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Abstract

We present a rather general method for proving local limit theorems, with a good
rate of convergence, for sums of dependent random variables. The method is applicable
when a Stein coupling can be exhibited. Our approach involves both Stein’s method
for distributional approximation and Stein’s method for concentration. As applications,
we prove local central limit theorems with rate of convergence for the number of germs
with d neighbours in a germ—grain model, and the number of degree-d vertices in an
Erdos—Rényi random graph. In both cases, the error rate is optimal, up to logarithmic
factors.

1 INTRODUCTION

Local central limit theorems (LCLTSs) for sums of independent random variables have been
well studied, largely using characteristic function techniques; see Petrov (1975, Chapter VII.1).
For the standard example, if X;, X,,... are i.i.d. aperiodic integer valued random variables

with finite third moment, and W := " | X;, with EW = p and Var(IW) = o2, then

1

s%p P(W = k) T

When the summands X; are dependent, there are few general methods available for proving

LCLTs with error bounds. In this paper, we combine results from Rollin and Ross (2015),

Barbour, Ross, and Wen (2018) and Barbour, Rollin, and Ross (2019) to present an approach

that is quite widely applicable. We illustrate its power in the context of certain occupancy

models.

Our random variables of interest take the form

exp{—i(k:—u)?}‘ = 0O(1/c?). (1.1)
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Wy = > HM;=d}, d>0, (1.2)
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1. multinomial occupancy models, where m balls (the occupants) are placed in n urns (the
locations), independently at random, and M; is the number of balls in urn i;

2. Erdés—Rényi random graphs, where edges (the occupants) between distinct pairs of n
vertices (the locations) are independently present or absent, with a common probabil-
ity p, and M; is the degree of vertex i;

3. germ—grain models, where n points (the occupants), which form the centres of balls of
fixed radius (the locations), are placed uniformly at random in a bounded subset of R?,
and M; is the number of points that fall in ball 7.

Here, we consider only sequences of sparse occupancy models, in which, as the number of
locations n increases, the expected number of occupants at each location remains bounded.

For multinomial occupancy models, Hwang and Janson (2008) prove an LCLT with op-
timal error rate O(1/0?). Their argument relies on a simple observation: if the number of
balls m were Poisson distributed rather than fixed, then the occupancy counts {M; };c[,) would
be independent. They prove the result by applying an LCLT for i.i.d. random variables to
the Poissonized version of the problem and then use a de-Poissonization argument to transfer
back to the original. However, in more complex occupancy models such as Erdos—Rényi ran-
dom graphs and germ—grain models, Poissonization does not lead to a similar simplification,
and it is therefore unclear how to adapt these arguments to such models. See also McDonald
(2005) and references therein for other methods that have potential to prove LCLTs for sums
of dependent variables, but which are not adapted to our applications.

A general method used to prove LCLTs, introduced in McDonald (1980), is to combine a
(global) central limit theorem with some condition implying smoothness of the distribution
being approximated (here, ﬁ(/VI?d)). A common way of quantifying the smoothness, used in
McDonald (1980) and Penrose and Peres (2011), is to find an embedded sum of independent
random variables which are themselves smooth, in the sense that they satisfy an LCLT.
Here we use a different notion of the smoothness of a distribution, given in (2.3) below,
which is closely related to that given in Davis and McDonald (1995), and elaborated on in
Rollin and Ross (2015). The latter paper demonstrates that bounds in a global metric (such
as the Kolmogorov metric) to a target distribution, combined with appropriate bounds on
the smoothness term (2.3), imply an LCLT with error. For Erdés-Rényi random graphs, for
example, if the (optimal) Kolmogorov bounds in Goldstein (2013) and the smoothness bounds
implicit in Lemma 4.4 of this paper are combined with the Landau—Kolmogorov inequality
in Rollin and Ross (2015, Theorem 2.2), then an LCLT is obtained, but with an error bound
of order O(o~3/2), which is substantially worse than our target order of O(1/5?).

Barbour et al. (2019) (see also Rollin (2005)) combine the smoothness approach with
Stein’s method for distributional approximation to establish a method for proving LCLTs
with error, in settings where the dependence between summands can be described in terms
of a Stein coupling (see Chen and Rollin (2010), as well as (2.2) below). The Stein coupling
most commonly applied to the occupancy counts /Wd is a size biased coupling; see Section
2.2. The standard method of constructing outcomes of a size biased version W; of Wy is to
take the configuration of occupants, labelled X', and to modify it so that a single location,
chosen uniformly at random, now has d occupants, and the remaining configuration has the
conditional distribution, given this event. The number of locations W; with d occupants
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in this modified configuration then has the size biased distribution of /Wd. Given such _a
construction, Barbour et al. (2019) demonstrate that to obtain an LCLT with error for W,
we must essentially do two things: (i) establish a concentration inequality for

U= [E{W; — W, | X} — E{W; — Wy},

and (ii) prove that the distribution of W, is smooth.

Establishing a concentration inequality for W is often the hardest task. In most cases, ¥
is a complicated expression (for example, see Lemma 4.6), to which it is unclear how to apply
standard concentration results, including those related to Stein’s method. This significantly
limits the scope of the bound in Barbour et al. (2019). Indeed, when the authors use this
method to prove an LCLT with error rate O(o~2(log 0)'/2) for the number of isolated (d = 0)
vertices in an Erdés-Rényi random graph, they do so by demonstrating that, when d = 0,
U has a particularly simple expression, to which established concentration inequalities can
be applied; however, when d > 0 , ¥ is significantly more complex, and a new approach is
required. In this paper we demonstrate that the recent results in Barbour et al. (2018), which
provide a widely applicable method for deriving central moment inequalities, can often be used
to establish the necessary concentration inequalities for these more complicated expressions.
To highlight the connection to Barbour et al. (2019), in Theorem 2.2 we rewrite their general
bound in terms of central moment inequalities. By applying these two bounds in tandem we
obtain a relatively general method for proving LCLTs with near optimal error rate.

When we consider germ—grain models, there is an additional complication: if we apply a
standard size biased coupling, as described above, then it is difficult even to find an expression

for . We overcome this issue by using the bounded size biased couplings proposed in Bartroff,
Goldstein, and Islak (2018) for

n

Wy = n—Wy = > M, #d},

i=1

the number of locations that do not have d occupants. There the authors demonstrate how
to construct size biased versions of W in occupancy models, by moving at most a single
occupant from its original location. Such couplings allow us not only to find an expression
for ¥ in germ—grain models, but also to improve the bound in the Erd6s—Rényi random graph
application.

Thus, in this paper, we piece together the general LCLT bounds in Barbour et al. (2019),
the central moment inequalities in Barbour et al. (2018), the bounded size biased couplings
in Bartroff et al. (2018), and the smoothness terms and bounds of Réllin and Ross (2015), to
establish a robust method for proving LCLTs for the number of locations with d occupants
in occupancy models, together with error bounds that are of the same order as would be
expected for sums of independent indicators, up to logarithmic factors. The logarithmic
factors arise from the concentration inequalities used to handle ¥, and can only be avoided
using our method by modification in special examples; see Barbour et al. (2019, Remark 2.9).
We emphasise that the contribution of the paper is twofold: obtaining LCLTs with good error
rate in two non-trivial examples — already an interesting and difficult undertaking — and
also providing a straightforward method for obtaining LCLTs with error that is applicable in
a wide variety of other settings.
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The paper is organised as follows. In Section 2, we provide the key result, Theorem 2.2,
for establishing LCLTs with rate. In Section 3, we state LCLTs with rate for occupancy
models obtained by applying Theorem 2.2. In Section 4, we apply the framework established
in Section 2 to prove the results in Section 3. Section 5 gives a derivation of Theorem 2.2
from the results of Barbour et al. (2019), and Section 6 contains two auxiliary results used in
the proofs.

2 STEIN’S METHOD

Stein’s method is a powerful tool for bounding the error in the approximation of a distribution
of interest by another well-understood target distribution. It was first developed for approx-
imation by the normal distribution in Stein (1972, 1986), and by the Poisson distribution
in Chen (1975); see Barbour, Holst, and Janson (1992), Barbour and Chen (2005), Chen,
Goldstein, and Shao (2011) and Ross (2011) for various introductions to the method.

2.1 Stein’s method for LCLTs

We use Stein’s method to bound the distance between W and an integer valued target dis-
tribution Z, in the total variation metric,

dTV(E(W),ﬁ(Z)) = iup |IP[W € A] — P[Z € 4]|,

as well as in a metric to capture the local differences,

dioe (L(W),L(Z)) = sup|P[W = a] — P[Z = d]|.

a€Z

Following Réllin (2007), we use translated Poisson distributions as the approximating
family, instead of the discretized normal. We say that a random variable Z has the translated
Poisson distribution, and write Z ~ TP(u,0?), if Z — s ~ Po(c? + 7), where

s = |p=0’], vy = p-—0—|p-0"] (2.1)
and where Po(\) denotes the Poisson distribution with mean A. Note that EZ = p and
0? < VarZ < 0? + 1. Thus, the translated Poisson distribution is a Poisson distribution
translated by an integer so that both its mean and variance closely approximate p and o2. The
next result shows that the translated Poisson and the discretised normal are sufficiently close
for the purposes of LCLTs. In particular, it implies that in the LCLTs given in Theorems 3.1
and 3.2 below, the translated Poisson distribution and the discretized normal distribution are
interchangeable. The lemma follows by applying (1.1) to (Z — s) ~ Po(¢? + v) and using
basic properties of the Poisson distribution and normal density.

