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A dynamic unreliability assessment and optimal maintenance
strategies for multi-state weighted k-out-of-n:F systems

Abstract

In this paper, a dynamic evaluation of the multi-state weighted k-out-of-n:F system is presented in an unreliability
viewpoint. The expected failure cost of components is used as an unreliability index. Using failure cost provides an
opportunity-te-employ financial concepts in system unreliability estimation. Hence, system unreliability and system
cost can be compared easily in order to making decision. The components’ probabilities are computed over time to
model the dynamic behavior of the system. The whole system has been assessed by recursive algorithm approach.
As a result,.a bi-objective optimization model can be developed to find optimal decisions on maintenance strategies.
Finally, the application of the proposed model is investigated via a transportation system case. Matlab programming
is developed for the case, and Genetic Algorithm (GA) is used to solve the optimization model.
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1. Introduction

Improving reliability is an important feature for engineering systems in designing and operation stages. System
improvement occurs after having an appropriate analysis of the system. Reliability of a system can be evaluated
based on system structure, system state, and the components’ reliability index. Then, optimal decisions can be
obtained"inorder to either reliability maximization or cost minimization [1]. In traditional system reliability
evaluation, ‘it is assumed that components have two possible states as working and failure. However, practical
engineering. systems have more states which lie between these two as deteriorated states [2-4]. The deteriorated
states can-be_especially used to define threshold values for preventive maintenance [5]. Many cases such as a multi-
engine aireraft, a multi-display cockpit system, a multi-transmitter communication, and an oil supply system with
multiple pipelines are formed as k-out-of-n systems [6, 7]. A k-out-of-n:F system consists of n independent
components which work together so that the system fails if and only if at least k components fail [8]. Since
components in a system may have different failure behaviors and performance levels, weighted systems are used to
define this'kind of systems. Therefore, an importance weight can be defined to allocate to each component [9-12].
As a result"a, multi-state weighted k-out-of-n:F system is in state j or below if the summation of the allocated
weights for failed components is equal to or greater than a threshold value k;.

A system which does not work properly due to failures is not beneficial, and imposes cost on the stakeholders.
Since an available component can generate income for the system [13-15], failure or being in deteriorated states
leads to losing the income. As a result, failure has cost that can be considered in system reliability analysis as an
unreliability=index. In business, everyone would find monetary metrics, such as cost, highly important [16].
Therefore, business administers are more willing to be informed by financial reports rather than technical ones. This
cost, which can be called failure cost, varies for each component in different states. When a component works in its
perfect functioning state, there is no failure cost. This cost emerges if the component is in either deteriorated or
failure states. For instance, consider a manufacturing machine. When the machine is as good as new (in perfect
functioning status), it can generate more products. Therefore, more income would be generated by the machine.
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However, when the machine works in lower functioning states, its performance decreases. Hence, it is not able to
generate the similar quantity of money. This reduction in generated income is interpreted as failure cost.

Most system reliability assessment studies have been done in a non-dynamic situation so that the variation of
components’ probability distribution through functioning periods is not considered. However, the reliability level of
the components/systems changes over time [13, 17]. Therefore, time dimension is to be added in system reliability
evaluation and optimization models. Recently, dynamic modelling reliability and maintenance has led to developing
many -researches. However in these studies, decision variables are just assigned to design time, and functioning
periods are-hot involved in decision making process. In our paper, an unreliability analysis based on expected failure
cost is proposed for multi-state weighted k-out-of-n:F systems by recursive algorithm approach. The probability
distribution of the component states is modelled over time to make a dynamic assessment. Also, the expected failure
cost is used as an importance weight to denote the different performance levels of components. It provides an
opportunity to evaluate system reliability as cost that is helpful to make comparison with other costs of the system.
In addition, not only financial concepts are employed but also a bi-objective optimization model can be developed.
Some studies have developed bi-objective optimization models to maximize system reliability and system cost
simultaneously via using different methods [18-20]. However, the best approach is to develop an appropriate utility
functionsto combine multiple objective functions into a single objective function [21, 22]. In this paper, a utility
function®is to-formulate for a bi-objective system reliability optimization model. In addition, decision variables for
optimal maintenance strategies at different periods, both design time and functioning stages, have been considered.
Overall, the optimization model can make optimal decisions for the multi-state weighted k-out-of-n:F system at
different stages. Finally, a practical case is provided to illustrate the proposed approach. The case problem is solved
by Genetic Algorithm (GA) to find the optimum maintenance strategies.

