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Abstract—Transfer learning is a machine learning paradigm
where the knowledge from one task is utilized to resolve the
problem in a related task. On the one hand, it is conceivable
that knowledge from one task could be useful for solving a
related problem. On the other hand, it is also recognized that
if not executed properly, transfer learning algorithms could in
fact impair the learning performance instead of improving it -
commonly known as negative transfer. In this paper, we study
the online transfer learning problems where the source samples
are given in an off-line way while the target samples arrive
sequentially. We define the expected regret of the online transfer
learning problem, and provide upper bounds on the regret using
information-theoretic quantities. We also obtain exact expressions
for the bounds when the sample size becomes large. Examples
show that the derived bounds are accurate even for small
sample sizes. Furthermore, the obtained bounds give valuable
insight on the effect of prior knowledge for transfer learning
in our formulation. In particular, we formally characterize the
conditions under which negative transfer occurs.

I. INTRODUCTION

Transfer learning is a rising machine learning problem
that leverages past knowledge in one or more source tasks
to resolve the problem (or improve the performance) in a
related target domain. The key problems are how to use the
source intelligently to improve the performance in the target
domain, and, how to characterize and avoid negative transfer.
Currently, most existing transfer learning methods focus on
offline settings where batch target data are available (see
[1]-[3]] and references therein). As such an assumption may
not always hold in some real-time applications such as data
transmission, we investigate the online transfer learning that
is firstly proposed by [4]. Unlike traditional online learning,
the framework of OTL is illustrated in Figure [T} where the
decision is sequentially made with the aid of source data and
historical target data. This framework has been extended to

Fig. 1. Online Transfer Learning Framework

many other problems such as multisource transfer [5]], [6],

multi-task problem [7] and iterative domain adaptation [§]].
Yet most of these works do not focus on rigorous theoretical
analysis. Moreover, they mostly consider specific learning
tasks such as binary classifications with linear models, and
the performance is evaluated using a very specific metric (e.g.,
the number of mistakes). Such a learning framework in general
does not exploit the structures (or distributions) of the data or
model parameters. Lastly, no prior work has formally studied
the problem of negative transfer.

In this work, we propose a more general framework for
the online transfer problem that is suitable for general setups
from the information-theoretic view. The information-theoretic
framework has been established and studied in many online
learning and reinforcement learning problems [9]-[14]]. One
advantage of this framework is that information-theoretic tools
are quite useful in studying the asymptotic behaviors as well
as deriving learning performance bounds for various statistical
problems. This paper is inspired by the universal prediction
framework [13]]. By universal we mean that no matter which
distribution the data are drawn from, the predictor will always
yield good performance with theoretical guarantees. Specifi-
cally, we formulate the online transfer learning problem under
the assumption that the source and target data distributions
are parameterized by some unknown parameters 07,607 € A.
Then we define the expected regret and further propose the
"mixture" strategy for sequential target predictors. The asymp-
totic upper bounds are also derived for the expected regret.
Practically, the bound can be also applied to the typical transfer
learning regime where the abundant source data are available
but the target data are lacking. To conclude, the contributions
of this paper are listed as follows.

o Consider the online transfer learning framework, at each
time k, we propose the mixture strategy for the predictor
by, with the prior knowledge over source and target
parameters. Then the expected regret is characterized by
the conditional mutual information (CMI).

o We give an asymptotic estimation of CMI for A C R?,
where the bound is captured by the prior knowledge, the
number of common parameters that 8 and 07 share, and
the structure of the parametric family. The results can be
easily extended to time-variant target domains.



o Based upon the general asymptotic bounds, we show
that the inappropriate prior will lead to the negative
transfer. That is, using data from the source domain
would hurt the performance on the target domain. To our
best knowledge, this is the first theoretical study on the
negative transfer perspective of online transfer learning.

o The logistic regression example is examined and simple
experiments confirm the effects of the prior and show that
the improper prior will lead to negative transfer.