Lemma 2.1. If Z ~ TP(u,0?), then there exists a constant C' > 0 such that, for all p € R

and 0% > 1,
1 —u)? C
sup|P(Z =n) — exp (—M) ‘ < .
neZ oV 2T o
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The general LCLT theorem that we use requires that the variable of interest W is part
of a Stein coupling. Following Chen and Rollin (2010), we say that the random variables
(W, W', G, R) form an approzimate Stein coupling if

E[(W = ) fV)] = E[G(f(W) = fF(W)] +E[Rf(W)], (2:2)
for all f such that the expectations exist. If R = 0 almost surely, we call (W, W' G) a
Stein coupling. The final ingredients needed for the general LCLT are the following standard
probabilistic measures of smoothness for integer valued distributions:

SL(W)) == sup |[EA'R(W)|, [1>1, (2.3)
h: ||hlleo <1
where A'h(i) := A" (h(i + 1) — h(i)). Note that S;(L(W)) = 2dpv(L(W), LW + 1)).

The following is a concise and more easily applicable modification of Corollary 2.3 and
Lemma 2.6 of Barbour et al. (2019), for proving LCLTs using Stein’s method. As the state-
ment here is not easily read from their results, we provide a proof below in Section 5. Here
and below, for a random variable X and ¢ > 0, we denote

X, = (E[1X]7])".

Theorem 2.2. Let (W, W' G, R) be an approxzimate Stein coupling with W and W' integer
valued, EW = pu and Var(W) = o%. Set D := W' — W, and let F, and Fy be sigma algebras
such that W is Fy-measurable and such that (G, D) is Fy-measurable. Define

T = E[|GD(D —1)| S:(L(W|F))], (2.4)

and

T := |E[GD|F] - E[GD]|.
If ¢y is such that

max{ T+ 1, | Bllo, 0 |T)e} < e, (2.5)
then
dTv(,C(W),TP([L,OQ)) S 5010'_1. (26)
If, in addition, cq is such that, for q = [log(o)],
o Ty < e (2.7)
and if
c1t+ecy < 0/2, (2.8)
then
dioe (LOW), TP(p1,0%)) < 4(4ct + eca)o > (2.9)
Remark 2.3. In our applications, ¢; is fixed as o increases, whereas ¢y = c3(0) grows

like (logo)®, for some fixed a > 0; hence the total variation bound is of order O(c™!),
whereas the local bound is of order O(c2(logc)®). For such choices, (2.8) is satisfied for
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all o large enough. If it were not satisfied, then the bound in (2.9) would be of order
comparable to typical point probabilities, and would thus be of little use. We typically write
T= Zle T}, where the T;, 1 <[ < k, have a structure enabling their norms to be bounded
using a main result of Barbour et al. (2018), given as Theorem 2.4 below, for convenience and
completeness. Then bounds related to T of (2.5) and (2.7) can be verified using the triangle
(or Minkowski’s) inequality for || - ||, for ¢ > 1. The quantity R is zero almost surely. It
remains to bound T 4 1 by a constant ¢;. To do so, note that, in the typical regime, D is of
constant order in o and G is of order o%. Thus, establishing T +1 < ¢; boils down to showing
that Sy(L(W) | Fz) = O(0~2). Conditioning on F, is handled by “freezing” an asymptotically
negligible part of the randomness, and then the term behaves similarly to So(L(W)). We can
then apply established methods for bounding Ss(-); see, for instance, Lindvall (2002, Chapter
I1.14), Mattner and Roos (2007) and Réllin and Ross (2015).

Theorem 2.4 (Theorem 2.2 of Barbour et al. (2018)). Suppose that (Y,Y’,G) is a Stein
coupling with BE{|Y" — p|"} < E{|Y — pu|"}, for some r € N. Then

1Y = ulle < V20 = DIGIY = Y],

2.2 Bounded size biased couplings

The Stein couplings that we use here, when we apply Theorem 2.2, are size biased couplings.
For a non-negative random variable W, we say that W* has the W-size biased distribution if

EWfW)] = pELf(W?)] (2.10)

for all functions f for which these expectations exist; moreover, if W* and W are defined on
the same probability space, then we say that (W, W?#) form a size-biased coupling. 1t is not
difficult to verify that (W, W' G) = (W, W*, u) satisfies (2.2) with R = 0, and is therefore a
Stein coupling.

The standard method used to construct sized biased couplings for occupancy counts Wd,
defined at (1.2), such that P(M; = d) is independent of i, relies on the identity:

E[W,f(W,)] ZIP E(f(Wy)| M, =d) = Wdz “E(f(Wy) | M; = d). (2.11)

This identity gives the following standard method for coupling Wj to Wd, by conditioning on
the occupants and locations: select a location I € [n] uniformly at random; then, if M; > d,
select M; — d occupants uniformly at random from those at location I, and re-position them
uniformly at random in [n]\ I; if M; < d, select d — M occupants uniformly at random from
those at locations different from I, and re-position them at location I. The resulting number
of locations with d occupants is then the corresponding outcome of Wd, for more details, see
Chen et al. (2011, Section 2.3.4).

Bartroff et al. (2018) show that it can be advantageous to instead construct a sized biased
coupling for the number of locations that do not contain precisely d occupants:

Wy = n—W, = iI{Mﬁéd}.

i=1
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As for (2.11), we have

n

BWaf(Wa)) = EIWi) 3 E(/(Wa) | M; £ d). (2.12)

=1

The strategy, as before, is to choose I uniformly at random. Given I = i, modify M;, by
adding or removing occupants of i, in such a way that the distribution of the number of
occupants of i becomes L(M;| M; # d). By symmetry, if occupants added are chosen from
the remainder uniformly at random, and if those removed are re-distributed uniformly at
random among the other locations, then the resulting distribution of the number of locations
with other than d occupants becomes L(Wy|M; # d). Of course, proving LCLTs for W
is equivalent to doing so for /Wd, but the advantage of working with W, is that at most one
occupant has to be moved to realize the coupling above. This is the substance of the following
lemma, which is Bartroff et al. (2018, Lemma 2.1).

Lemma 2.5 (Lemma 2.1 of Bartroff et al. (2018)). If M is an integer valued random variable
such that L(M) is log—concave, and if

P(M>z+D)P(M=d) . P(M<z—D)P(M=d) .
7Tg(cd) _ ) B(M>d+1)B(M=x)> if v >d %(Cd) — ) P(M<d-1)P(M=z)’ ifr<d (2.13)
0, otherwise, 0, otherwise,

then W;S;d),fyg(gd) € [0,1] for all x. Moreover, if Z, and Z_ are conditionally independent
gwen M, with L(Z,|M) = Be(ﬂ](\;)) and L(Z_|M) = Be(fy](\?); if Z is independent of
Zy and Z_ with L(Z) = Be(q), and

P(M >d+1)
= 2.14
and if
X =277, -(1-2)7_
then L(M + X) = L(M | M #d).
A distribution £(M) is log—concave when
PM=s—-1)PM=s+1) < P(M =5s)? for all integers s; (2.15)

binomial distributions, in particular, are log concave. The theorem shows that X occupants
are to be moved, and that X € {—1,0,1}.
To understand the first assertion in Lemma 2.5, observe that

4 <1 if
=0 N TRQMG=y) T B4 =)

for all y < d — 1, which equivalent to

P(M; <y—1P(M;=y+1) < P(M; <y)P(M; =y).

7
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This, in turn, can be verified through repeated application of (2.15). A similar argument
holds for i, To understand the second assertion of Lemma 2.5, observe that

P(M;+ X =j) = P(M; = 5)(1 — qn” — (1 — g7\") + P(M; = j — 1)gr?

J J j—1
+P(M; = j+1)(1 - g\?,
= P(M; =j| M; # d),

as can be verified directly. We refer the reader to the proof of Bartroff et al. (2018, Theorem
2.1) for more details.

As pointed out in Bartroff et al. (2018), constructing W in this manner leads to bounded
size biased couplings, that is, couplings such that |[W; — Wy| < C almost surely (here, for
C' = 2). The advantage of this coupling is that we need only move at most a single occupant,
and this makes it easier to express the quantity 7' arising in Theorem 2.2, particularly in
Section 4.2. Moreover, using this coupling instead of the standard one reduces the additional
logarithmic factors that occur when using Theorem 2.2 to prove local limit theorems.