2. A Dbrief literature review

Wu and Chen [23] analyzed the reliability of binary weighted k-out-of-n systems by recursive formulae. Li and
Zuo [11] used two methods, universal generating function (UGF) and recursive algorithm, to evaluate multi-state
weighted k-out-of-n system reliability based on two different definitions. They also developed optimization models
to find optimal design of the system [24]. A UGF based recursive algorithm has been developed for reliability
evaluation.of.these systems [25]. Eryilmaz [26] has analyzed the lifetime of two different multi-state k-out-of-n
systems. Also, Eryilmaz and Sarikaya [27] presented reliability analysis and modeling on weighted k-out-of-n
systems with two component types. In You and Li [28], redundancy allocation to k-out-of-n systems is analyzed in
terms of system reliability improvement. Khorshidi et al. [29] used the income generated by available components in
reliability_evaluation of multi-state weighted k-out-of-n systems by using UGF and recursive algorithm methods.
Yamamato et al. [30] have done studies on calculating multi-state k-out-of-n:F systems. Yun et al. [31] proposed an
economic design for consecutive- k-out-of-n:F systems with load sharing dependency. Moreover, a multi-state
weighted'k-out-of-n:F system is defined and evaluated by UGF method in [9]. A reliability evaluation is proposed
for k-out-of-n:F systems in [32]. As can be seen, the reliability evaluation of k-out-of-n:F systems has been
considered independently, however it needs more concentration.

A dynamic viewpoint makes computational complexity in reliability calculation. Selim et al. [33] presented a
dynamic maintenance planning using fuzzy TOPSIS and FMEA. Ge and Yang [34] proposed a reliability analysis
for non-repairable systems by dynamic fault trees. Eryilmaz and Xie [35] developed a dynamic evaluation model for
three-state k-out-of-n systems over their lifetime. Coit et al. [36] described a system reliability model for k-out-of-n
systemswith component partnership when ‘k’ changes dynamically. Faghih-Roohi et al. [37] proposed a dynamic
availability“assessment of multi-state weighted k-out-of-n systems by UGF method. Time has been considered in
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computing the probability of components in different states. They also developed two single-objective optimization
models to improve system design.

3. Dynamic system reliability analysis

First of all, the probability distribution of each component through different states and time periods should be
calculated in order to determine system availability distribution. For this purpose, the following assumptions have
been censidered:

. The time to failure for each component is independent.

. The component transits to the nearest lower state when it fails (Figure 1).

. There is only perfect corrective maintenance that changes component’s state from complete failure
to perfect functioning (Figure 1).

e Each component starts working in perfect functioning state (Figure 2).

3 A component can have different failure cost in different states (multi-state component).

. The number of time periods is finite (Figure 2).

° Since the components in k-out-of-n systems work in parallel, the failure cost of the system is equal
to the summation of components’ cost.

Each component can transmit from its current state to another state or remain in the same state through time
periods withan identified probability (Figure 2). Each component has M+1 possible states that M indicates perfect
functioning-and 0 denotes complete failure state. Failure and maintenance may cause transition to lower and higher
states respectively. The transition probability from state k to state j for component i is denoted by p,‘;,lj which is
assumed to follow exponential distribution. Figure 1 shows the state transition of components with transition rates as
failure rate (1) and repair rate (u). As can be seen, failure modes deteriorate the component from a higher state to the
nearest lower one. Likewise, corrective maintenance applies on the component when it is in failure state. Transition
probabilities:can be calculated by Eq. 1.

AL AD)
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where Ajy;_, represents the failure rate from state j to the nearest lower state (j-1)for component i, pg,, represents the

repair rate from state O to state M for component i, At is the time difference between two subsequent time periods,
and t follows exponential distribution.

After determining the transition probabilities, the probability distribution of components can be obtained. The
probability that component i at time t is in state j which is denoted by Pji(t) is calculated as Eq. 2.