II. PROBLEM FORMULATION AND MAIN RESULTS

Assume the source data D" = (Zs(l), e Zém)) € Z™ are
given in batch while the target data are received sequentially
as Zt(l)7 Zt(Q), e ,Zt(k), --- where each sample takes value in
Z. Note that Z can be discrete or continuous. At each time
instant k, after having seen D! (Z( ) Z(2) Z(kfl))
we predict Z; (k) using D" and D’“ 1 with the predlctor by :
Zm x Zk=1 5 Z Note that Z could be different from Z in
general, e.g., Zis a quantized version of Z. We define the
loss function ¢ : Z x Z — R* that evaluates the prediction
performance. In this paper, we use the convention that capital
letters denote the random variables and small letters as their
realizations. We further make the following assumptions.

Assumption 1 (Parametric Distributions). We assume that
source and target data are generated independently in an
i.i.d. fashion. More precisely, the joint distribution of the data

sequence pairs Py« o~ (Dy', D") can be written as

Py o7 (D', DY) HPG* (2" HPB* 2z, W

where Pyx and Py« are in a parametrlzed family of distribu-
tions P = {Py}gen. Here A C R? is some measurable space
and 0} and 0% are points in the interior of A.

After observing n target samples, we want to minimise the
corresponding expected regret defined as,

k=1 k=1

where by is learned from D?" and by, (k > 1) is the decision we
made based on both D" and D¥~! but without the knowledge
of 07 and 0} . The predictor b;; is the optimal decision at each
time k& that can depend on true target distributions Pyx. If
not otherwise specified, the notation Eq_ ¢, [-] (similar to Egt []
and Ey, [-]) means the expectation is taken over all source and
target samples that are drawn from P, and P, .

(@)

A. Expected Regret Bounds

Given the above problem formulation, we begin by considering
the logarithm loss defined as follows.

Definition 1 (Logarithm Loss). Let the predictor by be a

probability distribution over the sample z,gk) at time k, the
logarithm loss is defined as

U(bk, 2*)) = —log br (). 3)

At each time k, we may view the predictor as a conditional
probability distribution by (z (k)) (zt(k)|Df*1,D;”), and

the optimal predictor b}, is naturally given by the true target

distribution over z(k) as bi(z (k)) = Pp: (% (k )) Then the
expected regret till tlme n can be written exphcltly as

@

Riog(n) = Egx 0 |log

1 1
—lo

QDD % Poy (DY)

The effect of source data is reflected in the conditional
distribution Q(D}'| D). Concerning the choice of @), we first
define ©4 and ©; as random variables over A. Since Py- and
Py are unknown, we assign a probability distribution w over
O, and O; w.rt. the Lebesgue measure to represent our prior
knowledge and update the posterior with the incoming data to
approximate the underlying distributions, which is known as
the mixture strategy [13]], [15]]. In particular, we choose the
predictor Q(D}'|D™) as

[ Ps, 0. (D, DT )w(By, 05)db:ds

f Po, (Dg)w(0;)dos
= / Po, (D" )w(0:]05)d0:Q(05| DY")d6s,  (5)

Q(Dy|D5") =

where w(f;) is the marginal of w(fs,6;). From Eq (5), the

mixture strategy quantitatively explains how transfer learning
is implemented via the posterior updates of §, from a Bayesian
perspective. Intuitively speaking, the posterior Q(64|D7)
firstly gives an estimate of 07 from the source data, then the
conditional prior w(6;|0;) reflects our belief upon 65 given 0
estimated from source data. With the choice of Q(D}|D"),
the expected regret can be explicitly characterized in the
following theorem.

Theorem 1 (Regret with Log-loss). With the mixture strategy
Q(D}|DT), the expected regret in Eq () can be written as
Pp: (DY)

Ran(t) = Earo 08 G
t s

| = rori00 = 1.0, 0210,

6)

where I(D};0; = 07,0, = 0%|D7") denotes the con-

ditional mutual information I(D}; O, 0| D™) evaluated at
0, =0;,0, =0

All proofs in this paper can be found in [[16]. In many cases,
we need to consider the task-specific loss such as squared
loss, 0-1 loss and hinge, etc. For other general bounded loss
function ¢, we define the predictor at time k to be,

bi. = argminEq oy oy, [é(b, zf’ﬂ)\DT,Df*l] o

with the choice of the mixture strategy Q(DF,D™) =
[ Po, 0.(DF, D™)w(0;,0,)d0d0s for some prior w. The op-
timal predictor is naturally given by,

bi, = argminEp, o) [e(b, zt(’“))\Df*l] : ®)
t

As a consequence, we arrive at the following theorem.

