
Minerva Access is the Institutional Repository of The University of Melbourne

Author/s:
Dufays, A;Li, Z;Rombouts, JVK;Song, Y

Title:
Sparse change-point VAR models

Date:
--

Citation:
Dufays, A., Li, Z., Rombouts, J. V. K. & Song, Y. (). Sparse change-point VAR models.
Journal of Applied Econometrics,  (), pp.-. https://doi.org/./jae..

Persistent Link:
https://hdl.handle.net//



Journal of Applied Econometrics MS 12690

Sparse Change-point VAR models

Arnaud Dufays1 and Zhuo Li2 and Jeroen V.K. Rombouts3 and Yong Song4

November 10, 2020

Abstract

Change-point (CP) VAR models face a dimensionality curse due to the proliferation of
parameters that arises when new breaks are detected. We introduce the Sparse CP-
VAR model which determines which parameters truly vary when a break is detected. By
doing so, the number of new parameters to be estimated at each regime is drastically
reduced and the break dynamics becomes easier to be interpreted. The Sparse CP-VAR
model disentangles the dynamics of the mean parameters and the covariance matrix. The
former use CP dynamics with shrinkage prior distributions while the latter are driven
by an infinite hidden Markov framework. An extensive simulation study is carried out
to compare our approach with existing ones. We provide applications to financial and
macroeconomic systems. It turns out that many off-diagonal VAR parameters are zero
for the entire sample period and that most break activity is in the covariance matrix. We
show that this has important consequences for portfolio optimisation, in particular when
future instabilities are included in the predictive densities. Forecasting-wise, the Sparse
CP-VAR model compares favorably to several time-varying parameter models in terms of
density and point forecast metrics.
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1 Introduction

It is well known that economic and financial time series observed over a long period are sub-

ject to structural breaks, the dates of which are unknown. Evidence can be found in Stock

and Watson (1996), Clark and McCracken (2010), Bauwens, Koop, Koribilis, and Rombouts

(2015) and in Aastveit, Carriero, Clark, and Massimiliano (2017) for macroeconomic series,

and in Pastor and Stambaugh (2001) and Liu and Maheu (2007) for financial series. Ignoring

breaks when modelling long time series creates bias in parameter estimates, gives misleading

interpretation, and may generate severe forecasting errors (see, e.g., Pesaran and Timmer-

mann (2004)). As a consequence, structural break or change-point (CP) time series models

have been developed to identify substantial but infrequent parameter changes. Seminal con-

tributions on such univariate structural break models are proposed in Chib (1998), Pesaran,

Pettenuzzo, and Timmermann (2006), Koop and Potter (2007), Giordani and Kohn (2008),

Maheu and Gordon (2008) and Geweke and Jiang (2011).

The modelling of multivariate time series makes the problem of structural breaks more

complex, since for example the break dates potentially differ among the time series. In terms

of cross-relationships, a variable might be significantly impacting another variable until a

structural break happens, or a variable might become significant only after a break. Direct

extensions from the univariate to the multivariate structural break model have been imple-

mented by Pettenuzzo and Timmermann (2011), and Chib and Kang (2013), though the lack

of sparsity makes it difficult to estimate the models in practice given the large number of

parameters even for standard low dimensional models with few lags. Extending these two

frameworks, Maheu and Song (2018) offer an efficient sampler to estimate multiple structural

breaks in multivariate time series.

This paper proposes a sparse change-point vector autoregressive model, the Sparse CP-

VAR, to model multivariate time series subject to multiple unknown structural breaks. We

relax the assumption that all parameters need to change when detecting automatically for

structural breaks. The approach is general such that breaks can happen in either the au-

toregressive parameters, off-diagonal VAR parameters or covariance matrix parameters. We

achieve this by shrinking irrelevant break-parameters towards zero using an estimation pro-

cedure which is based on a sampling scheme tailored to CP models. The parameters of the

VAR model can be shrunk to zero over the entire sample period. Our shrinkage methodology

alleviates the search of the number of regimes and relies only on one estimation output rather

than estimating different models and comparing their marginal likelihoods. For generality,

breaks in the mean are separated from covariance matrix breaks which are modeled using a

hierarchical Dirichlet process. The latter feature has an important impact on the parsimony

1

This article is protected by copyright. All rights reserved.



of our CP-VAR model in our applications.

We tackle the over-parametrization issue of using continuous spike and slab shrinkage

priors by calibrating the considerable amount of hyper-parameters to the uniform mixture

shrinkage prior of Dufays and Rombouts (2020). Our proposed solution tailored to CP models

has the following three advantages. First, although all the parameters are allowed to vary

from one regime to another, we can assess which ones are actually time varying. Second, the

estimation accuracy of the parameters is improved compared to the standard CP process since

only relevant parameters have to be estimated when a new regime occurs. In addition, when

break dates are common among parameters, which is frequently the case for macroeconomic

series, the accuracy of their identification increases with the number of series in the system.

Third, shrinkage priors allow inferring directly the number of regimes without relying on

marginal likelihood computations.