PHt). =Xk  Pi(t — 1) - pi ) i=1,.,nmt=1,.,T %)
where niis-the-number of components in the system, T is the number of time periods. The initial conditions for the
components’_probabilities at design time (t=0) is as P4, (0) = 1, P;(0) = --- = P{,_,(0) = 0. As a result, the
summation of all state probabilities at any time for each component is equal to 1 as Eg. 3.

TP =1, i=1.,mt=1,.,T ®)
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Additionally, the probability distribution of the whole system is reached by recursive algorithm. The computed
component probabilities are used in recursive formulation. Rt(i,k]-) is the recursive function that shows the
probability that the system with i components is in state j or below which means the total failure cost of the
components is equal or more than K; at time t. This probability is computed by Eqg. 4.

R(i,K;) = X0 PF(®) " Re(i — 1,K; — Fcf (4)

where “Fc}is failure cost of component i in state j, R,(i — 1,K; — Fc/) is an updating element that provides a

recursive’relationship with the situation of i — 1 components. This algorithm will continue until the boundary
conditions,are reached. The boundary conditions are determined in Eq. 5.

cov (0, i<0and k>0
ReG ley= {1; i>0andk <0 ®)
Rt(n,Kj) calculates the probability that the whole system with n components is in state j or below at time t when

i is equal.to n. To find the probability that the system is in state j that is denoted by Rfys (n, K;), equation 6 is used

to differentiate the probability between K; and K;_ .
R @,K;) = Re(n, K;) — Re(n K1) (6)

As a result,ithe probability distribution of the system can be obtained by recursive algorithm. The present value
for the system’s expected failure cost would be calculated according to Eq. 7.

PV =% Xi=o R (n, K;). K; /(1 + 1)° "

where r is interest rate. Now, the system reliability is assessed by failure cost in a dynamic viewpoint which is
helpful to"have a comparison view between system cost and system reliability.

4. Optimization model

Improvement strategies can increase the system availability so that they can reduce failure cost of the system.
However, applying these strategies is costly. For example, employing more maintenance personnel needs to allocate
more '‘budget=Therefore, a balance between system reliability and system cost should be created. An optimization
model is useful to reach this goal. In this study, a dynamic assessment has been presented for system unreliability
evaluation. In fact, the unreliability value is representing the system reliability which is homogeneous with system
cost. Consequently, system reliability and system cost can simply combine into a unified function to develop a bi-
objective.optimization model. In most reliability evaluation and optimization studies, it is assumed that maintenance
actions do not change the degradation trend of the components [5, 38, 39]. However, we consider that applying
improvement strategies effects on failure or repair rate that it is formulated as equations 8 and 9.

A (O =2, (=1 + X5, ((Af.j—l(t 1) e = A (- 1)) : ms(t))' t=1,..,T (8)

Wo©) = s ¢ = 1) + 25, (Wb e = D~ 0l — i - D) m@), t=1,..7 @)
where mg(t)-is a Boolean variable that its value is 1 if the improvement strategy s is applied at time t, otherwise it is
zero, afc'_sj is a/factor that denotes the effect of strategy s on transition rate from k to j for component i, and S is the
total number.of strategies. Also, A(0) and w(0) are transition rates at the beginning of the system without applying
any improvement plans, while A(1) and u(1) are transition rates at the beginning after improvement plans
implementation. For example, it can be considered that increasing the allocated resource and manpower for repair by
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twice leads to shorten the mean time to repair (MTTR) by half. Since repair rate and MTTR have an inverse
relationship (u = ﬁ), repair rates will be multiplied by 2. Also, the cost related to the improvement strategies is

calculated by Eqg. 10.

Cn = Zzzl Z§=1(Cs “mg(t)/(1+ r)t_l) (10)
where C,, is the cost of applying improvement strategies on the system, S is the number of improvement strategies,
T is the number of time periods, and ¢, is the cost of strategy s. Based on these parameters, the optimization model
can be developed as Eq. 11.

Min Zi= PV + C,, (11)
mg(t) =0.0rl,.. (s=12,..,5t=12,..T)

This model finds optimal decisions on applying improvement strategies via minimizing the cost. In fact, it is a bi-
objective model that tries to maximize system reliability and minimize system cost simultaneously. System
reliabilitysmaximization is obtained through system unreliability minimization.