3 APPLICATIONS

We present LCLTs with error in two applications: the number of degree-d vertices in an
Erdés-Rényi random graph, and the number of germs with d-neighbours in a germ-grain
model.

3.1 Erd6s—Rényi random graphs

Let G, be the set of simple and undirected graphs with the vertex set V = {vq,...,v,}.
We construct an Erdés-Rényi random graph G,, on G,, by letting the indicators E;;, which
determine the presence of an edge between v; and v;, be independent Bernoulli random
variables with a common success probability p when ¢ # j, and be zero when ¢ = j. In this
paper, we consider sparse Erdés—Rényi random graphs, that is, we let p = A\/n for some
constant A > 0.

We let M; = Z?Zl E;; be the degree of vertex V; in G,, and study the total number of
vertices whose degree is not precisely d:

n

Wa = Y M #d}. (3.1)

=1

Using elementary arguments, we obtain

o[ (d—(n—1)p)?
L (n—1p(1 —p)

where b, := ( 4 )pd(l — p)"~4=1. Observe that p4 and o2 are both of strict order n.

We are now in a position to state an LCLT for W,. This complements the work of a
number of authors, who establish central limit theorems for W, that apply when p = \/n:
Barbour, Karonski, and Rucinski (1989) prove that W, is asymptotically normal and, in
addition, obtain bounds in the Wasserstein metric of optimal order; Kordecki (1990) obtains

pa = EWy; = n(1—by) and o? = Var(W,;) = nb — 1| + nby,

8
This article is protected by copyright. All rights reserved.



bounds of optimal order O(c~!) in the Kolmogorov metric when d = 0, and Goldstein (2013)
obtains bounds of optimal order in the Kolmogorov metric when d > 0; Fang (2014) obtains
bounds between the distribution of W, and an appropriately discretized normal distribution
in the total variation metric that are of optimal order O(c~!); finally, Barbour et al. (2019)
prove an LCLT with bounds of order O(c~2log(c)/2), but only for the case d = 0.

Theorem 3.1. For an Erdés—Rényi random graph with p = X/n, if Wy is given by (3.1) and
02 := Var(Wy), then as n — oo, for any d > 0,

doy (L(Wa), TP (g, 05)) = O(1/0);

0o o 5/2
dloc(E(Wd)aTP(Mdao-?i)) = O(%)

3.2 Germ-—grain models

To define the germ-grain models that we study, let C,, := [0,7'/%)? be a torus; for x,y € C,,
let D(z,y) denote the distance between z and y under the Euclidean toroidal metric on Cp;
and, for z € C,, and s > 0, let By(x) denote the ball {y € C,, : D(x,y) < s}. Let V4,...,V,, be
independent points scattered uniformly in C,,. We refer to points in the set V := {V4,...,V,}
as germs. For a fixed value r > 0, let B;, := B,(V;) be the r-ball that surrounds germ i. We
refer to these balls as grains. To avoid small-n boundary effects, we assume that 712 < n.
Let

L, = {j#i:V;€By,} (3.2)

be the set of germs that fall in grain ¢, and M; := card{Z;,} be the number of germs that
fall in grain 7. We study the total number of germs whose grain does not contain precisely d

germs, that is,
n

Wa ==Y M, #d}. (3.3)
i=1
Using (3.3) and the fact that M; ~ Bi(n — 1,7r%/n), we obtain g := E(W;) = n(1 — by),

where J -
(n — 1) <7T7“2> ( 7rr2)n_ -
by = — 11— — .
d n n

An expression for o2 := Var(W,) is straightforward to derive, but more difficult to analyse
asymptotically. For our purposes, it is enough to apply Penrose and Yukich (2001, Theo-
rem 2.1), which implies that o2 is also of strict order n.

We are now in a position to state an LCLT for W,;. Our result complements the work of
a number of authors: Penrose and Yukich (2001) (see also Penrose (2003)) establish general
CLTs for geometric random graphs that apply to W, which in that setting corresponds to
the number of vertices not having degree d; Chatterjee (2008) gives optimal bounds in the
Wasserstein metric; Goldstein and Penrose (2010) obtain Berry-Essen bounds of optimal or-
der O(o™ ') when d = 0 and, when combined with the bounded size-biased couplings described
in Section 2.2, their method extends naturally to d > 0. Lachieze-Rey and Peccati (2017)
establish Berry—Essen bounds for functionals of binomial point processes; Penrose and Peres
(2011, Section 6.1) give an LCLT without rate for Wy on the scale of its span, though it does
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not appear that it is established that the span is 1. To the best of our knowledge, neither a
bound in total variation nor an LCLT has previously been established for W,, when d > 1.

Theorem 3.2. In the germ—grain model described above, for any fixed r > 0, if Wy s given
by (3.3) and o* := Var(Wy), then as n — oo, for any d > 0,

drv (L(Wa), TP(p,0%)) = O(1/0);

oo o 3/2
oo (LW, TP, 0%)) = O(M)

o

4 PROOFS OF THE APPLICATIONS

We now prove Theorem 3.1 (Section 4.1) and Theorem 3.2 (Section 4.2). In each section,
we split the proof into lemmas; we note that, with the exception of Lemma 4.5 (where the
analogue in for Erd6s-Rényi random graphs is trivial) the Lemmas in Sections 4.1 and 4.2
are in one-to-one correspondence.

4.1 Erdos—Rényi random graphs

To prove Theorem 3.1, we first construct a size biased coupling. To do so, we define a new
random graph G, with vertex set V = {v;}ic|, and edge indicators {E};}i jejn,izj, in the
following way. We let I be distributed uniformly on [n], independently of everything else.
Given [ =1 and M;, we let Z, Z,, and Z_ be independent Bernoulli random variables with

means ¢, 71'1(\72 and 7](\2, where the expressions for ¢, WJ(\}? and 7](\2 are as in Lemma 2.5 ; we

then let X := 77, —(1-2)Z_. If [ =i and X =0, we set Ej; = Ej; for all [,j € [n]; if
I =7 and X =1, we let J be uniformly distributed on {j € [n] : E;; = 0}, conditionally
independent of everything else, given I = ¢ and (E;;, j € [n] \ {i}), and we set £, =1
and Ej; = Ej; for all other pairs [, j; finally, if I = ¢ and X = —1, we let J be uniformly
distributed on {j € [n] : E;; = 1}, conditionally independent of everything else, given I = ¢
and (Eyj, j € [n]\ {i}), and we set E; = 0 and Ej; = Ej; for all other pairs [, j. If we let W;
denote the number of vertices in G; with degree different from d, then W has the size biased
distribution of Wy, and (Wy, W5, 114) is a Stein coupling.

The first lemma provides a useful expression for the quantity 71" that arises in Theorem 2.2,
when we apply it to the Stein coupling (Wy, W, u), in terms of local statistics. Fix r € N,
and, for G € G,, and each i = 1,...,n, let N,(i,G) be the ‘r-neighbourhood’ consisting of
the vertex—labelled subgraph induced by vertices at graph distance at most r from vertex 1.
Observe that M; is a function of N;(7,G,), and that

W, (v;) = ZE”I{M_t}

the number of degree ¢ vertices connected to v;, is a function of N3(i,G,); we refer to such
statistics as local. Lemma 4.1 shows that the quantity 7' that arises in Theorem 2.2 can be
bounded in terms of a sum of centred sums of bounded local statistics.
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Lemma 4.1. We have )
[E[GD |G, —0?| < (1—ba)> Ti,
=1
where T) = [T/ —ET]|, 1 <1 <6, and

7= Tuw,: 1w o= Tuw, T = Wy
n n

n (Wt (v:) — Walws) + I[M; = d — 1] — I[M; = d])m'?
T, = § 1M, 2 .
T UWay + Wi (0) + 1[M; = d — 1] = Wy — Wy(v;) — I[M; = d]}

T; = ¢» 1[M;>n/2 - .

4 inI[ >n/2] n— M —1 ’

" (W (0:) — Walv))y
T = (1- § j i
where
n n7r§\d4)
= 1[M, o — M
v ;[ i<

Proof. By considering the degree of the vertex I chosen and which of its neighbours gain or
lose an edge, we obtain

n N N
E(GD|G,] = (1 —m)Z(I{Mi = i+ C I ) W)
) A
+ —n — M,Z_ 1 |:—(’I7J — Wd_1) + Wd_l(vi) + I[]\4Z = d — 1]

+ (n— Wy) — Walvy) — I[M; = d]] );

note that, if M; =0 or M; = n — 1, so that the denominator in one of the fractions is zero,
the numerator is zero also, and the corresponding term is to be taken as zero. The lemma
then follows by observing that ¢ = E[G D], by rearranging the terms, and by applying the
triangle inequality. O]

Note that T3, T¢, W, and W,_; are sums of local statistics that are bounded by 1, that U is
a sum of local statistics bounded by 4, if n > 2, and that T} is at most n times the number of 4
such that M; > n/2, whose expectation is very small. These observations help in controlling
the norms of 07!T;, 1 < i < 6, as required when applying Theorem 2.2, because Theorem 2.4
can be invoked. For this example, the result of doing so has already been established as
Barbour et al. (2018, Theorem 4.2), and is therefore stated here without proof.