The paper that comes closest to our sparse CP-VAR framework is Huber, Kastner, and

Feldkircher (2019). They introduce the estimation of large VARs with mixture innovation

components, as originally proposed by Giordani and Kohn (2008), for each parameter coef-

ficient in the system. They propose a threshold approach which approximates the sampling

of state indicators. Computationally attractive, their Markov-chain Monte Carlo (MCMC)

sampler efficiently explores the posterior support but does not necessarily converge to the

posterior of interest as shown in our Internet Appendix.

We illustrate several features of the Sparse CP-VAR model on simulated data. We detail

the ability of detecting the number of regimes for each model parameter and compare with

alternative CP models and Lasso based methods (e.g. Chan, Yip, and Zhang, 2014). We

study the precision of the parameter estimates. We perform robustness checks by varying

the size of the parameter breaks, by comparing our approach to the standard spike and slab

prior, and by estimating a misspecified VAR model. We also investigate the break detection

accuracy when some VAR parameters experience the same break dates.

We provide two applications. We first revisit the exercise of Pettenuzzo and Timmermann

(2011) on excess return predictability. We find no evidence of breakpoints in the mean pa-

rameters while Pettenuzzo and Timmermann (2011) found six regimes. This difference comes

from the large number of breakpoints found in the covariance matrix which in our approach

do not trigger a change in the mean parameters. Although our results favor constant mean

dynamics, a forecasting exercise shows that, in terms of predictive likelihood, we dominate

Pettenuzzo and Timmermann’s model as well as the CP-VAR model of Maheu and Song

(2018) and the TVP model with stochastic volatility of Primiceri (2005). We illustrate the

impact of incorporating future breaks on the investor’s portfolio share in a risky asset. Our

second application illustrates the in- and out-of-sample performance of the Sparse CP-VAR
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model on 19 US macroeconomic variables. The preferred specification detects few breakpoints,

and overall forecasts better than the standard VAR processes as well as the TVP-VAR model

with stochastic volatility of Koop and Korobilis (2013).

The rest of the paper is organized as follows. Section 2 defines the Sparse CP-VAR

model. Besides the model specification, we explicit the shrinkage prior and the choice of

its hyperparameters. Section 3 details the estimation algorithm. Section 4 explains how we

deal with time varying covariance dynamics using a hierarchical Dirichlet process. Section 5

provides a detailed simulation study. Section 6 shows the performance of the Sparse CP-VAR

model in empirical applicaitons. Section 7 concludes and the Internet Appendix contains

technical details and additional simulation results.

2 Sparse Change-point VAR models

2.1 Model specification

We denote a multivariate time series by y1:T = {y1, ..., yT } where yt ∈ Rn×1 ∀t and a discrete

break date vector τ1:K = {τ1, ..., τK} such that τ0 ≡ 0 < τ1 < τ2 < . . . < τK < τK+1 ≡ T . A

CP-VAR(p) model with K + 1 regimes is specified, for t ∈ [τj + 1, τj+1] and j = 0, ...,K, as

yt = a
(0)
j +

p∑
i=1

a
(i)
j yt−i + εt with εt ∼ N (0,Σj), (1)

= Ajxt + εt,

in which Aj = (a
(0)
j a

(1)
j . . . a

(p)
j ) ∈ Rn×k, xt = (1 y′t−1 . . . y

′
t−p)

′ ∈ Rk×1 and k = (n×p)+1.

Inference on CP models is typically done using a MCMC sampler with the number of regimes

determined by the marginal likelihood. Chib (1998) puts forward a self-contained method

for inference on CP processes. In the multivariate case however, the number of parameters

in the CP-VAR model is prohibitively large even for a low dimensional system with few

lags. We propose the implementation of shrinkage priors which allows working in such a high

dimensional parameter setting. Its use requires rewriting the CP-VAR(p) in (1) as follows

yt = [A0 +
K∑
i=1

∆Ai1{t>τi}]xt + εt with εt ∼ N (0,Σt), (2)

where ∆Ai = Ai − Ai−1 ∀i ∈ [1,K] and ∆Ai ∈ Rn×k. For interpretation and forecasting,

we make use of the original VAR parameters in levels rather than differences. The first

regime parameter corresponds to A0 and subsequent parameters can simply be obtained as
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Aj = (A0 +
∑j

i=1 ∆Ai) for j ∈ [1,K]. Working with differences in parameters is beneficial

for two reasons. First, the prior distributions of the parameters do not have to depend on

the previous regimes. Having dependent priors over regimes complicates the estimation, see

for example Koop and Potter (2007). Second, a natural choice of the mean of a parameter

in first-difference is zero, i.e. no break, which eases the use of shrinkage priors. Note that

in (2) the covariance matrix dynamics is now separated from the mean dynamics. As our

model allows dissociating mean and covariance parameters, we postpone the discussion of the

variance dynamics until Section 4.