Dynamic models make complex optimization models. Therefore, meta-heuristic techniques are more appropriate
for solving this kind of problems. In this paper, GA is used to solve the proposed model. The reasons of selecting
GA are as follows. GA is a popular meta-heuristic method for multi-objective problems. It is capable in both
problem madeling and finding global optimal solution. Also, large problems can be solved through reasonable time
by GA which many researchers have verified. In addition, GA is powerful to solve design optimization models of
multi-state weighted k-out-of-n systems [24, 37, 40, 41].

5. Practical case

In this section, a practical case is used to verify the applicability of the proposed method. The case is a ground
ship-rope transportation system to transfer ships between wharf and repair posts. This transportation process consists
of 5 tasks:|Firstly, ship is transferred from the platform on a traverser by a broaching machine. Then, the ship is
moved to.the repair post with the traverser via rope transportation system. There are 9 repair posts as destinations.
After that, ship is repaired at the repair post. Next, the ship is transported back to the platform via the rope
transportation system. Finally, the ship would come back to the water for undocking. The transportation system is
composed.of three rope broaching machines which work independently. This system was introduced in [42], then it
is employed~as a numerical case study in [37]. The broaching machines have different capacities in the
transportation system. Also, they can work in four capacity levels as fully, high, low and zero which are number as
3, 2,1, and 0 respectively. Therefore, each machine has four states so that failure cost is imposed when a component
is in either'deteriorated states or failure state (Table 1). The failure cost of each machine at state 0 (failure), is as the
same as generated income when it works with full capacity. For other states, the failure cost can be found relatively.
According to the mentioned characteristics, the transportation system is a multi-state weighted k-out-of-n system.

5.1. Present value analysis of the transportation system

In this'section, the present value of the transportation system is investigated based on the expected failure costs.
In fact, a_dynamic availability assessment would be done for the system based on probability distribution of the
broaching machines. The transition graph and transition rates of the machines are depicted in Figure 3 and Table 2
respectively.

The system availability can be defined depending on the maximum expected quantity of the system failure cost
(K;). In this,ease, the transportation system has two states including available and unavailable which are numbered
as 1 and.0 respectively. The system at each time is unavailable if the summation of the expected failure costs of the
broaching maehines is equal to or greater than 10. Therefore, the cost of an unavailable system is 10 as well
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(K, = 10) and the cost of an available system is zero (K; = 0). Also, the dynamic behavior of the system is
modelled by the proposed method in section 2 over 20 functioning periods (T=20). In investment, the investors
would like to know how they can return their invested money over a limited time. In this projects, the stakeholders
want to know which maintenance decisions provide the lowest cost for the transportation system during 20
operational periods. Each period is equal to a financial year.

The duration between time periods (At) is assumed as 1 time unit. Also, the interest rate is considered 0.1 (r=0.1)
for the=system. Matlab programming is provided for evaluating the transportation system. The present value of
system unavailability for 20 time periods (PVy) is calculated as 2.33. Figure 4 shows the expected failure cost that is
imposed.on the system at each time period. In fact, it is a cash flow for system cost which are caused by the failures.
As it is shown, the cost at the first three time periods including the beginning point is zero, because the probability
of unavailability for the system is zero. After that, failure cost rises. However, it decreases by applying corrective
maintenance..As can be seen, there is a fluctuation that shows dynamic behavior of system availability through time.

5.2. Optimal maintenance strategies

This section aims to decide on improvement plans which will be applied on broaching machines. As it is
mentioned, imaintenance strategies can improve system availability. It is assumed that the maritime company tends
to implement:some maintenance strategies. These strategies include either increasing repair personnel and resource
or replacement. Increase on repair resources influences repair rates, and replacement effects on failure rates. Also,
there are two options for each strategy which are mutually exclusive. Personnel and resource can be increased by
twice or one and a half times (1.5 times). Major or minor replacement can be done. As a result, there are four
maintenance strategies. As the example mentioned in section 3, double increase in repair personnel and resource will
enhancerrepair rate twice so that the strategy’s effect can be quantified by factors as af,,3 =2 and ai_o = aérl =
ag,z = 1y Theeffect factors in addition to costs of each strategy are given in Table 3.

