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Metasurface thin-films created from arrays of structured optical elements have been shown to

perform spatial filtering of optical signals.

To extend their usefulness it is important that the

symmetry of their response with changes to the in-plane wavevector k, — —k, can be tailored or
even dynamically tuned. In this work we use a general theory of metasurfaces constructed from
non-diffracting arrays of coupled metal particles to derive the optical transfer function and identify
the physical properties essential for asymmetry. We validate our theory experimentally showing how
the asymmetric response of a two-dimensional (planar) metasurface can be optically tuned. Our
results set the direction for future developments of metasurfaces for optical signal processing.

PACS numbers: 78.67.Pt, 42.30.Lr, 42.30.Kq, 73.20.Mf

Metasurfaces are artificial thin-films created from sub-
wavelength arrays of structured elements engineered to
respond in ways not found in natural materials [1-3]. An
optical metasurface with a transmission that depends on
the wavevector k of the incident light field has poten-
tial as a highly compact spatial frequency filter [4-6]. A
spatial filter performs optical signal processing by modi-
fying the spatial Fourier harmonics of an image to high-
light edges or remove specific features [7], a process akin
to performing mathematical operations on the images.
Likewise, difference operations or derivatives of the opti-
cal wavefront by metasurfaces enhance edges, make phase
gradients visible [8, 9] or can be combined to form second
derivatives and Laplacian operations. [10, 11] Recently it
was suggested that multilayers of metasurfaces could be
used for forward and inverse optical Fourier transforms
[12] enabling complex mathematical operations such as
differentiation and integration [13-15] to be performed in
Fourier space [16] as well as solving differential equations.
[17] Such multilayer metasurfaces can form asymmetries
such that the transmittance depends on which face of the
metasurface is illuminated. [18, 19]

The properties of an optical device can be described by
the optical transfer function (OTF), which is the Fourier
transform of the amplitude point-spread function of an
optical system [20]. The OTF represents the response
to plane-waves at different angles of incidence, provid-
ing a useful representation of the properties of optical
metasurfaces [5]. When the response arises from a pe-
riodicity greater than the wavelength of light, the OTF
becomes a nonlocal representation in k-space [6] and the
device will exhibit diffraction. Metasurfaces that im-
pose wavelength-scale periodic phase gradients across the
transmitted beam [21-24] are equivalent to phase grat-

ings [25] that preferentially diffract into a single order,
giving the appearance of refraction that disobeys Snell’s
law. [26] Such diffractive phase surfaces, or holographic
filters [7], are well-known and form the basis of computer
generated holograms [27] with volume holograms demon-
strating optical differentiation [28]. Spatial filtering ex-
ploiting the k-dependence of diffracting materials was
used some decades ago to realise phase contrast imag-
ing with hard x-rays [29, 30] with imaging properties
also described using the OTF [31]. A synthesis between
metasurfaces and diffration gratings was shown experi-
mentally to redirect a light beam under all-optical con-
trol [32], giving the appearance of an optically-controlled
blaze on the grating.

To be useful in optical signal processing, it is important
that metasurfaces can replicate a large class of spatial
filters. Filtering low spatial frequencies requires a null
response at normal incidence, where k-r,, = 0 for vectors
r, in the plane, a property achievable using dark mode
resonances [4, 5, 33]. More difficult is creating a meta-
surface with an asymmetric response that distinguishes
between —k - r, and +k - r,. Here we derive the phys-
ical conditions required for the asymmetric response of
two dimensional non-diffracting metasurfaces, where the
arrays of structured elements have subwavelength period-
icity. We derive the OTF for an arbitrary arrangement
of resonant nanostructures and classify terms based on
their symmetry. This approach highlights the physical
properties that are essential for asymmetry and lays the
foundations for more complex metasurface designs. It
was argued recently on the basis of reciprocity that two-
dimensional surfaces cannot exhibit such asymmetry be-
cause they are mirror-symmetric [6]. However the con-
ditions we derive, necessary for asymmetry, include the
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FIG. 1: The metasurface concept for spatial filtering. (a) The
incident light field has a complicated k-space decomposition
and polarization distribution E;,, that is transformed by the
metasurface into another k-space and distribution Eoue; (b)
The metasurface consists of an array of identical cells (indexed
by integers (a,b)) composed of coupled resonant nanoparti-
cles. The centre of the unit cell is located by the vector d,
and a particle in the cell by vector s, relative to the cell cen-
tre. The arrows on each particle represent the dipole moments
of the resonant modes.

effects of polarization and are precisely those that violate
scalar reciprocity. We demonstrate asymmetric behavior
experimentally with a non-diffracting metasurface and
show how it can be selected optically.