Lemma 4.2. Let U be a real valued function on all vertex—labelled graphs with one distin-
guished vertex v, and at most n — 1 other vertices. Suppose that there exists constants ¢ and
B >0 such that

U(G,v)| < ccard{V(G)}”,

11
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for every G in the domain of U. Fix A > 0 and let G, be an Erdos—Rényi random graph on
G,,, with edge probability p :== \/n; define

X; = UWN(4,Gn), 1)
and W =>"" X;. Then, for any q¢ > 1,
nTW —EW], < cK(8)[Camax{), q(1 + B)}'/* 7,

where K(B) = v/2(10"8 + 2'8) and C 4 := me*2/log(e — 1).

The implications of Lemma 4.2 for the moments of 0717}, 1 <[ < 6, are as follows.

Corollary 4.3. For each 1 <1< 6 and each 1 < q < [logo], we have o= *|T}||, < bg®/?, for
a suitable fixed choice of b.
Proof. Taking ¢ =1, § =0 and r = 2, it is immediate from Lemma 4.2 that
n 2T, < K(0)[Camax{\ q}]”?  i=3,5,

and, since o2 is strictly of order n, it follows that, for fixed b3 and b®),

o YT, < 09¢°2, i=3,5 forallg>1. (4.1)
For Wy, W41 and U, now taking r = 1, it follows similarly that

n Y2 mas{ [ Walg, [Wacilly [0/41,} < 602,

for all ¢ > 1, for some fixed b(?). To convert these bounds into bounds on the moments of T}
and T,, we use the following inequality. Let X and Y be integrable random variables with
means py and py, and write X' := X — uy and Y :=Y — py; then

XY —E{XY} = XY+ uxY' + uy X' — E{X'Y'}.
Hence, using the triangle inequality and Cauchy—Schwarz,

[ XY —E{XY} [
< XY lg + lpx 1Y llg + [y 11Xl + EIXTY| (4.2)
< 2YX = EX|lg|lY — EY[lo + [EXI[Y — EY ||, + [EY]|X — EX[,.

Taking X = n~'"?W,_; and Y = n~'/2U thus gives
1Tl < 8{0@}2(29)* + 8n' 200 g*;

hence, for ¢ < [logo],
o M Tully < bW, (4.3)

for some fixed bV, since 0~ '[logo]?/? is bounded in ¢ > 1. The same argument works also
for T5.

12
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Finally, for Ty, note that y ., I[M; > n/2] has maximum value n, and that the probability
that it does not take the value 0 is bounded by ¢, := nCe ™5, for a suitable constant
C' = C()\) and for n > 4\, in view of a simplified Chernoff inequality read from, for example,
McDiarmid (1998, Theorem 2.3(b)): for a sum S of independent Bernoulli random variables

with mean p,
P[S > (1+6)u] < e 3 if§>1. (4.4)

Hence it follows that, for a suitably chosen b4,
o Y| Tully < o'’ Be(en)lly = o R/t < b,

for all 1 < ¢ < [logo]. Combining this with (4.1) and (4.3) completes the proof of the
corollary. 0

Hence, in particular, when applying Theorem 2.2, we can take ¢, = 6b[log o]%/? in (2.7), and
o Y|T||2 < 6 x 25/2b in (2.5).

All that is now needed, in order to apply Theorem 2.2, is a bound of order O(1) for the
smoothness term T, to be used in (2.5). We derive it by applying Rollin and Ross (2015,
Theorem 3.7), using arguments that are based on those in Fang (2014, Section 2.3.1). In what
follows, we define the index sets A; ;== {[}U{j: E;; =1} U{J} and By ={j ¢ A;: E;; =
1 for some k € A;}. We then set

fg = O'(I,A[,B[,J,X),

observing that D (and G) are F» measurable.
Lemma 4.4. For Y = E[|GD(D — 1)|Se(L(W,4| F2))], we have T = O(1).

Proof. Because the size biased configuration is formed by altering at most a single edge of
Gy, we have |D| < 2, and hence |D(D — 1)| < 6. Thus
T = E[GD(D - 1)|S2(L(Wa| F2))] < 6n(1 = ba)E[S2(L(Wa| F2))]
< 6n(1 — b)E(Sa(L(Wa | Fo)) Umax{|Ar], | Bi]} < v/
+ 6n(1 — by)P[max{|A;|, | B;|} > v/n]. (4.5)

To bound the second term in (4.5), first observe that the distribution of |A;| is stochastically
dominated by Bi(n — 1,p) + 2. Thus, by (4.4), there exists C' = C'(\) such that

P|A;| > v/n] < CeVn/3 (4.6)

whenever /n > 2(A+1). Next observe that if Y7,Y5, ... are a sequence of i.i.d. Bi(n — 1, p)-

distributed random variables, then, using the standard exploration process coupling, |Bj| is

stochastically dominated by Zlfz"l' Y;. Using (4.4) again in (4.7), we then have

P(1Bi| > v/n) < P(|A] > n"") +P(|B;| > V| |A;] < ')
< P(JA;| > 0 +PEi e {1,..., [n*]}: Vi > nt/Y)
< (14nMCe /3 (4.7)

A\
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= 0(n™h). (4.8)

Combining (4.6) and (4.8), we see that the second term in (4.5) is of order O(1).

To bound the first term in (4.5), given Fy, we define a random graph G7? with vertex set
V and edge indicators E72 by letting E;?Q = E;; fori € Ay and j € {1,...,n}, and letting
l*?l-]]'--‘2 be independent Be(p) random variables for 4, j € (A;)¢. If we let W7 denote the number
of vertices in G72 with degree different from d, then £L(W;]?) = L(W,|F,). We now show
that, for any fixed F, with max{|A,|, |B|} < +/n, we have

Sa(L(Wy| F2)) = O(n™"), (4.9)

by applying Réllin and Ross (2015, Theorem 3.7). For ease of notation, in the remainder of
the proof, we suppress the superscript Fs, tacitly assuming that every random quantity has
distribution conditional on F5.

Let G, be as above. Let G/ be the graph obtained by choosing a pair of distinct vertices
v; and v; with

{Z,j} C C[ = (A] U B[)C,

uniformly at random, and resampling the edge indicator between v; and v;. Let G/ be
the graph obtained by applying the same operation to G),. If we let Wd, Wa'l and /Wvé’ be
the numbers of vertices with degree different from d in G,, G/ and G, respectively, then
(Wd, Wc’l, Wa’{ ) are three successive states of a reversible Markov chain. Thus, if

Q1 (G) = P[W,=W;+1|G, =]

and
Q+1,.41(G) = P[Wé:Wd:tl,WC’l’:WC’l:tHgn:G],

then, by Ro6llin and Ross (2015, Theorem 3.7), we have

~ 1 9
STl F)) < g gy [2Ver@i(Gn) + ElRuG) — Qu(G)’

(4.10)
+2VarQ-_1(Gn) + E|Q-1,-1(Gn) — Q—l(gn)zq :
The remaining argument shows that this quantity is of order O(n™1).

We first need expressions for Q+1(G). For s,t > 0, we let Hg,{(G) (Rf{(G)) denote the
numbers of connected (disconnected) vertex pairs {v;, v;} in G that have degrees s and ¢, and
are such that i,j € C;. We also let HE1(G) = Y-, Hgt’(G) (RE1(G) = > 1ap RSC,{(G)) be
the numbers of connected (disconnected) vertex pairs {v;,v;} in G such that at least one of
v;,v; has degree s, and such that 7, 7 € C;. We now have

RY(G) — RSY(G) — RS, (G
Qi(G) = p © ’(éf)) = )+(1—p)

RS (G) — RS, ,(G)— RS, , (G
0.(C) = p a-1(G) — Iy (,é)) i-1,4-1(G)

HY'(G) — H4(G) — Hyly 4(G)

() |

(4.11)
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Hil\(G) = Hig(G) = Hilfy 4,1(G)
(2

These equalities are obtained through elementary considerations. For example, the first term
in (4.11) is obtained by observing that the number of degree d vertices decreases by exactly 1
when the chosen vertices are connected after resampling, and were previously disconnected,
with one having had degree d and the other having had neither degree d nor d — 1; if both
had had degree d, W) would have exceeded Wy by 2, and if one had degree d and the other
degree d — 1 there would be no change.