As itis assumed, the maintenance plans can be applied at each time period. Therefore, there are four decision
variables for strategies at 20 time periods. In overall, the optimization model has 80 (4x20) decision variables.
Hence, there are 28° possible solutions in which the optimal solution should be obtained. According to the case, the
bi-objectiveroptimization model has been developed as equations 12-15.

MinZ’="PV. + C,, (12)
my@t) + my(@)< 1, (t=1,2,..,20) (13)
myg(t) + my(t) < 1, (t=1.2,..,20) (14)
mg(t)y ="0%r 1, (s=1,234;t=1,2,..,20) (15)

wheresequation 12 shows the objective function, constraints 13 and 14 formulate that both strategies 1 and 2 and
strategies.3 and 4 are mutually exclusive respectively, and equation 15 denotes that the variables are Boolean and
the model is an integer programming.

GA toolbox in Matlab R2014a is used to solve the proposed optimization model. The solution aims to find the
best strategy for applying maintenance plans over time which minimizes both expected failure cost of the
transportation:system over 20 periods and maintenance cost. The population size is set at 100, and the solving
process will stop after either 200 generations or 150 stall generations. The results of optimization model are
presented in Table 4.

The optimization model suggests that strategy number 4 (minor replacement) should be applied twice at the
beginning.of periods 3 and 8. There is no decision for applying other strategies. The optimal results show that
overallzsystem cost is reduced to 2.0428. This cost consists of strategies’ cost (0.6698) and system unreliability
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(1.373). As can be seen, system unreliability is decreased. A comparison for the expected failure cost cash flow is
presented for the system before applying optimal decisions and after that in Figure 5.
6. Conclusion

This paper provides a recursive analysis on the reliability of the k-out-of-n system by using failure cost. The
variation of components’ probabilities and performances over time has been considered to establish a dynamic
assessment. The transition probabilities through the operating states over time follow exponential distribution. Also,
a model issused to represent multi-state components. In addition, an optimization model is developed to minimize
both system.unreliability and system cost. The discrete dynamic assessment provides an opportunity to make
decisions_for maintenance strategies in each time period. The proposed model is programmed by Matlab for a
marine transportation system with three broaching machines working as a multi-state k-out-of-n system over 20 time
periods. The optimal solution is found for the transportation system by GA. Also, the optimal situation has been
compared.with the current situation in terms of the expected failure cost generation as a cash flow.

The proposed model is a general model that can be used for various components. The practitioners just should
find the rateswith which a component can generate income over time periods. For further research, different failure
and repair modes can be considered in the model. Also, the inflation rate could be involved in computing present
value ofieither system unreliability or system cost. Moreover, some constraints for budget, availability, weight, or
volume can be added to the optimization model. In addition, other meta-heuristic techniques can be used for solving
the proposed model, and the results can be compared.
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Figure 3. State transition in a multi-state component
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Figure 2. State distribution of a component during time periods
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Figure 1. Model of the state transitions of broaching machines in dynamic system
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Figure 4. The cash flow of the system expected failure cost
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Figure 5. The expected system failure cost cash flow for current and optimal situation
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Table 1. Failure cost distribution of components

Machine | State 0 1 2 3
1 4 2 1 0
2 4.4 2 1.6 0
3 5 2 1 0
Table 2. Transition data

Machine Al,O /12,1 13,2 Ho,3

1 0.3 0.9 2 4.2

2 0.2 0.8 18 | 7.2

3 0.5 1.2 22 | 5.4

Table 3. Maintenance strategies’ effect factors and cost

Strategy at, | ab, | ai, | ab, | Cost
Double resource 1 1 1 2 1
1.5 times resource 1 1 1 15 0.5

05 05 0.5 1 1.2
0.75 | 0.75 | 0.75 1 0.5

Major replacement
Minor replacement

AN »

Table 4. Optimization results

Optimal values Z PV Cm
2.0428 1.373 0.6698
Optimal decisions | Strategy Periods
1 -
2 -
3 -
4 3,8
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