2.2 Shrinkage prior

Many Bayesian shrinkage priors that can be expressed as scale mixtures of normals exist in the

literature, e.g. the continuous spike and slab of Ishwaran and Rao (2005), the Bayesian Lasso

of Park and Casella (2008), the horseshoe prior of Carvalho, Polson, and Scott (2010), the

Normal-Gamma of Griffin and Brown (2010), or the Dirichlet-Laplace prior of Bhattacharya,

Pati, Pillai, and Dunson (2015). While any of these priors could be employed, we use the

spike and slab (S&S) prior for shrinking the parameters because its two component mixture

facilitates the interpretation of breaks. The S&S prior is specified by the following hierarchical

structure

Vec(A0)|Γ0 ∼ N (0,diag{φ(1)
0 , . . . , φ

(nk)
0 }︸ ︷︷ ︸

Γ0

), (3)

Vec(∆Ai)|Γi ∼ N (0,diag{φ(1)
i , . . . , φ

(nk)
i }︸ ︷︷ ︸

Γi

), ∀i ∈ [1,K] (4)

φ
(j)
i |z

(j)
i , (σ

(j)
i )2 = c

(j)

z
(j)
i

(σ
(j)
i )2 ∀i ∈ [0,K], ∀j ∈ [1, nk], (5)

(σ
(j)
i )2 ∼ IG(v(j)/2, v(j)/2), ∀i ∈ [0,K], ∀j ∈ [1, nk], (6)

z
(j)
i ∼ Bernoulli(1− ω(j)

i ), ∀i ∈ [0,K] ∀j ∈ [1, nk], (7)

ω
(j)
i ∼ Beta(α

ω
(j)
i

, β
ω

(j)
i

), ∀i ∈ [0,K] ∀j ∈ [1, nk], (8)

where IG(·, ·) denotes the inverse-Gamma. The discrete variable c
(j)

z
(j)
i

acts as a spike if z
(j)
i = 0

or a slab if z
(j)
i = 1. The spike reduces the variance since c

(j)
0 < c

(j)
1 . The spike and slab prior

is continuous because the random variable (σ
(j)
i )2 makes a bridge between the two components

by altering their variances. The shrinkage property of the continuous S&S prior is intuitively

understood from the marginal density function of a mean parameter. Direct calculations give
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that

fS&S(a
(j)
i |v

(j), ω
(j)
i ) =

ω
(j)
i√
c

(j)
0

ft(
|a(j)
i |√
c

(j)
0

|v(j)) +
(1− ω(j)

i )√
c

(j)
1

ft(
|a(j)
i |√
c

(j)
1

|v(j)), (9)

where the parameter a
(j)
i denotes the jth element of Vec(A0) if i = 0 and of Vec(∆Ai) for

i ∈ [1,K] and ft(·|v) denotes the student density function with v degrees of freedom. The con-

tinuous S&S prior adds a considerable number of random variables and hyper-parameters into

the model. In this paper, we explore two different ways of fixing the hyper-parameters. First,

we develop a new calibration procedure in the next section. Second, in Internet Appendix

E.1 we document results using the most common specification of the S&S hyper-parameters.

2.2.1 Calibration of the S&S hyper-parameters

The S&S shrinkage priors augment the model specification with a lot of hyper-parameters.

Fortunately, many of these hyper-parameters are fixed using standard rules developed in Du-

fays and Rombouts (2020) and Dufays and Rombouts (2018) such that the implied marginal

distribution (9) mimics a mixture of two uniform distributions (hereafter denoted by 2MU)

and which turns out to be effective in CP models. More explicitly, the 2MU prior is defined

by three parameters: a2MU, b2MU, with 0 < a2MU < b2MU, which denotes the bounds of the

uniform components and P that stands for the penalty parameter. The 2MU distribution on

model parameter a
(j)
i is given by

a
(j)
i |a

2MU
j , b2MU

j , P ∼ ω2MU(P )U [
−a2MU

j

2
,
a2MU
j

2
] + (1− ω2MU(P ))U [

−b2MU
j

2
,
b2MU
j

2
],(10)

with ω2MU(P ) =
a2MU
j (1−eP )

b2MU
j eP+a2MU

j (1−eP )
, obtained from log f(a

(j)
i =

b2MU
j

2 |a
2MU
j , b2MU

j , P )−log f(a
(j)
i =

0|a2MU
j , b2MU

j , P ) = P . In particular, P implies a prior on having a break in the parameter

because it controls the probability of being in the wide component. The parameter P pe-

nalizes the log-likelihood function by an amount of P when the underlying parameter lies

in the region [
−b2MU

j

2 ,
b2MU
j

2 ]\[−a
2MU
j

2 ,
a2MU
j

2 ], i.e. away from zero. The 2MU prior implies a L0

penalized likelihood and more negative values of P imply less detected breaks. Ultimately

if P → −∞, the process has no break and becomes a standard VAR model. As shown in

Internet Appendix D, we motivate the following hyper-parameters of the 2MU distribution
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for each parameter a
(j)
i ∼ 2MU(a2MU

j , b2MU
j , P ):

a2MU
j =

1

3
σ̂
a

(j)
0

, (11)

b2MU
j =

a2MU
j (19TK + 1)

K
, (12)

P = P0.95, (13)

ω2MU(P0.95) =
a2MU
j (1− eP0.95)

b2MU
j eP0.95 + a2MU

j (1− eP0.95)
, (14)

in which σ̂
a

(j)
0

denotes the standard error of the OLS estimate of a
(j)
0 and Pπ = −(ln π

1−π+lnT )

with π ∈ [0.5, 1). The penalty value P0.95 is equivalent to strong evidence in favor of a

breakpoint in the scale of Kass and Raftery (1995).