To prove that E(Q4;(G,)) is of strict order n™!, so that the denominator in (4.10) results

in a factor of order O(n?), we observe that, conditional on F5, the degree of each vertex v;
with i € C7 is distributed as Bi(|B;| + |Cr| — 1, p). Thus, if we let

b§:2 — <|BI| + |CI| - 2)]78(1 _p)|BI|Jr|C1|727s7

+(1=p) (4.12)

S
then we have

1]

B 6) = ()= a1 21+ 071 = ]
Bre G) = (157) - iz - ez
G (4.13)
B(SHG) = (G )t £ 1) + 07010 =
B, = (G )z - 07
Combining (4.13) with (4.11) and (4.12), we obtain
B{QUGN) = 201~ P + 52, — (7 — (B2, — 207
= 2p(1— (O + B0~ B ) (4.14)
= E(Q*l(Qn)%

which, for fixed d and with p = A/n for fixed A, are both of strict order n=1.

To bound E|Q11(G,) — Q1(Gn)?|, for G € G,, and C; C V, we let (Ggll)(G) be the set of
graphs in (G, that can be obtained by modifying at most a single edge in G whose ends are
both in C7. By observing that modifying a single edge can alter the degrees of at most two
vertices, we obtain, for G € G,, G € Gg)(G), and s,t > 0,

/

[RJ(G) = RG] < 2iC1f, [H(G) = H(G)| < 2s, (4.15)
[RG(G) = RG(G)] < G, [HI(G) = H(G)] < 2max{s,t}. |
Combining (4.15) with (4.11) and (4.12) we have
/ 6p|Cr|+6(1 —p)(d+1
Q:1(€) ~ Qui(c) < PO P ] (4.16)

CONNE
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for any G € G,,, G’ € GY(G), and C; C V. Using (4.14) and (4.16) in (4.17) below, and the
prescription that p = A/n and max{|A;|,|B|} < v/n in (4.18), we obtain

E[Q1,1(Fn) — Q1(G,)’|
= Z P(Gn = G)|Q11(G) — Q(G)?|

GeGn,

=Y QOPG. =6 Y QCPG, =GC16.=GC)| - Q&)
GeGn a'eGi (@)
< s {IQUE) - QUG JEQi(G)
GeC,, GGl (@)
pICil + (1 —p)(d+1)
(5

=0(n™?%); (4.18)

<12

p(1=p)(b3” + bg2,) (1 = by = 2y (4.17)

and the same arguments apply to E|Q_1_1(G,) — Q_1(G,)?|. Since also

var(Q:l:l(gn)) = O(n_3)7 (419)
in view of Fang (2014, Pages 1416-1418), combining (4.14), (4.18) and (4.19) with (4.10)
gives (4.9), and hence the result. O

Theorem 3.1 now follows directly from Theorem 2.2, in view of the bounds on the quan-
tities appearing in (2.7) and (2.5) established in Corollary 4.3 and Lemma 4.4.

4.2 Germ-—grain models

To prove Theorem 3.2, we construct a size biased coupling, based on a new configuration
Ve ={Vy,...,V?} Let W](\fg, %(\52 and ¢ be as given in (2.13) and (2.14). Let Z ~ Be(q) and I,
distributed uniformly on [n], be independent of everything else. Given My, let Z, ~ Be(m(\%)

and Z_ ~ Be(fy](\%) be conditionally independent. Set
X = 22, - (1-2)Z_. (4.20)

IfX =0 let V=V If X = —1, let Jbe distributed uniformly on Z;,, defined in
(3.2), independently of everything else; then let V; be distributed uniformly on C,, \ By,
independently of everything else, and set V> =V, for all i # J. If X =1, let J be distributed
uniformly on (noting the modified set definition)

I;, = [\ (Zr, U{I}),

independently of everything else; then let V7 be distributed uniformly on By ,, and set V;* = V;
for all i # J. By considering (2.12), if we let W be the number of germs in V* whose r-grain
does not contain exactly d germs, then W has the size biased distribution of Wjy; see also
Bartroff et al. (2018, Section 3.2.2).
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Given this coupling, the proof of Theorem 3.2 is split into several lemmas. To state them,
we first require some definitions. For s > 0 and x € C,, let

Zs(x) == {jen]: V;eVnBs(x)} (4.21)
be the set of germs contained in By(z), and write
Ny(z) = card{Zs(z)} (4.22)

be the number of germs contained in Bg(x). Given V, for i € [n] and j € ffw let A;; be the
expected increment in Wy when V; is moved to a uniformly selected location in B;, and, for
i € [n] and j € Z,,, let R;; be the expected increment in W, when V; is moved to a uniformly

selected location in Cy, \ B;,. To help express A;; and R;;, let

Sj—1 = —H{M#d}+ > [{M;=d} —{M, =d+1}] (4.23)

(eT;

be the increment in Wy when Vj is removed from V, and

Hotl = - dx{I{Nr(x) #£dy+ Y My=dy — M, =d - 1}]} (4.24)

r )
B LeLr(x)

2y

be the expected increment in W,; when an additional germ is inserted uniformly at random
in B;,. At first, it may appear that A;; = S; + H;; however, if removing V; from V causes
the value of H; to change, then this is not the case. We let

Qy = —5 [ de{1{r € B Y- 1No(a) # d) +1{N, () # d + 1]

2
™r B,

+ Y [I{Mz=d+1}—21{Mg:d}+I{Mg:d—l}]}

LeT, (x)NT;

_ # 5 dx{l{x € B, }I{N,(z) = d} — {N,(z) = d + 1}]
+ > [{My=d+1} - 21{M, = d} + I{]M, :d—l}]} (4.25)
LeL, ()N, ,
be the increment in H; caused by removing V; from V. Observe that
Qi = 0 if D(Vi,V;) > 3r. (4.26)
With these definitions, we now have
Aij = Hi+5; 4+ Q. (4.27)

To express R;j, first note that, when a germ is inserted uniformly into By, then the
expected change in Wy is given by

n

K1 = — Q/C dr{ N () # d} + 3 [1{M, = d} ~ 1{M, = d ~ 1))}

n—mnr
LeLr(x)
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_ ! [/C a{UN @) £ dh+ 3 MMy 2 d— 1)~ 10, £ )}

n — mr?
" LeTy (z)

— / da:{I{Nr(x) #d} + i {M; =d} —I{M; =d— 1}]}}
Bi,r 0ET, (x)
_ r? (Wi s — Wy — Hy) — 1

n — mr?

Va1, (4.28)

where

Yy = / N, (2) = d} da.

n

As before, if removing V; from V does not cause the value of K; to change, then R;; = S, + K.
To account for instances where K; does change, for i € [n] and j € Z; ., we let

1
By = — s dx{I{NT(x) £d+ 1} — N, (2) # d}
+ 3 M{Me=d+1) - 21{My = d} + H{M; = d - 1}]},
e, (x)
1

- dx{I{Nr(x) — d} —{N,(z) = d+1}

2
" J B \Bi,,

+ Y [I{Mg:d+1}—2I{Mg:d}+I{Mz=d—1}]}7

LeT, ()

(4.29)

be the change in K; caused by removing V; from V. Using the expression for K; in (4.28), we

now have )
r 1

Rij — Sj —|— (Wd - Wd,1 — Hz) —

Yy + E;;. 4.30
n — wr2 n — 2 d + Bij ( )

The following lemma is similar to Bartroff et al. (2018, Lemma 3.3), and shows that the
values of S;, H;, Q;; and E;;, as well as of ) et S;, are uniformly bounded. The bounds
are expressed in terms of k,, where kg is the maximum number of disjoint unit balls that can
be packed inside a ball of radius s. A crude bound on k,, which is sufficient for our purposes,

1S

oo Leb{BO}
CE LBy

where Leb denotes Lebesgue measure.

Lemma 4.5. For every i,j and configuration V,
1Si| < ka(d+2), |Hy| <rs(d+1), [Qij| <2r3(d+2), [Ei|<2kr3(d+2),

and
‘ S 8| < msld+2)2

JEL(V5)
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Proof. For s > 0, let
Fs,u(x) = Isr(x) N {j € [TL] Mj = U}

be the set of indices of all degree u vertices within distance sr of x, so that

Z HM; =u} = card{l;,(z)}.