Theorem 2 (Bounds on General Loss). Assume the loss
Sunction satisfies |£(b, z)—£(b*, z)| < M for any observation z
and the predictors b, b*. Then the true expected regret induced
by by, and b} in Eq @) and (@) can be bounded as,

R(n)

< M\/2nI(D}; 0, = 07,0, = 03| D). ©)

The above theorem implies that if the loss function is
bounded, with a certain prior w, the regret induced by the



mixture strategy is also captured by CMI evaluated at © = 6;
and O, = 0%. However, the bound in its current form is less
informative as it does not show what is the effect of the prior
w and sample size m and n.

B. Asymptotic Analysis of CMI

To further investigate the effect of prior, we give an asymp-
totic analysis of CMI. First we make the regular assumptions
on parametric conditions [[17]], [18] and define the proper prior.
Assumption 2 (Parametric Condition). Assume the source and

target distributions Py~ (Z,) and Py:(Z;) are twice continu-
ously differentiable at 9* and 9§ for ‘almost every Zs and Z;.

For any 0,0, € A, there exist s, 0¢ > 0 satisfying,
0
Eo, up log Py, (Zt)|| < oo 10)
Jo—o; <5 | 900
0
Eq, sup log Py, (Zs)|| < o0 an
los—oz| <5 190s.i
fori=1,--- ,d. In addition, we assume,
2 ?
Eg sup log Py, (Zt) < 00 (12)
" Lo |l<s 1 00:00;
2 2
Eg, sup log Py, (Zs) < 00 (13)
lo.—6z]|<s 1 90596,

forany i,5=1,--- d.

Definition 2 (Proper Prior). Given a prior w(Os, ©;), we say,

o the induced marginal density w(©;) is proper if it is

continuous and positive over the whole support A C R%.

e the conditional density w(©;|0;) is proper if there exist

some §s > 0 and 6; > 0 such that w(0,|0s) > 0 for any

05 and 0, satisfying ||0s — 0%|| < 05 and ||0; — 0f]| < 04.

o w(O4, 0y) is proper if w(O;) and w(O;|O;) are proper.

We also define the proper prior without the source as having
the continuous density w(0;) > 0 over the whole support A.

If the distributions in parametric family Py satisfy the
Assumption [] (e.g., the exponential families in [19])), with
the proper prior, we ensure that the posterior distribution of
O, and ©, given D}* and D" asymptotically concentrates on
neighborhoods of 0} and 6%, respectively. With definitions in
place, for the case where both ©4 and O; are scalars, we give

is - (0(9| 9)*) It says that if the distribution w can be chosen

(ﬁ;; some prior &(©y), the difference between Eq (ﬂ) and

such that % < 1, the source data will help to reduce the
regret. However, it should be noted that w is chosen without
knowing the exact value of 0; and 0% so it is not immediately
clear if this is always possible. We will show later that if the
conditional prior w(0;|05) is proper, it is always possible to
find a distribution such that % < 1. On the contrary,
if the prior information between the source and target is
incorrect, we may always end up with (9%‘%) > 1, which

is one way to interpret negative transfer.

Remark 2. Notice that the source samples change the con-
stant from logﬁ to log m, which are independent
from n. Hence the effect of the source samples vanishes
asymptotically as n goes to infinity. However, the asymptotic
analysis is still useful for two reasons. Firstly, we will show
later that when both n and m approach infinity, the sample
complexity of the regret (i.e., how regret scales in terms of m
and n) can change, depending on how fast m and n grow
relative to each other. Secondly, our numerical results show
that the asymptotic bound is in fact very accurate even for
relatively small m and n.

Theorem [3] holds when the distributions are parametrized
by scalars. We extend to a more typical transfer learning
scenario where O;,0, € R< with d > 1 share some common
parameters O, € R? for 0 < j < d. To illustrate, we can write
the parameters in the following way.

es - (66,1765,27"'
et = (ec,lyec,Qu"'

) ®CJ7
) 967]‘7

95,17 -
@Ll’. ..

7®S,d*j) =
76t,d7j) =

task-specific parameters

(O, 0.,)
(967 @tT)

common parameters

where ©, € R/ denotes the common parameter vector and
Oy, 04 € R¥JT are task-specific parameter vectors. Then
we reach the following theorem that gives the asymptotic
normality of the conditional mutual information with d > 1.