To optimally mimic the 2MU distribution, we minimize the Kullback-Leibler divergence

between the 2MU prior (see Equation (10)) and the marginal density function of the contin-

uous spike and slab prior given by Equation (9) with respect to c0, c1 and v. So, we use the

same weight for the continuous spike and slab distribution as for the 2MU prior distributions,

i.e. ω2MU(P0.95), see Equation (14). In particular, we minimize the divergence by maximizing

the log-likelihood function of the spike and slab prior given a sample from the 2MU distribu-

tion. The hyper-parameters of the beta distribution of the continuous spike and slab given

in Equation (8) are computed as, for any i ∈ [0,K] and j ∈ [1, nk],

ω
(j)
i ∼ Beta(a

ω
(j)
i

, b
ω

(j)
i

),

{a
ω

(j)
i

, b
ω

(j)
i

} = arg min(P [ω
(j)
i ∈ [ω2MU(P0.75), ω2MU(P0.99)]]− 0.999)2.

Making ω
(j)
i a random variable has the appealing property of facilitating the movement from

the spike to the slab component and vice versa, and therefore improving the mixing of the

sampler. This structure is similar to the S&S prior of Ishwaran and Rao (2005).

2.3 Choosing the number of breaks K

Intuitively, the S&S priors will shrink parameters of irrelevant regimes to zero and so the

choice of potential breaks K does not matter as long as it is large enough. We set the number

of breaks to a small but conservative number as K = dlnT e. While the number of breaks

increases with T , it remains bounded by the maximum growth rate of the number of VAR

segments in Callot and Kristensen (2015) so their asymptotic results apply. Also, by fixing the

number of breaks smaller than the sample size, we stick to the baseline idea of CP models that
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is detecting few abrupt changes in the parameters. Imposing K < T has relevant practical

consequences because it solves the MCMC convergence issues and it drastically decreases

the computational burden. To illustrate this, consider our financial application in which we

have a trivariate VAR model with 2 lags and a sample size of T = 949. Assuming K = T

implies 19,929 mean parameters to estimate. Our approach limits this number to 144. With

respect to the approach of estimating the number of breaks using the marginal likelihood, our

method has the advantage of considerably reducing the computational burden as only one

model needs to be estimated.

Because we choose K < T , we need a prior for the breaks. We do not directly model the

breakpoints τ1:K since it complicates the sampler and the elicitation of the prior distributions.1

We make use of the latent variable st ∈ [1,K + 1] to model the break dynamics as in Chib

(1998). This discrete variable denotes the active regime at time t. The break dynamics

s1:T = {s1, s2, . . . , sT } is driven by a first-order Markov chain with transition matrix given by

PCP =


p1 1− p1 0 ... 0

0 p2 1− p2 ... 0

...

0 0 ... 0 1

 . (15)

Note that the break date parameters τ1:K are directly built from the state vector s1:T =

{s1, s2, . . . , sT } given the one-to-one mapping between the two variables.

2.4 Predictive densities subject to future breaks

Pettenuzzo and Timmermann (2011) introduce out-of-sample breaks in an optimal portfolio

application and conclude that such breaks have a much larger impact on asset allocation than

parameter uncertainty. This is due to the fact that, when a break occurs in the predictive

process, all the VAR parameters of the new regime are drawn from a prior calibrated using

the in-sample parameter values. However, when the number of in-sample breaks is found to

be small empirically, the learning process about the break size is limited and accounting for

future breaks drastically increases prediction uncertainty.

In our framework, we use additional information on the break size to calibrate future

structural changes. In particular, our Sparse CP-VAR model innovates in two aspects. First,

the covariance matrix independently evolves from the mean dynamics. Therefore, the mean

parameters do not necessarily experience future breaks when the covariance matrix abruptly

1The best sampler based on a single chain, we are aware of, is Stephens (1994). However, it consists of
sampling one at a time the break dates in a MCMC context.
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changes. Second, our process learns which parameters are time-varying over the sample

period which is useful information to realistically incorporate future parameter instabilities

when computing predictive densities. In particular, we sample the break size of a parameter

in a future regime i, that is a
(j)
i ,∀j ∈ [1, nk] and i > K, from the prior,

a
(j)
i |a

(j)
0:K , z

(j)
0:K ∼ ω(j)N (µ̄(j), (σ̄(j))2) + (1− ω(j))10, (16)

where ω(j) = K̃(j)