J€Lsr(x)

To bound card{I ,(z)}, first observe that

My = S BV 0 BypalVy) # O (431)
J#i

that is, M; is given by the number of r/2-grains that intersect the r/2-grain of germ i. Now
let R.u(x) be a subset of I'y ,(z) with maximal size such that its corresponding r/2-grains
are pairwise disjoint. Because the r/2-grains of elements in R, ,(z) are contained within
Bariryo(x), we have card{R; (%)} < kast1. By the maximality of R, (x), the r/2-grain of
each germ in I'; ,, () \ R ., (z) must intersect that of a germ in R ,,(x). Because the r/2-grain of
each germ in R, (x) intersects u other r/2-grains, we then have card{I's ,(z)} < Kost1(u+1),
which implies that

> KMj=u} < mpen(u+l). (4.32)

J€Lsr(2)
Applying (4.32) to expressions (4.23), (4.24), (4.25) and (4.29) yields the bounds on S;, H;,
Q;; and E;;, respectively.
To bound ) S;, observe that

jeIi,'r
)DETEND DD DI E A D DI (LS Dl
J€Lir JEL (Vi) €T (V) LT (V;) JEL(Vp)
= ) H{M;=d}(M,+1) < rs(d+1)>
ZGZQr(‘/i)

A corresponding lower bound can be obtained by applying the same arguments, but with d
replaced by d + 1. O

We say that the radius of a random variable indexed by i is the smallest value of p such
that X, is determined by the positions of B,(V;) NV relative to V;. Observe that radii of
M, = d}, W](\i[lz and 71(\2 are all equal to r, that the radius of S; is 2r, that the radii of H;
and Q;; (by (4.26)) are both 3r, and that the radius of }°, ;. Ej; is 4r. Because each of
these random variables has a finite radius, we refer to them as local statistics. In light of
Lemma 4.5, the next lemma demonstrates that the T" arising in Theorem 2.2, when we use the
size biased coupling described above, can be bounded by absolute values of centred variables
of the following forms: sums of uniformly bounded local statistics (7%, T», T5, 75, Ty, T11), 1/n
times the products of sums of bounded local statistics (73,77, Tg, Tho), and sums of terms
which are only non-zero on the rare events I{M; > n/2} (1}).
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Lemma 4.6. Using the notation defined above, we have

11

[E[GDIV] —o?| < (1—by) T3,

where T; == |T] —ET]|, 1 <i <11, and

= ¢ i H;; T, = qzn_ M1 > Qi
=1

]EIC

mrM {M; <n/2} 7TM {M,; >n/2} &

2
I = qz (n—M; —1) ;SJ’ I = qz n— M —1 jZ:SJ’

i=1

Ty :qi#&?_l.z S Ts = (1_(])'2”:?\(4]\3512%;
i=1 JEL (V) i=1 JEL',T
m - S wzv - (Ziiifi Worr 3
T, = (1-9q) ZVM Z Eij,
M; JE€Ti

adopting the convention that summands with zero numerator are zero, for example if M; =0
m Tll-
Proof. Applying (4.27) and (4.30) in (4.33) and (4.34), respectively, we obtain

E(GD|V) = uE(W; —Wq|V)

n

- -3 5 g L0 5 g

=1 jGIC ]EIM"
n 7T](\§)
= (1-by)g Z m Z (H; + S; + Qi;) (4.33)
=1 jEIC
2
+ (1 — ba) 1—(12 Z( (Wd—Wdl—H)
l JeIZT (434)
1
_ Yy Ez)
n—7rr2 at B
= (1—ba)g {Z?TMH +Zn_ = > 5 +Z _M — > Q”} (4.35)
jGIC jEIC
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L)1) [z’VM DRRIRULELIEEN S

l

JEL; » i=1
2 n Y n n
i S Y 5 R
1= JE€Li,r
We rearrange the second term in (4.35) to obtain
n n (d)
Zn— A_1ZS :Zn— ,_1 ZS_ Z Sj
i=1 _]EZC i=1 JEL (Vi)
u I{M < n/2} u I{M > n/2} "
e
n '/Tg\f[l)
2wt 2
= JEL (Vi)

After observing that o2 = E[G D], the result follows by applying the triangle inequality. [

The next lemma is used to show that the quantities 7] are weakly concentrated about

their means. Note that, in view of Lemma 4.5, we only apply this result when g = 0; however,
proving the result in the more general form stated below requires little additional effort.

Lemma 4.7. Let U be a real-valued function on finite subsets of C, with a distinguished
point v, whose value is determined by the positions of points relative to v. Suppose also that
there exist constants ¢, 5 > 0 such that, for any set A C C,, with distinguished point, we have

|U(A,v)| < ccard{A}”. (4.36)

Fizing s > 0, define
X; == UVNB, Vi) and W =) X,
i=1
Then, for any q € N,
n VW —EW|, < 2V6c[Camax{9ns?, q(1+ B)} +1)PT3/2

where Cy = me®2/log(e — 1).
Proof. To obtain moment bounds for W, we use Theorem 2.4, together with a suitable Stein

coupling that makes use of the dependenee structure. For each j =1,...,n we generate a
new configuration Y0 = {V } from V. To generate V) for each i €, we let

VZ-( be uniformly dlstnbuted on C’n, mdependently of everything else; for each @ € fjs =
{1,...,np\(Z;s U{j}), welet VY = V; with probability 1 — 7s?/n, and otherwise let V") be
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uniformly distributed on B; s, where both randomizations occur independently of everything
else; finally, we let V}(j ) = V;. Let J be uniform on the set {1,...,n}, independently of
the random objects above, and define W := W) and G := —n(X, — EX,). To show
that (W, W,G) is an exact Stein coupling, first observe that for each j € [n], {V; : i € Tis}
and YU are conditionally independent given V. Therefore, X, and W) are also conditionally

independent given V. Since X; depends on the positions of the points of V only relative
to V}, it follows that £(X;|V;) = L£(X}), and thus combining the arguments above, that X;

is independent of W ). Consequently,
— F(W))] = E[-n(X, — EX,)(f(WY) = f(W))]

—

W)
=Y —E[(X; — EX;)(f(WV) = f(W))] = E[(W — EW) f(W)];

that is, (W, W, G) is an exact Stein coupling. Moreover, because £(W) = L(W), the central
moments of W and W are equal, and hence Theorem 2.4 applies.
To apply Theorem 2.4 to bound the ¢-th central moment, we need to bound

G2 = no™' > EIX; — EX|7, (4.37)

i=1

and, forﬁ::W—W,
~ 1 e~
Dl = = ElW W — q
IDI; = 5B - w)

q

_ NGRS R0 “_rIN R0
- EZE’Z(XZ. e E’Z(Xi ~ x| (4.38)
j=1 =1 =1
To bound (4.37), note that, in view of (4.36) and Lemma 6.2,
1Xilly < ellN(Vi)lly = elN(V)ll3, < elCamax{ms® g5} +1]7. (4.39)

Using (4.39) and Minkowski’s inequality, this gives
E[X; —EX|" = | X; —EX[|7 < (|X:lly + 1 Xill)? < (20)7[Camax{ns?, ¢} + 1]7.
Thus, from (4.37), we can bound
IGll, < 2ne(Cymax{ms?, ¢} +1)°. (4.40)
To bound (4.38), for ¢ > 0, let

70 = {i#5: V" e BV}

contain the indices of the germs located in Bg(vj(l)) in configuration V. Observe that

| X; — )?51)| = 0 if germ 7 is located (i) at least 2s units from Vi, (i7) at least s units from
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the previous location of a germ that has been moved inside B,(V}), and (éi7) at least s units
from any germ which has been moved outside By(V}).
We define M as follows, so that {1,...,n} \ M contains the indices of such germs:

M = (1} UTa2) | (Uezn Z W) U (Vien 2.7
_ ({1}UL725)U( I(1><Lsu{z}))u( Hlsz“)) (4.41)
= (0 oz U(ver. @ v D) U(Vzn ). (442)

where the last equality is by considering the the groups (i), (i7), (iii) relative to the new
configuration V(). Even though these sets are equivalent, we think of (4.41) as M and (4.42)
as M1, We now have

SN -xM < Y X+ Y XY

— iem ieM ieM
(1
< Y e Y -
i€T1 2,0{1} ieZ(}), u{1}
(1
DD INLTED VD I e
i) G€Ti Ui} i€ jez{Jufiy
(1
LD ORED SEENEED DD DI v (R0
s GeTIN\(T1,0,001)) i€Z{!) jeTi \(T{3,U{1})

where we remove some double counting in (4.45). By considering the process of generating

VO from V in reverse, observe that the left and right hand terms of (4.43)—(4.45) have the

same distributions, and thus we only need to bound the gth-moment of one term of each.
To bound the first term of (4.43), observe that, for each i € Z; o,

X5 < e(Ns(Vi)? < e(N3s(V1))7,
and that there are Nos(V}) such indices; hence

> IX < eNau(Vi)(N3o(V1)? < e( N5, (V1))

iGILzSU{l}

implying that

< ell(Ns (Vi) g = el Nas(V)I (3 1,

(B+1)q
q

>

iEILQSU{l}

Because L£(Ns4(V1)) = Bi(n — 1,97s%/n) + 1, we may then apply Lemma 6.2 to the right
hand side of this last display to obtain

>

iEILQSU{l}

< ¢(Cpmax{97s?, (B + 1)q} + 1) (4.46)

q
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As previously mentioned, this also bounds the second term of (4.43).
To bound the second term of (4.44), for = € C,,, let Ngl)(x) be the number of points in
configuration V) that fall in B,(z). Observe that, by the same arguments as for (4.43),