The OTF O(k,,k,) of a metasurface is the complex
function that maps the incident electric field to the
transmitted field (Fig. 1). It describes the optical re-
sponse in the x — y plane to the incident wavevector
k; = (kz,ky,k.). The OTF can be written as a ma-
trix to account for changes in the polarization of the
transmitted light field [5]. We base our derivation of
the OTF on the electrostatic eigenmode method for de-
scribing localised surface plasmon (LSP) resonances in
subwavelength coupled systems. This method provides a
simple algebra that encompasses most of the physics of
nanoscale resonant systems [35, 36]. The amplitude a,, of
the LSP excited by the electric field Ege™ ™ incident on
a single plasmonic particle located at position r,, is a,, =
fn(W)pn-Eoe™ ™ where f,,(w) ~ — A,/ (w—wn+il,/2)
describes the frequency dependence about the resonance
at frequency w, with a full width at half maximum T',,.
The vector p,, is proportional to the dipole moment of
the resonance and kj is the incident wavevector.

In the presence of N — 1 other nanostructures within

the cell or meta-atom of the metasurface, the electric
fields of the LSPs couple, modifying the excitation am-
plitudes a,,. The new amplitudes a,, can be written as
linear combinations of the old ones, @y, = S0 Monan
where M,,, is a matrix that mixes amplitudes together
(Fig. 1(b)). The dipole moment of this excitation is
amPm- The electric field scattered into the far field in
direction 7 then takes the form [5]

N
m = Zé : Pm(pn . EQ)CmneikI'f‘n—iks-rm’ (1)
n

where we have set € = k2e?*" (1—77) /4megr. The coupling
term Cmn = mnfn(w) = [5mn - fm(W)Gmn]_lfn(w)a
which depends on the matrix inverse [...] 1, is symmetric
on interchange of the indices, since the dipole interaction
Gumn of the evanescent fields between particles that we
consider here is symmetric Gy, = G [36)-

We now consider the metasurface created from a pe-
riodic array of meta-atoms and show that metasurfaces
with subwavelength periodicities behave like uniform thin
films. We assume identical unit cells of N coupled metal
particles in the z — y plane. If the array period is
doy = ad,Z + bdyy with a and b integers, d, the ar-
ray period in the £ direction and d, the period for g,
then we can write r,, = dg + s, where s, is a small
vector from the centre of the unit cell to the m-th nanos-
tructure and the sum over m is only over the structures
within the unit cell (Fig. 1 (b)). Then we sum Eq. (1)
to yield the total far-field electric field

a,b m,n

iKr-8p —iKs -Sm—1iqs 'da,b
)

(2)
where qs = ks —k; is the scattering vector. Since all unit
cells in the periodic array are identical the sum over the
array separates into two factors that are generally very
small, except when q, - £d; = 2n7 or qs - ydy, = 2mm
where n and m are integers [5]. These two expressions are
equivalent to the diffraction equation for two dimensions.
For example, writing k; = k(Z sin; — 2 cos ), and like-
wise for kg, then qs - &d, = kd,(sinfs — sinf;) = 2nw
or sinfs = sinf; + n\/d,, which is the diffraction equa-
tion with k& = 2w/A. This equation has been described
erroneously as a generalization of Snell’s Law. [21]

For periodicities much smaller than the wavelength of
light, the dominant scattering occurs only forn =m =0
for which qs-d = 0 where d is a vector in the z — y plane.
This condition implies that ks = k; so that the incident
beam is merely transmitted through the periodic array
(the zero diffraction order). Alternatively we can have
specular reflection since this also satisfies (ks —kj) .d=0.

The total scattered electric field is then given by

E= NaNb Zé . pm(pn . EO)Cmne
mn (3)
= NoNy€ - O(ky, ky) - Eo,

ikr-(Sn—Sm)



for N,Np unit cells in the array. The optical transfer

function O(ky, k) is

Olkasky) = 3 PruPuCrne™rEnsm)  (4)

m,n

that involves the outer product of the two vectors p.,,pn
— in effect, p,, is operated on from the left and p, is
operated on from the right. For simplicity we have omit-
ted € from the definition of the optical transfer func-
tion, although it can be easily included as required. The
outer product of two vectors such as p,,p, is known as a
dyadic. In the context of the OTF the dyadic represents
a change in the direction of polarization of the incident
beam and the factor p,,p» is equivalent to a component
of the Jones matrix M in optics [37]. For example, an
incident beam with amplitude E; is scattered with po-
larization related to py,(pn - Er).

