capacity region of more general MACs with feedback.

+ Once the characterization of zero-error feedback capacity 6o r of MAC with feedback is ob-
tained, we will be in a position to study stabilizabiiity of LTI Systems across a shared MAC.
In fact, it was shown in the literature for point-to-point channels that the necessary and sufhi-
cient condition to achieve uniforrnly bounded stabiiity, is that (go,f being strictiy iarger than
the plant’s topological entropy (see [2] for treating DMCs and [47] studies point-to-point chan-
nels wich rnernory). It is cherefore interesting to see whether a similar condition arises when

control occurs over MACs.

« In our study, we have mainly focused on different classes of MACs. A further interesting
direction is to investigate other channel models in multi-user communication such as broadcast
channels (BC), interference channels (IC), and relay channels in the nonstochastic framework. It s,
however, worthwhile noting, that the prob]em of characterizing the classical capacity region
for these classes of multi-user channels is quite difficult. The capacity region of the IC, for
instance, is still unknown in general [36]. It is possib]e, nonetheless, that in the context of che
nonstochastic information theory, some inner and outer bounds on the zero-error capacity
region could be obtained. Some promising prelirninary results in this direction were obtained
in [48]. Using graph theory, the author derived necessary and sufficient conditions for the

ZETO-ETTOT capacity of some multi-user channels to be strictly positive.

— An example of broadcast channels (BCs) is depicted in Fig. 7.1. There are three sources,
one encoder, and two decoders. The broadcast channel is characterized therefore by

coordination at transmitter, whilst the decoders act independently from each other.

- InFig. 72, an examp]e of interference channels (ICs) is illustrated. It consists of two

transmitters and two receivers. Each of the unrelated messages WM and W is destined
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WO v W
Source 0 Decoder 1 ——

W(l) X
Source 1 Encoder BC

we) . W
Source 2 Decoder 2 —>

Figure 71 A high—lcvcl model of the two-receiver BC operating at time instant k.

W Xk(l) Yk(l) Wk(l)
Source 1 Encoder 1 Decoder 1 ———
IC
W @ || i
Source 2 Encoder 2 Decoder 2 —

Figure 7.2: A high—leve] model of the two-receiver 1C operating at time instant k.

for the corresponding receiver 1 and 2. In this setup, there is coordination between the

transmitters as well as cthe receivers.

- As outlined in the course of this dissertation, an exact % characterization for many MAC:s,
such as the BAC, remains unknown. Hence, it is also of interest to develop efficient algorithms
to compute nonstochastic information and to ultimately characterize the zero-error capacity
region of any MAC, or at least to reduce the gap between the upper and lower bounds char-

acterizing the region.

« In our analysis of the state estimation problem, we considered only LTT systems. It is, nonethe-

less, also interesting to extend chis approach to time-varying and nonlinear systems.
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