Theorem 4 (Asymptotic Estimation for General Parametriza-
tion). Under Assumptions |I| and [Z] with O, 0, € R? defined
above and as n,m — oo, the mixture strategy with proper
prior w(O;, O4) yields,

* * m 1 —
I(D}';0: = 07,0, = 0|D") — 3 log det(T;; + %AA 1

the asymptotic estimation for CMI as follows. 1 log det (n, (0,)) — d—j log 1 +log 93 . (16)
Theorirm 3 Asymp/{otlc Estlmatéon 7Z)feCMI) Under Assump- 2 2 2me w(67165)
tions (1| and |2} for R and 0} 7, as n,m — oo, the " x ok * \ 7T (g% 0%
mixture strategy with proper prior w(Og, © 1elds where A = 155(9 ) — Les (62,65, )11 (0, ) I (90’9”) and
gy witlt proper p n( »01) Ar = L(02) = Tal67,07)1T; 5(9*,1)913;(9* Uiy Yy denores
I(D};0; = 0F,0, = 0%|D™) — Lioe ™ 1 1 1,(0°) +1 _ 1 the identity matrlx with size j and , 0%, denotes
(DF; 00 = D) 2 %% 2me oe 1o(6) +log w(0; |02 Yhe true parameters. With a little abuse ofﬁotjlrton we define
(14)  the fisher information matrix as
where we define the Fisher information 2 Ny
Ios(07) = —Eg» [V2 log P(Z4|Oe, 0%, RI ¥
Eo, [—Vz@t log Po,(Z,)] evaluated at ©, = 0; as I,(6}). (6c) 0 [V, log P(Z:[Oc.05,)] ‘G)c:@: ©
Remark 1. Compared to the result without the source data Let(07) = =gy [V§, log P(Z:|Oc, 07;)] ‘ _ox SR

when target sample is abundant [ 18],

I(D{; 0, =0;) — log QL - = log I.(67) +log —— (15)

1
w(07)

c

1,(6,) = —Eg: [V, log P(Z]0%, 04r)] ‘@ .

€ R x(d=3)

1:(67,) = —Egx [V}, log P(Z:|07, ©1r)]

trzgfr

€ RUd—1)x(d=))



. s Odlog P(Zs|0%, 6%,
o020 =y [PPEAOLE]

895,18@snk ° 7j»
:177d_]
(6205 — e [ 1OEP(Z102,07,) ¢ R
ct\YUer V) — 0} 8®c,ia@tr,k =1 _7j’
=1, d—j

Remark 3. In the above expression, we can intuitively in-
terpret the term §logdet(Lix; + LA,AJY) as the "learning
cost" of 0., which is captured by the ratio . If m is

m
o sublinear in n, the rate is O(log(nj)) and source samples

do not improve the learning performance

e linear in n, the cost reduces to O(1).

o superlinear in n, the rate is o(1), and abundant source
samples indeed improve the performance and the cost
vanishes in this case.

While the learning cost of 0y, is relied on log det(nl(6;,))
and the prior w(65|0%), whereas the prior knowledge can only
change the constant but does not change the rate.

Remark 4. As a special case, if there is no common param-
eters (j = 0), then as both m and n are sufficiently large,

(D} 0, = 6,0, = 0 \Dm)—élog—

1

-3 log det(I:(07.)) + log 0T

Let d = 1, we can recover the results in Theorem
and the knowledge transfer is only reflected on the prior
knowledge w(07|0%). If the number of the common parameters
is d (j = d), that is, the source and target distributions
are characterized by the same parameters, which yields the
asymptotic estimation as,

7’" —1 *
I(D; 0 = 0r, 0, = 6:|D5") — 7log det(Laxa + o Tt (0e) s O hote the regret induced by the mixture strategy Q(D}|D™)

— log ;

w(0716%)

Under this case, the regret depends on the ratio - and prior
w(07|0%) as discussed in Remark

C. Time-variant Target Domains

In the above problem, we assume that the target parameter
07 stays fixed for all time. However, in some applications, the
target distribution may change over time, and this motivates
us to consider the time-variant transfer learning scenarios. Let
the time evolving target data be parametrized by 67, where

at each index [ € NT, we will receive n; target samples Zt( l)

drawn from the distribution Pg* It is common to assume that
07, only depends on the prev10us parameter 67, ;. At index
k, we are interested in minimising the expected regret

k ny
= ZEH;,Q;L,Q;J_I [Zf(bi,zt(fl)) Ze (o5, 25 ]
=1 =1
(17

Here b; is chosen to be the mixture strategy over 67,6/, and
0} ,_,. Combining Theorem [2| and , one can easily reach the
asymptotic estimation of the expected regret.