To make asymmetric dependences on k; explicit, we
note that the coupling is symmetric Cy,,y, = Chry and
rewrite the double sum in Eq. (4) as

O(ky, ky) mepmpm mm + Y ConnPmDn
m,n>m
_ ()
X [(Pmbn + Dnbm) coskr - (Sp, — Sm)
+ i(PmDn — PnbDm)sinky - (sp —sm)],
where p,, = p,pn separates out the magnitude p,, of the

eigenmode dipole moment from its orientation p,. The
only k-dependence of the OTF is through the phase fac-
tors in Eq. (5), with cosk; - (s, — s;,) being symmet-
ric and sink;y - (s, — S;,) asymmetric under interchange
k; — —k;. In particular, an asymmetric response re-
quires the coefficient in front of the sine term to satisfy

Thus we conclude that a metasurface consisting of
an array of identical cells of subwavelength periodicity
may demonstrate an asymmetric response only if the
constituents in the cell have dipole resonances that are
misaligned. This is the key result of our paper. This
result contradicts the analysis of Kwon et al [6] who
used a scalar form of reciprocity to argue that trans-
mission asymmetry with the in-plane k-vector could be
obtained only by breaking both horizontal and vertical
mirror symmetry. However, the most general form of the
reciprocity relation [38], attributed to de Hoop [34], re-
quires the Jones matrix My of the forward propagation
to equal the transpose of the matrix for reverse propaga-
tion MZ = M. The assumption in Ref. [6] is that the
forward and reverse propagation are the same, implying
that M;}F = M. This condition is violated in Eq. (5) pre-
cisely when the Jones matrix components p,,pn # Dnbm
are unequal, which breaks the symmetry and destroys
scalar reciprocity in our two-dimensional system. For
example consider pairs of LSP modes with dipole mo-
ments misaligned and the incident light polarized. The
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FIG. 2: Experiment to demonstrate asymmetric optical trans-
fer functions. (a) The plasmon “Wheatstone bridge” of three
identical gold nanorods showing the predominant coupling.
The arrows represent the induced dipole moments for the po-
larizer angle 90° < ¢ < 180°; (b) SEM image of an example
circuit prior to etching away the underlying film; (c) the ex-
periment configuration. The metasurface is a subwavelength
periodic array of the structures in (b). The light beam is
incident on the metasurface at angle 6.

transfer function is P, - O(kyg, ky) - P, where an input lin-
ear polarizer P; sets the direction of the incident field
and an output linear polarizer P, controls the measured
field. If ¢, and ¢,, are the angles between p,, and the in-
cident and the exit polarizers respectively, then the term
in brackets of Eq. (5) is

2fn[acosky - (sp — Sm) +ibsinky - (s, —sm)], (6)

where a = (cos ¢y, cos, + cos @y, costh,,)/2 and b =
(cos P, cOS 1y, — €OS ¢y, COS Yy, ) /2. This expression shows
an asymmetry, provided b # 0.

To demonstrate that such asymmetric behaviour is
physically possible we perform an experiment on a meta-
surface created from a subwavelength array of three iden-
tical nanorods supporting LSP resonances (Fig. 2(a)).
This configuration mimics the Wheatstone Bridge (WB)
circuit in electronics [39] that performs first-order dif-
ference operations enabling phase sensing [8]. Although
such a design may not be optimum for optical signal
processing, we use it here to demonstrate both symmet-
ric and asymmetric response in the transmitted intensity
controlled by the orientation of a polarizer. Such effects
have not previously been reported.

The WB circuit consists of three gold nanorods, each
40 nm wide, 30 nm thick and 100 nm long (Fig. 2(b)) on a
borosilicate glass substrate. Two parallel rods (labelled
1 and 2) are oriented in the g direction with a centre-
to-centre distance d = 200 nm and the third “bridge”
nanorod is oriented in & with its bottom edge aligned
with the tops of the two parallel rods. This placement
controls the strength G of the coupling between the rods
that affects the degree of asymmetry in the response.



The metasurface consists of arrays of WB circuits with
a period of 400 nm in both directions. The experiment
is performed using the configuration in Fig. 2(c). Colli-
mated white light passed though a polarizer, aligned at
angle ¥ to nanorod 3, is incident on the metasurface at
an angle # to the surface normal, giving an in-plane wave
vector k; = ksinf. The transmitted light is filtered by a
second polarizer, aligned with the parallel rods, and then
measured by a spectrometer.