SN XM < ST NPy

1€T s JEZ(?U{Z} 1€17 s

By construction, (Néi)(f/i(l)))igm has the same distribution as the counts of the first (say)
|Zy 5| 2s-neighbourhoods in an independent uniform n-configuration, and so we can apply

Lemma 6.1. Applying Lemmas 6.1 and 6.2 thus gives

S (NG (V)

iEILS

< ¢||Ns(V1) — 1||q||(N2(i)(V;_(1)))ﬁ+1Hq

q

< ¢(Cpmax{4rs?, (B + 1)q} + 1)+ (4.47)

To bound the first term of (4.45), first note that, for each i € 7, 5 and j € fi(’ls) \ 7 2s,
we have | X;| < c(Ngs(\Z(l)))ﬁ (recall that NQS(‘Z(U) gives the number of germs that fall in
325(172-(1)) in configuration V, not V). However, because N25<‘7;(1)) and Z; s are dependent
(to see why, consider the distribution of NQS(‘7(1)) given card{Z, s} = n), we are unable to
apply Lemma 6.1 directly. To construct a bound on . JEEO\ @ 000(1)) | X;| that is independent

of 7, s, first note that, for each i € 7, ; and j € IZ-{S) \ (Z125 U {1}), we have
X1 < (V) = ceard{Z(V) \ Z. (1)}’

since Z,(V;) NZs(V1) = 0 when J ¢ T, o, U {1}. Then, because j € IZS .V;eB (V( )), and so
Z(V;) C IQS(‘Z(D); hence

X5 < ceard{Zo, (V) \ ()},

We now construct a new configuration, Vo = {V1 ,...,Vn )}, from V, such that, for
i€ 1Ii,, Vi(l) =V, and, for ¢ € 7, U {1}, Vi(l) is distributed uniformly on C,, \ B,

independently of everything else. Extending our notation naturally, we now have
1X;| < ccard{Zo (VY \ TV} < e(Noo (V)P

By construction, NQS(VZ-(I)) is independent of Z; ; and is stochastically dominated by the
distribution Bi(n,4ms?/(n — 4ws?)). We may now apply Lemmas 6.1 and 6.2 to obtain

> Xl

€L GET )\ s

< e[ N (V) = 1l | Nao (Vi 5L

q

< ofCymax{drs®, (B +1)q} +1)772. (4.48)
Combining (4.38) with (4.43)—(4.48) we obtain
ID|l, < 6¢(Camax{9ms?, (5 +1)q} +1)+2. (4.49)

Thus, using (4.40) and (4.49), we can apply Theorem 2.4 to obtain the required result. ]
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Corollary 4.8. For each 1 <1< 11 and for q € {2, [logo]}, we have o~ ||T;||, < bg®/?, for
a suitable fixed choice of b.

Proof. . For ¢+ = 1,2,5,6,9,11, Lemma 4.5 implies that the conditions of Lemma 4.7 hold
with s = 4r, ¢ = k5(d + 2)% and 8 = 0, so that there are constants b;, i = 1,2,5,6,9, 11, not
depending on ¢, such that, for any ¢ € N,

o T, < big*. (4.50)

nmy, {M;<n

For i = 3,7,8,10, we use (4.2), taking X = """ | %, Wa, Wa_1, Yyand Y =
> =1 S), Z?:171(\27 > 17](3), ZLI%(WE, respectively; with the exception of Y, we can
apply Lemma 4.7 with s = 2r, ¢ = k3(d 4+ 2) and § = 0 to prove that there is a constant

¢ > 0 such that, for all £ € N,
o X —EX|p < %2 and o 'Y —EY|, < k%2 (4.51)

For Y,, rather than defining a Stein coupling and using Theorem 2.2, we quote Bartroff et al.
(2018, Theorem 3.2), which implies that, for some C' > 0 and all ¢ > 0,

t2
P(|Y; — EY, t) < - . 4.52
(V=Y > 1) < x5 (1.52)

Since EY; < n, a standard calculation implies that (4.51) also holds for ¥ = Y;. Now
applying (4.2), and using the fact that, for i = 3,7,8,10, n'EX < land n 'EY < ky/(d+1),
we deduce that there are constants b;,7 = 3,7, 8,10 such that
o Y| Till2 < b, (4.53)
and, for ¢ = [log(c)], and for all o large enough,
o 'Till, £ bymax{o"(logo)? (log 0)3/2} < b;log(a)3/. (4.54)
To bound Ty, we use (4.4), which implies that, for some constant C' = C, 4,
IP’(ZI{Mi > n/2} # 0) < Cnexp(—n/6). (4.55)
i=1

In addition, applying Lemma 4.5 to bound S, we have

ZS

since the interpretation of any summand with M; = n — 1 is zero, as remarked in Lemma 4.7.
Thus o~ !|Ty]|, < by for all ¢ € N, and the corollary is proved. O

I{M > n/2}

< n’r3(d+1) as., (4.56)
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Hence, in particular, when applying Theorem 2.2, we can take c; = 11b[log]%/? in (2.7),
and o !|T|| < 11 x 23/2b in (2.5).

Since R = 0 a.s., all that remains to be proved, in order to apply Theorem 2.2, is a bound
of order O(1) for the smoothness term T, to be used in (2.5). Using the notation I, J, X
and V}* from around (4.20), we define

f2 = U(I7X7 J?‘/DVJ?VJsaV N BQT(‘/I)7vm BT(VJ)’VO BT(VJS))’

observe that D (and G) are Fp-measurable. We adopt the convention that J = I when
X =0

Lemma 4.9. For Y defined in Theorem 2.2, we have T = O(1).

Proof. From Lemma 4.5, we see that there is a constant K such that |D| < K, uniformly
in n (see also the proof of Bartroff et al. (2018, Theorem 3.3)). Letting N72 := card{V N
(B (V7)) U B.(V;) U B,.(V$))}, we have

T= EHGD(D - 1)|52(‘C(Wd \ Fz)]
< pK(K + D{E[Sy(L(Wq| Fo) N2 < /n}| + E[So(L(Wy | Fo) {NT2 > /n}]}
< pK (K + 1D)E[Sy(L(Wy | Fo) {NT2 < /n}] (4.57)
+ pK (K +1)P(N”2 > /n). (4.58)

To bound (4.58), observe that L£(|V N By (V7)|) = Bi(n — 1,47r?) + 1. If X = 1, then
VNB.(V;) CVN By (Vr) and card{V N B.(V;) \ Ba.(V7)} is stochastically smaller than a
random variable with the distribution Bi(n — 1,77r?/(n — 7r?)) + 1; and if X = —1, then
VN B, (Vy) € VN By (Vy) and card{V N B,(V}) \ Ba(V7)} is stochastically smaller than
a random variable with the distribution Bi(n — 1,7r%/(n — 7r?)) + 1. Letting Y denote a
random variable with distribution Bi(n — 1, 7r%/(n — 7r?)), and applying (4.4), we obtain

P(N72 > \/n) < P(Nop(Vy) > v/n/2) + P(YY) > \/nj2) < Che VM0, (4.59)

for some C, > 0, uniformly in n. This implies that (4.58) is of order O(1).

To bound (4.57), given F,, we define a new configuration V72 = {V/2 ... V72} by letting
V72 =V ifi € 7o, (V1) UL (V) UZ.(V$), and otherwise letting V;”2 be uniformly distributed
on Cy, \ (Ba (V1) U B.(Vy) U B,.(V})), independently of everything else. Observe that, if we
let Wf 2 be the number of germs in V72 whose grain does not contain precisely d germs, then
L(W;?) = L(W,| F). To establish the bound on Y, we prove that, for any fixed event in F
with N72 < y/n, we have )

So(L(W4| F2)) = O(n™h). (4.60)

For ease of notation, during the remainder of the proof, we tacitly assume that every random
quantity has distribution conditional on F5.

We first establish (4.60) under the assumption that d > 1. Divide the space C,, into
disjoint rectangles R; with height 7r/3 and width 13r/3; if we ignore any left over space, then

there are {%J L v/n J such rectangles. Let R := {i: R;N(Ba,(V1)UB,.(V;)UB,(V5)) = 0} be

13r/3
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the set of rectangles that do not intersect By, (V7)U B,.(V;)U B,.(V}). Letting n, := card{R},

we see that
ARSI AR

since, for instance, a ball of radius 2r can intersect at most 6 of the rectangles; this means
that n, is of strict order n. Let (z;,v;) € C,, denote the coordinates of the bottom lefthand
corner of rectangle i, and, for j = 1,...,4, let ¢;; = (x; + /2 4+ 2rj/3, y; + Tr/6). We
say that the good event occurs in R;, denoted GE;, if (1) Nyj6(cin) = 2, (i) Nyjs(cio) = d,
(iii) Nyss(cig) + Nyjo(cia) = 1, and (iv) V0 (R \ Ut B,js(ci;)) = 0. Observe that, if the
good event occurs in R;, then the total number of germs in R; whose grain contains exactly d
germs is 1 if N,/(ci3) = 1, and is 0 if N, /(c;a) = 1, regardless of the configuration of germs
outside R;.