Theorem 5 (Time-variant Target Regret Bounds). Given the
time-variant target domain described above, suppose that
conditions in Therorem [2| and Assumptions [I] and [2] hold for
each 07, and 03. For | =1,2,---  k, we further assume that

€ R?X(4=9) source parameters will share j parameters with every 0} ,, and

Gz‘l, 0} ,_, have c; common parameters. As n;, m — 00, the
mixture strategy with proper prior w(0s,0, 1,0, 1) yields,

k
np
R(k) < M| k logdet Ijx; + ———
W= (;m(oge<m m+ni-1

AczA:;t)

+ log det(Ic,xc, + ﬁAtA;ll) + log det(ni1y,(65,1))
—1

1 2
+(d—j5—a log——l——
( ) 2me ( l‘etl 1 s))>

[NIE

In this case, the prior knowledge w(0; (07, ,,0;) and the
common parameters among which determlne the prediction
performance. Due to the space limit, we omit some analogous
definitions and settings here, but readers can refer to the
supplementary proof [16] for more details and insights.

D. Improper Prior and Negative Transfer

As previously discussed, w(©;, ©;) should be chosen prop-
erly so that the posterior updating will asymptotically converge
to the true parameter 07 and ;. However, if the prior distribu-
tion (particularly w(©;|0;)) is imposed improperly, the extra
source data do not necessarily mean that our prediction for
target data can always be improved. Roughly speaking, if our
prior knowledge on 0% and 6; is incorrect, under our scheme,
this would translate to an improper prior distribution for the
mixture strategy. We will show that with an improper prior,
the extra source data will in fact cause a higher regret (i. e.
worse performance) compared to the case without source data.

Proposition 1 (Negative Transfer). Let Rw(@&@t)(n,m) de-

with the prior w(©,0;) and Ry e,)(n) denote the regret
induced by Q(DI') with the prior &(©y). If w(©:|0,) is
improperﬂ then for any proper &(0©,), the following inequality
holds when both n and m are sufficiently large,

Ru(@.,0,)(n,m) > Ryo,)(n). (18)

Proof Sketch. e« By subtraction, we need to prove that,

Q(D?)Q(D?)} o

Eg» g+ |1
i log Q(Dy, D)

o Let us examine the logarithm term in the expectation as,

Q(DIMQ(D}) 1

log e = log =
Q(Dy, Dy) [ ] Q0. D) 5% 49, Q (6, Dir) do

o It can be found that the difference is characterized by the
ratio ((9(t9|0) 2) and improper w leads to zero mass near 0

compared to proper @, thus a higher regret.

For example, let Z = {0,1} and assume O, and O are
the probabilities that the source and target samples take value
in 1. Also assume that our (incorrect) prior knowledge on
the parameters is that |6; — 6;] < 0.1 given any 6, € A.
Suppose the true underlying parameters are ¢ = 0.6 and

'We say w(©¢|Os) is improper if it does not satisfy conditions in Def



0% = 0.8. In this case, even if knowing 6% precisely, one
can never end up with the correct estimation for 6; even with
abundant target samples if the prior w(6;|0;) is improper. As a
consequence, the regret becomes higher compared to the case
without knowing such prior. For those who are interested in
detailed analysis, we refer to [16] for more theoretical and
experimental results.

In contrast, if w(O, ©;) is chosen properly, we can always
find a prior such that the knowledge transfer from source data
encourages lower regret, namely, the positive transfer.

Proposition 2 (Positive Transfer). For any proper @(©;),
there always exists a proper prior w(Os,©0;) that leads to
the following inequality when both n and m are sufficiently
large,

Ruo.,0,)(n,m) < Rye,)(n). (19)

In our claim, we can always find a proper prior w(©;, ©;)
whose marginal w(0;|0;) encourages a tighter support over
©,. In other words, making use of source data appropriately
can narrow down the uncertainty range over ©;. It then follows
that such prior assigns more concentrated mass around 6;,
which reduces the expected regret.