K (i.e. the probability of an in-sample break) with K̃(j) =
∑K

i=1 z
(j)
i (i.e.,

the number of active in-sample breaks), µ̄(j) = 1{K̃(j)>1}

∑K
i=1 a

(j)
i 1

{z(j)
i

=1}

K̃(j) and (σ̄(j))2 =

1{K̃(j)>1}

∑K
i=1(a

(j)
i −µ̄

(j))21
{z(j)
i

=1}

K̃
. If no in-sample break in a parameter has been detected,

this distribution implies a point mass at zero. When at least two breaks in the parameters

a
(j)
0:K occur in-sample, the prior distribution of Equation (16) becomes a mixture distribution

with one component being a Normal distribution centered around the average size of the

breaks. Regarding the distribution of the probability of staying in the same regime at the

next period (i.e. pfuture), we set a prior in line with Pesaran, Pettenuzzo, and Timmermann

(2006) that is specified as f(pfuture|τ1:K) ∼ B(T −K,K). We could of course consider more

sophisticated prior distributions based on the estimated break dates τ1:K or on the regime

durations as in Koop and Potter (2007).

3 Inference

The MCMC sampler exhibits two innovations compared to standard inference on CP-VAR

models. First, we jointly sample the mean parameters which significantly improves the MCMC

mixing. Second, we enhance the sampling of the spike and slab parameters. The latter

innovation can be adapted to any other spike and slab application. The full MCMC sampler

can be found in Internet Appendix A.

3.1 Sampling the mean parameters

Let us introduce the unit vector eK(i) = (1 1 . . . 1︸ ︷︷ ︸
#i

0 . . . 0)′ ∈ RK+1×1. To sample the

mean parameters, we rewrite the CP-VAR(p) model as follows

yt = [A0 +

K∑
i=1

∆Ai1{t>τi}]xt + εt with εt ∼ N (0,Σt),

= Ax̃t + εt, (17)
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whereA = (A0 ∆A1 . . . ∆AK) ∈ Rn×k̄, x̃t = eK(st)⊗xt = (x′t1st≥1 x′t1st≥2 . . . x′t1st≥K+1)′ ∈
Rk̄×1 and k̄ = (K + 1)((n× p) + 1).

In matrix form, the model reads

Y = AX + E, (18)

Vec(Y ) = Vec(AX) + Vec(E),

where Y = (y1 y2 . . . yT ) ∈ Rn×T , X = (x̃1 x̃2 . . . x̃T ) ∈ Rk̄×T and E = (ε1 ε2 . . . εT ) ∈
Rn×T . The covariance matrix Ω of Vec(E) is given by

Ω =


Σ1 0n×n . . . 0n×n

0n×n Σ2 . . . 0n×n

. . .

0n×n 0n×n . . . ΣT

 ∈ RnT×nT . (19)

The likelihood function can be expressed as follows

f(Y |A,Σ1:KΣ
, sΣ

1:T , τ1:K) ∝ e−
1
2

(Vec(Y−AX)′Ω−1Vec(Y−AX)),

∝ e−
1
2

(Vec(A)′(X⊗In)Ω−1(X′⊗In)Vec(A)−2Vec(Y )′Ω−1(X′⊗In)Vec(A)).

The full conditional posterior distribution is therefore normally distributed since the prior dis-

tribution of A is a Normal distribution conditional on the S&S parameters. More specifically,

we have that

f(A|Y,Σ1:KΣ
, sΣ

1:T ,Γ0:K , τ1:K) ∝

e−
1
2

(Vec(A)′((X⊗In)Ω−1(X′⊗In)+Ω−1)Vec(A)−2(Vec(Y )′Ω−1(X′⊗In)+Vec(A)′Ω−1)Vec(A)),

in which A and Ω denote the expectation and covariance matrix of the prior distribution of

A given Γ0:K , respectively (see Equation (3)). We conclude that

Vec(A)|Y,Σ1:KΣ
, sΣ

1:T ,Γ0:K ∼ N (µ̄, Σ̄),

where Σ̄ = ((X ⊗ In)Ω−1(X ′ ⊗ In) + Ω−1)−1, µ̄ = Σ̄[(X ⊗ In)Ω−1Vec(Y ) + Ω−1Vec(A)].

In practice, exploiting the sparsity of Ω speeds up the computation. In addition, as pro-

posed by Chan (2013), we save time by computing the posterior expectation as follows

9
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µ̄ = (CΣ̄−1)−1(C ′
Σ̄−1)−1[(X ⊗ In)Ω−1Vec(Y ) + Ω−1Vec(A)] in which we use the Cholesky

decomposition: C ′
Σ̄−1CΣ̄−1 = Σ̄−1.