Let [{GE;} denote the indicator of GE;, and let Rgp :={i € R: I{GE;} =1}, Ngg :=
card{R¢g}; define U; ; = Leb{By,.(V7) U B.(V;) U B,.(V})} < 57r?, noting that it is JFo-
measurable. For ¢ € R, through elementary calculations, we obtain

n— N%2 IR| "
¢ = euom) = (") ()

L (n= Ui = [RI\"NTE @ 4 ) (i /6)2\
n—ULJ d! |RZ| '

Under the assumption that N72 < \/n, we conclude that ¢ converges to a positive constant,
for d fixed, as n — oco. When combined with (4.61), this gives E(Ngg) = n,.{ < n. We can
then (suppressing the conditioning on F, in the expectations) write

SQ(Wd‘FZ) = sup E[AQh(Wd)]

= :;S;I;E[AQh(Wd) {|Neg — E(Nee)| = E(Nae)/2}]
+ hmpgl]E[AQh(Wd) H{|Nge — E(Ngg)| < E(Neg)/2}]

< AP[|Nop — €| > m,€/2] (4.62)
+,ou E A2h(Wy) | [ Nap — n,€| < ”;5 . (4.63)

We establish (4.60) by separately demonstrating that both (4.62) and (4.63) are of or-
der O(n™1).
To bound (4.62), observe that, for i # j € R,

E({GE} {GE;}) = (E(H{GE;} {GE} =1)

_: n— NP2 — (d+3) |R;| a3
a d+3 n_U[’J_|R7;’

L (= Uy = 2ARN"TY D @ 4 30 (i /6)2\
n—UI,J—]Ri] d! |Rz| .
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Under the assumption that N*2 < \/n, we easily deduce that
E{GE}HGE;}) = &(1+0(1/n)),
which leads to
Var(Nep) = Y E(I{GE;}{GE;}) — nZ¢’
0]

- n(n — 1DE(1+0(1/n)) + n,& — g’
= O(n).

By Chebyshev’s inequality, it follows that

Var(Nge)

To bound (4.63), we let X; = >°" | I{V; € R;} I{M; = d} be the number of germs in R;
whose grain contains d other germs, and define

For the reasons described above, £(X;|i € Rgr) = Be(1/2) and, given Rag, (Xi)ierg, are
conditionally i.i.d. and independent of Z;.

By a standard argument, for B ~ Bi(m, 1/2), supy,. pj<1 E[A*A(B)] < Cm™, for a uni-
versal constant C. Since, on [Ngg —n,.&| < n,&/2, we have Ngg > n,£/2 < n, it follows that,
for all h with ||h]] <1, we have

"E zi| = o),

E A2h<Wd) ‘ RG’Ea |NG’E - nr§| S

where the constant implied in the order term can be taken to be uniform in n and in the
realizations of the conditioning random variables. Taking expectations establishes (4.60), and
thus the lemma in proved in the case d > 1.

The proof in case where d = 0 follows the same lines, once the definition of the good event
in Rz is modified to (Z) NT/G(CZ',I) = 2, (ZZ) Nr/G(ci,2> + NT/G(Ci,3) = 1, (ZZZ) Nr/6<ci,4) = O, and
(ZU) 28 (Rz \ U?:lBr/6<ci,j)) = @ ]

In view of Corollary 4.8 and Lemma 4.9, and because R = 0 a.s., Theorem 3.2 is proved.

5 PROOF OF THEOREM 2.2

We begin by giving a high level overview of Stein’s method for LCLTs. Stein’s method is
used to bound distances that can be expressed in the form

d (L(W), L(Z)) = sup {ER(W) —Eh(Z)};
heH )
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here, we consider Hyy = {14: A C Z} and Hioe = {*1l{ey: a € Z}. To apply Stein’s
method, we first find an operator A such that EAf(Z) = 0 for all functions f for which this
expectation exists; we then solve the Stein equation

Af, = h—Eh(Z),
for all h € H ), yielding the set of solutions F(,; finally, we bound

dey(L(W), L(Z)) = Sup EAf(W) (5.1)
REF (%)

by deriving properties of the solutions f, € F(,) and by exploiting probabilistic properties
of W. In the case of approximation by translated Poisson distributions, deriving properties
of fn € F(4) reduces to studying the solutions to the Poisson Stein equation

Mali +1) —ifa(i) = h(i)) —ER(Y), i>0; Y ~Po(\). (5.2)

Indeed, recalling the definition of the translated Poisson distribution in Section 2.1 and the
notation s and v of (2.1), we need only to take A := 0 4+« and to replace f;,(z) by gn(z) =
fu(x—s) for x € Z. If h = 14 and f, is the corresponding solution to (5.2), then the primary
property of f, used to establish the local bound in Theorem 2.2 (see (5.7)—-(5.9)) is

1 A—x
M| £ S+ P+ L) (5.3
where A denotes the first difference operator Ag(k) = g(k+1) — g(k). We refer the reader
to Barbour et al. (2019, Lemma 3.3) for the derivation of (5.3).
After deriving the necessary properties of F,), it still remains to bound (5.1) using prob-
abilistic properties of W, for which we use a Stein coupling. If (W, W’ G) is a Stein coupling
and D := W' — W, then

[EAgn (W + 1) = Wagn(W)]] (5:4)
= [EAAG (W) + G(gn(W') — gn(W))]|
< [E[(A = GD)Agn(W)]| + [E[GDAgL(W) — G(gn(W') — gn(W))]|. (5.5)

If we can find a Stein coupling, it allows us to bound (5.5), which is generally easier to bound
than (5.4). Roughly speaking, if we continue this derivation and apply (5.3) to each g,,
then we obtain the following result, which is relatively straightforward to put together from
Barbour et al. (2018).

Theorem 5.1 (Corollary 2.3 and Lemma 2.6 of Barbour et al. (2018)). Let (W, W’ G, R) be

an approzimate Stein coupling with W and W' integer valued, EW = u and Var(W) = o2.

Set D .= W' — W, and let Fi and F5 be sigma algebras such that W is Fi-measurable and
such that (G, D) is Fa-measurable. Define

T = E[GD(D —1)| So(L(W | F2))],

and

= |E[GD | F1] — E|GD]|.
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Then

—_

drv (L(W),TP(u,0%) < ;(0_1||T||1 + 2||R||2 + 2(T +1)). (5.6)
Moreover, for any any positive t,
Sloc = dioe (L(W), TP(,0%))
1
< = (20‘1||T||2 + t(t‘l]E[TI[a‘lT > t]] + osup P(W = a))) (5.7)
o a€L
+ 121l 34+ osupP(WW =
g a€Z
2(r+1
L2t (5.9)

g

Proof of Theorem 2.2. The condition (2.5) of Theorem 2.2 and the Cauchy—Schwarz inequal-
ity imply that (5.6) is bounded by 5c;0~!, which is the total variation bound (2.6). For the
local bound, it is immediate that (5.9) is bounded by 2c;02. Next, note that

Sup]P(W = (l) < 5loc =+ sup TP(M: 02) ({CL}) < 5loc + J_la (510)
a€Z a€Z
and so (5.8) is bounded by 4c,072% + c10 7 1. For (5.7), the first term is easily seen to be
bounded by 2c;072. To bound the second term, note that Markov’s inequality implies that,
with ¢ := [log o],
o
ta

tT'E[T1oe'T > t]] < E[(c7'T)] = < o(cp/t) . (5.11)

~

Choosing t = ecy implies that (5.11) is bounded by 1. Hence, invoking (5.10), we have

t(t_lE[TI[a_lT > t]] + osup P(W = a)) < (2 + 0010c) €Ca,

a€Z

and hence the second term in (5.7) is bounded by 2ecy0™2 + ecyo ™ 10)c. Since, by Assump-
tion (2.8), (¢1 + ecy)o™ < 1/2, it follows from the bounds on (5.7)—(5.9) that

(1/2)(5100 < {861_'_2602}0-72,

completing the proof of the local bound (2.9). O

6 RANDOM SUM AND BINOMIAL MOMENT BOUNDS

The following two results are Barbour et al. (2018, Lemmas 5.1 and 5.2), and are stated
without proof.

Lemma 6.1. Let Z be a finite index set, £ be a random (possibly empty) subset of T, and
define E := |E|. Let {Y;}icz be a collection of random wvariables independent of £ and, for
¢ e N, let maxier ||Yille <y. Then

1D Yille < yllE]e.

i€
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Lemma 6.2. Letn e N,0<p<1,Y ~ Bi(n,p), and { € N. Then ||Y |, < A(np, (), where

¢/log((e —1)), €>x,

x, (<.

A, 0) :== e x

In particular, A(z,1) < Ca(z V1) < Ca(x +1), where Cy := me* 2/ log(e — 1).
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