III. EXAMPLES

Consider a logistic regression problem in a 2-dimensional
space. For the given parameter # € [0,1)> and Z; =
(X;,Y:) € R? x {0,1}, each label Y; € {0,1}, is generated
from a Bernoulli distribution with probability p(Y; = 1) =

H%ETX. Suppose that the source and target input features
e 7

X and Xt(k) are drawn from the same normal distribution

N( {_55] , [(1) ﬂ ). The loss function is then given by

U0, Z;) = —(Yilog(o (07 X;)) + (1 - Yi) log(1 — o (67 X5))),

where o(z) = 7= Let 6 = (0.3,0.5) and 6} = (0.2,0.4)
denote the true parameters for the target and source domains.
Given m = 5000, let the marginal prior w(©;) be uniformly
distributed over [0,1]? and our prior knowledge w(0;|0;)

assumes that ©; is normally distributed with the mean of O
2

. 0 . .
and covariance of 2l here c represents the prior belief

c
0
on O, such that smaller ¢ implies O is closer to O and vice
versa. To show the usefulness of the source data, we compare
with the target only case (m = 0) where we assume the prior
@(©y) is uniformly distributed over [0, 1]2.

After receiving n target samples, we plot different posteriors
to see the effect of the mixture strategy induced by the chosen
prior. From Figure 2] given sufficient source data, the posterior
of O, will give a precise estimation of % and the density will
mostly concentrate around [0.2,0.4]. While there is a lack of
target samples (n is small), the posterior Q(©¢|D!*) without
the source is relatively scattered and the density around 6} is
quite low. On the contrary, with the prior knowledge w(0;|0;)
and small ¢ = 0.1, the posterior Q(©.|D7*, D}) will be
concentrated more around 6; as source and target parameters

Posterior of 6, without source, n = 20 Posterior of 6, with m =5000

Pﬂsﬂcrior of 6; without source, n = 150

- . -

- 06 . 3

S -

Lo -

- o6 08 to b
o

R O —

Posfgrior of 6, with source, n = 150, c=0,1 Posgerior of g, with source. n =150, c= 1,

08- - 08

06- . 06 -

04- - 04 o
o

T
Fig. 2. The posterior of 65 and 0¢ given D" and D} under different prior
belief ¢ and target sample size n

are particularly close. When c increases to 1, the source data
is no longer helpful as ©; is roughly distributed uniformly on
[0,1])% and the posterior behaves similarly to target only case.

To further demonstrate our theoretical results, we plot the
expected regrets in Figure [3] for positive and negative transfer
cases, and we also plot the asymptotic estimation of CMI in
dashed lines from Theorem [I]and ] to numerically evaluate the
difference. From the left figure, it is observed that introducing
the source indeed yields lower regret, which fits our intuition
from the posteriors. Even for small n(~ 40), CMI captures
the regret quite well and the gap is roughly log% as
noted in Remark m In contrast, we also examine the négative
transfer case with 0% = [0.8,0.2] where the results are shown
in the right figure. With this specific choice of 6%, the prior
distribution w(6%]0*) in this case has an extremely low density
and the estimation will hardly approach the true parameters.
As a result, the negative transfer happens and source samples
will hurt the performance instead. It also appears that CMI
captures this trend well when n goes reasonably large (= 80).

Expected Regrets
o
Expected Regrets

°

—=- oMt
0 20 40 60 80 100 120 140 0 20 40 60 80 100 120 140
Target Sample n Target Sample n

(a) Positive Transfer (b) Negative Transfer

Fig. 3. The comparisons of the expected regret R(n) of the positive
transfer with 0F =

[0.2,0.4] (left) and the negative transfer (right) with
0% = [0.8,0.2] under the common settings where 6 = [0.3,0.5] and
¢ = 0.1. The results are averaged over 200 experiments.

Overall, in both positive and negative transfer cases, the
gaps between the regrets are mainly reflected on the prior
knowledge w(6;|0%) when n is reasonably large as mentioned
in Remark [T]and 3] which experimentally confirms Theorem [4]
Moreover, it shows that the asymptotic bounds are still rea-
sonably accurate in the case when n and m are small.
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