An example transmission spectrum is shown in Fig.
3(a), measured at three incidence angles 6, expressed in
terms of the in-plane wave vector k,. The first polarizer
was set to angle v = 45°. The spectra near the reso-
nance at A = 686 nm show increasing transmission as
k, changes sign from negative to positive, providing a
clear demonstration of an asymmetry in the metasurface
response. The normalised transmission at the resonance
as a function of k, for four different polarizer angles is
shown by experimental data points in Fig. 3(b). The
direction of the asymmetry is controlled by the polarizer
and changes sign when ¢ = 45° — 135°.

The asymmetry can be modelled using the OTF of the
metasurface. With p = |p| being the magnitude of the
LSP eigenvector dipole moment and the resonance factor
flw = wr) = i2A/T = ifr being purely imaginary at
resonance, the OTF from Eq. (4) (see the Supplement
for a derivation and numerical simulations) is

P, Ok,)- b, = 211

o Olha) - Fi = 1+2f2G2

+ sing (1 + 2f2G? cos®(kyd/2))]

[cos ) cos 0 frG sin(k,d/2)

(7

~—

where the orientation of the input polarizer is P; =
cos Y cos 0 + sin 1y and the output polarizer is P, = 1.
The cosf term in P; arises from the polarizer being at-
tached to the tilt arm in the experiment, as shown in
Fig. 2(c). The OTF contains a term antisymmetric in
k., which is selected by 9 = 0 and a term symmetric
in k, obtained with ¢ = 7/2. Since most experiments
measure intensities proportional to |OTF|?, all negative
quantities become positive and the asymmetry is not usu-
ally observed directly, as in the case of the WB experi-
ments of Eftekhari et al [8] and described by Roberts et
al [5]. However, the cross-term in the intensity depends
on 2 cos siny = sin 2¢ that remains predominantly an-
tisymmetric in k,, selected with the polarizer at angles
1 = £ /4. Indeed, the polarizer also determines the di-
rection of the asymmetry with k, with a magnitude that
depends on frG. The theoretical result as the square of
Eq. (7) is included with the experimental results in Fig.
3(b). The theoretical curves are matched to the data by
adjusting two parameters only, such that frG = 0.24
and 2p?fr = 1.00. For ¢ = 45° and 135° the data show
the expected asymmetry with k, and excellent agreement
with theory. As discussed in the Supplement, we would
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FIG. 3: (a) Experimentally measured spectra of light trans-
mitted through the metasurface for three incidence angles,
expressed as in-plane wave numbers k, = ksinf. The inci-
dent polarizer orientation was 1) = 45°; (b) The response of
the metasurface to different spatial frequencies k; for four set-
tings ¥ of the incident polarizer. The polarizer controls the
symmetry of the response and the sign of the asymmetry for
% = 45°,135°. The points are from experiment and solid lines
are |P, - O(k;) - P;|? derived from Eq. (7). (c) Simulations
using Eq. (7) of the metasurface response to light from pure
phase objects representing biological cells with optical phase
excursions of 120°.

expect similar asymmetry with no output polarizer.

The asymmetry has its origin in the direction of the
incident electric field on nanorod 3. Referring to Fig.
2(a), for the polarizer set in the range 90° < ¢ < 180°,
the induced dipole moment in nanorod 3 leads to positive
coupling G to nanorod 2 (dipoles adding) and negative
coupling to nanorod 1 (dipoles opposing), that acts to
drive the nanorods out of phase. This phase shift re-
sults in partial cancellation of the transmitted light at
normal incidence k, = 0. An additional phase shift is
applied to these nanorods by changing the angle of inci-
dence (changing k) that either reduces or enhances the
interference according to the sign of k,. The situation is
reversed when 0° < 9 < 90° because the induced dipole
moment on nanorod 3 is reversed which changes the di-
rection of asymmetry with k,. This behavior is consistent
with numerical simulations shown in the Supplement.

With the OTF we can simulate the response of the
metasurface to light from a pure phase object. Fig. 3(c)
shows the simulated transmission images for light passing
through a biological-like sample. The optical parameters
for the sample are those from red blood cells in water
[40]. Each image represents a field of view of 16 pm and



we assume the “optical system” has a spatial resolution
of 400 nm. It is apparent that the contrast changes with
the orientation of the polarizer. The metasurface en-
ables phase imaging with an asymmetric contrast similar
to differential contrast imaging in more complex optical
systems.

In this work we have demonstrate both symmetric
and asymmetric behaviour of a plasmonic metasurface
and provided physical criteria for creating more com-
plex metasurface spatial frequency filters. When such
subwavelength structures are combined with complex
holographic-type diffraction patterns we expect to create
highly versatile and compact devices for manipulating
the information content in images.
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