3.2 Sampling the spike and slab parameters

In the shrinkage literature, e.g. Ishwaran and Rao (2005) and Malsiner-Walli and Wagner

(2016a), the spike and slab parameters are usually sampled sequentially as follows, ∀i ∈ [0,K]

and ∀j ∈ [1, nk],

1. (σ
(j)
i )2|a(j)

i , c
(j)
0 , c

(j)
1 , z

(j)
i , v(j) ∼ IG(v

(j)+1
2 ,

(a
(j)
i )2/(c

(j)

z
(j)
i

)+v(j)

2 )

2. ω
(j)
i |z

(j)
i ∼ Beta(aω + 1{z(j)

i =0}, bω + 1{z(j)
i =1})

3. Pr(z
(j)
i = 1|a(j)

i , (σ
(j)
i )2, ω

(j)
i ) =

f(a
(j)
i |(σ

(j)
i )2,z

(j)
i =1)(1−ω(j)

i )

f(a
(j)
i |(σ

(j)
i )2,z

(j)
i =1)(1−ω(j)

i )+f(a
(j)
i |σ

(j)
i )2,z

(j)
i =0)ω

(j)
i

.

Nevertheless, the variables {σ(j)
i , z

(j)
i }i,j are bound to exhibit high correlation. We propose a

joint sampler for these variables. To alleviate the notation, we drop the indices i, j and define

c = (c0, c1)′. The joint density function of {σ2, z} can be decomposed as

f(σ2, z|v, c, a, ω) = f(z|v, c, a, ω)f(σ2|v, c, a, z),

in which the distribution σ2|v, c, a, z ∼ IG(v+1
2 , a

2/cz+v
2 ) as shown in item 1 above. The

challenge is to sample from the marginal distribution of z. To do so, we exploit the discreteness

of z. The Bayesian rule gives, for i = 0, 1,

f(z = i|v, c, a, ω) =
f(a|v, c, z = i)f(z = i|ω)

f(a|v, c, z = 0)f(z = 0|ω) + f(a|v, c, z = 1)f(z = 1|ω)
.

where f(a|v, c, z = i) is a student density as shown by Equation (9). Then the marginal

distribution of z is computed as

f(a|v, c, z = i) = (2πci)
− 1

2
Γ(v+1

2 )

Γ(v2 )

(v2 )
v
2

(
a2

ci
+v

2 )
v+1

2

, for i = 0, 1, (20)

f(z = 0|v, c, a, ω) =
(c0)−

1
2 (a

2

c0
+ v)−

v+1
2 ω

(c0)−
1
2 (a

2

c0
+ v)−

v+1
2 ω + (c1)−

1
2 (a

2

c1
+ v)−

v+1
2 (1− ω)

. (21)

To sample from the joint distribution, we first sample z from (21) and then we draw σ2|v, c, a, z ∼
IG(v+1

2 , a
2/cz+v

2 ).
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4 Including time-varying covariance dynamics

In empirical applications, there is ample evidence of time variation in the variance of the time

series. Therefore, we enrich the Sparse CP-VAR model with dynamics for the covariance

matrix using an infinite hidden Markov structure based on the hierarchical Dirichlet process

of Teh, Jordan, Beal, and Blei (2006). In particular, the prior of the covariance matrix is

defined as follows

Σt ∼ GΣt−1 ,

GΣt−1 |G0,Σt−1, αΣ, κΣ ∼ DP(αΣ + κΣ,
αΣG0 + κΣδΣt−1

αΣ + κΣ
),

G0|H, ηΣ ∼ DP(ηΣ, H),

H|S0, v0 ≡ IW(v0, S0),

S0 ∼ W(s, S),

where δx denotes a probability measure concentrated at x, DP(a,H) stands for a Dirichlet

process with concentration parameter a and base distributionH andW (s, S) (resp. IW(s, S))

is the Wishart (resp. inverse-Wishart) distribution with scale parameter s and positive definite

matrix S. The parameter κ has been introduced by Fox, Sudderth, Jordan, and Willsky (2008)

and accounts for the time series persistence. The base distribution H is inverse-Wishart with

scale parameter v0. A hierarchical structure on the base distribution is proposed by Song

(2014) to improve the MCMC mixing since births of new regimes are favored. Relying on the

stick-breaking representation of the Dirichlet process (Sethuraman (1994)), the model with

the hierarchical structure of the covariance matrix can be written as

yt = [A0 +
K∑
i=1

∆Ai1{t>τi}]xt + εt with εt ∼ N (0,ΣsΣt
), (22)

sΣ
t |sΣ

t−1, {pΣ
i }∞i=1 ∼ pΣ

sΣt−1
, (23)

pΣ
i |πΣ, αΣ, κΣ ∼ DP(αΣ + κΣ,

αΣπ
Σ + κΣδi

αΣ + κΣ
), (24)

πΣ|ηΣ ∼ Stick(ηΣ), (25)

ΣsΣt
|H ∼ H, (26)

H|S0, v0 ≡ IW(v0, S0), (27)

S0 ∼ W(s, S), (28)

11
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in which the state vector sΣ
1:T = {sΣ

1 , . . . , s
Σ
T } is a discrete variable taking integer values that

denotes the current regime of the covariance matrix, the sequence pΣ
i = {pi,1, pi,2, . . .} denotes

an infinite-dimensional vector of probabilities and the sequence πΣ = {π1, π2, ...} is driven by

a stick-breaking process conveniently written as π ∼ Stick(η) and satisfies
∑∞

i=1 πi = 1 with

probability one. The hierarchical structure (23)-(28) makes transparent that the model is

Markovian with an unbounded number of variance regimes. The covariance switches are a

priori independent of the mean changes, which turns out to provide better in-sample and

out-of-sample results, see e.g. Bauwens, Carpantier, and Dufays (2015).

To sample the covariance state vector, we rely on the degree KΣ weak limit approximation

(Ishwaran and Zarepour (2002)) which consists of truncating the infinite dimension with an

upper bound KΣ number of regimes. As explored in Kurihara, Welling, and Teh (2007) and

Fox, Sudderth, Jordan, and Willsky (2011), this truncation does not distort the posterior

distribution as long as the number KΣ is large enough. In our applications, we set it to

30. Regarding the other prior distributions of the Dirichlet process parameters, we use ηΣ ∼
G(5, 2), (αΣ + κΣ) ∼ G(5, 2) and κΣ

αΣ+κΣ
∼ Beta(100, 1) where G(g1, g2) denotes the Gamma

distribution with shape and scale given respectively by g1 and g2.

5 Simulations

We illustrate several features of the Sparse CP-VAR model on simulated data. First, we

detail the ability of the method to detect the number of regimes for each model parameter.

We compare with alternative CP models and Lasso based methods. Second, we study the

precision of the parameter estimates over two sample sizes. Additional simulations, including

robustness checks, can be found in the Internet Appendix. For the estimations in this section,

the number of MCMC iterations amounts to 20,000 with a burnin size of 10,000 draws. We

keep one out of two draws after the burnin period to build the posterior distribution.

5.1 Detecting the number of regimes

To illustrate the performance of the Sparse CP-VAR model in detecting the true number of

regimes, we simulate 500 time series of T = {512, 949} observations from three data generating

processes (DGPs) given by a VAR(1) model specified as

yt = At[1 y
′
t−1]′ + εt with εt ∼ N

((
0

0

)
,Σt

)
. (29)

12
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Table 1 displays the different values of At =

(
a1,1 a1,2 a1,3

a2,1 a2,2 a2,3

)
and Σt.

Table 1: CP-VAR model parameters for simulation study.

DGP A
Regime 1 2 3 4 #Regimes
Time 1 ≤ t < bT/4c bT/4c ≤ t < b2T/4c b2T/4c ≤ t < b3T/4c b3T/4c ≤ t

At

(
0.4 0.6 0
0 0.3 0.8

) (
0.4 0.6 0
0 0.3 0.8

) (
0.4 0.6 0
0 0.3 0.8

) (
0.4 0.6 0
0 0.3 0.8

) (
1 1 0
0 1 1

)
Σt

(
1 0.3

0.3 1

) (
1 0.3

0.3 1

) (
1 0.3

0.3 1

) (
1 0.3

0.3 1

)
1

DGP B
Regime 1 2 3 4 #Regimes
Time 1 ≤ t < bT/4c bT/4c ≤ t < b2T/4c b2T/4c ≤ t < b3T/4c b3T/4c ≤ t

At

(
0.4 0.6 0
0 0 0.9

) (
0.4 0.6 0
0 0 0.1

) (
0.4 0.6 −0.25
0 0 0.9

) (
0.4 0.6 −0.25
0 0 0.1

) (
1 1 1
0 0 4

)
Σt

(
1 0
0 1

) (
2.5 0.3
0.3 2.5

) (
2.5 0.3
0.3 2.5

) (
0.5 0.3
0.3 0.5

)
3

DGP C
Regime 1 2 3 4 #Regimes
Time 1 ≤ t < b0.5T c b0.5T c ≤ t < b2T/3c b2T/3c ≤ t < b3T/4c b3T/4c ≤ t

At

(
0 0.5 0.1
0 0.1 0.5

) (
0 −0.5 0.1
0 0.1 −0.5

) (
0 0.5 0.1
0 0.1 0.5

) (
0 −0.5 0.1
0 0.1 −0.5

) (
0 4 1
0 1 4

)
Σt

(
1 0
0 1

) (
1 0
0 1

) (
1 0
0 1

) (
1 0
0 1

)
1

DGP A stands for a VAR(1) model without breaks and with a contemporaneous correla-

tion of 0.3 between the two time series. Two parameters are set to zero in order to assess the

shrinkage effect of the first regime. DGPs B and C (also used in Preuß, Puchstein, and Dette

(2015)) exhibit four regimes for one parameter of the CP-VAR model. The second dependent

variable of DGP B has a strong persistence when the first and the third regimes are active.

Moreover, the covariance matrix has two structural breaks both in the variances and in the

covariance. The means of the dependent variables of DGP C are set to zero to focus on shifts

in dynamics rather than in the level.

The DGPs allow evaluating (i) if the Sparse CP-VAR process detects the four regimes

present in the AR(1) coefficient of the second variable (DGP B) and the four regimes in the

two AR coefficients presented by DGP C; (ii) if the second intercept as well as the first cross

AR coefficient are shrunk towards zero in the posterior distribution because these coefficients

are set to zero in DGP A (similar for the parameters set to zero in DGPs B and C); (iii) if

regarding DGP B, where the second cross AR parameter experiences a break in the middle

of the sample, only one regime is detected since the variable is insignificant before.

Table 2 summarizes the percentage of detected number of regimes, computed as the pos-
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terior mode of the marginal probabilities of having a specific number of regimes, per model

parameter. For the VAR model without breaks in DGP A, the sampler detects minimum

98.4 percent of the times the correct number of regimes in the mean, and 97.2 percent of the

times the correct number of regimes in the covariance matrix. Therefore, there is little risk

on estimating the Sparse CP-VAR model when there are no breaks.

In the case of multiple breaks, the results of DGP B and C indicate that detecting the

four regimes works well with minimum correct detection rates of respectively 99.2 and 87.6

percent when T=512. As expected, the sampler performs less well in identifying the close

to zero parameters in DGP C. In fact, for a2,2 and a1,3 which are both equal to 0.1, the

detection rates are respectively 23.2 and 25.6 percent when T=512. Though, the detection

rate increases to 50 and 48.6 percent when T=949. The breaks in the covariance matrix of

DGP B are detected 88.4 percent of the times, the single regime variance of DGP C 97.4

percent of the times.2

We compare our results with the common breaks in mean and variance approaches of

Pettenuzzo and Timmermann (2011) (PT) and Maheu and Song (2018) (HSB). PT denotes

a bivariate CP-VAR model and is reviewed in Internet Appendix B including a detailed

derivation and the replication of their results. HSB denotes the hierarchical structural break

VAR model as explained in Internet Appendix C. Regarding the PT simulation results for

T=949, DGP A is correctly detected at all times, DGP B 78.6 percent, and DGP C 43.8

percent of the times. HSB outperforms PT with higher detection rates for DGP B and C.

The results are worse for T=512 for the PT model, especially DGP C with only a 4.8 percent

detection rate.

To compare our results in Table 2 with a frequentist method, we implement the adaptive

Lasso of Callot and Kristensen (2015). We observe that the detected number of regimes is

quite unreliable when breaks occur. The large variation in the detected number of regimes

does not vanish for T=949.

Table 3 shows the percentage of detected number of regimes per parameter for the Sparse

CP-VAR by extending the bivariate models of Equation (29) to eight-variate VAR models.

Since the number of mean and variance-covariance parameters per regime amount to 72 and

36 respectively we generate time series of length T=719 which is in the range of monthly

macroeconomic time series. To save space, we only report the parameters of the first two

equations, but the results are representative for the whole system. We find that also in this

higher dimensional VAR model the Sparse CP-VAR model works well for the three DGPs.

The detection rates of the mean parameters are systematically in the nineties, except for the

2Note that the exact identification of the number of regimes in the variance-covariance is not the goal and
the real focus of our paper is providing a flexible method to model the variance process.
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Table 2: Monte Carlo regime detection results for the CP-VAR model.
Percentage of detected number of regimes per parameter based on 500 simulations from DGPs
given by Equation (29) and Table 1. Bold values indicate the true number of regimes.

#Regimes 0 1 2 3 4 5 6 7 #Regimes 0 1 2 3 4 5 6

DGP A - T=512
Sparse CP-VAR Adaptive Lasso
a1,1 0 98.4 1.4 0.2 0 0 0 0 a1,1 3 95 2 0 0 0 0
a2,1 99 0.4 0.6 0 0 0 0 0 a2,1 100 0 0 0 0 0 0
a1,2 0 99.8 0.2 0 0 0 0 0 a1,2 0 95 5 0 0 0 0
a2,2 0 99.8 0.2 0 0 0 0 0 a2,2 0 99 1 0 0 0 0
a1,3 99.8 0.2 0 0 0 0 0 0 a1,3 97 3 0 0 0 0 0
a2,3 0 98.6 1.4 0 0 0 0 0 a2,3 0 95 5 0 0 0 0
Σt 0 97.2 2.8 0 0 0 0 0

PT model 0 100 0 0 0 0 0 0
HSB model 0 100 0 0 0 0 0 0

DGP A - T=949
Sparse CP-VAR Adaptive Lasso
a1,1 0 99.2 0.4 0.4 0 0 0 0 a1,1 1 99 0 0 0 0 0
a2,1 100 0 0 0 0 0 0 0 a2,1 100 0 0 0 0 0 0
a1,2 0 99.8 0.2 0 0 0 0 0 a1,2 0 97 3 0 0 0 0
a2,2 0 100 0 0 0 0 0 0 a2,2 0 99 1 0 0 0 0
a1,3 99.8 0.2 0 0 0 0 0 0 a1,3 97 3 0 0 0 0 0
a2,3 0 99.2 0.6 0.2 0 0 0 0 a2,3 0 97 3 0 0 0 0
Σt 0 98.2 1.8 0 0 0 0 0

PT model 0 100 0 0 0 0 0 0
HSB model 0 99.8 0.2 0 0 0 0 0

DGP B - T=512
Sparse CP-VAR Adaptive Lasso
a1,1 0 99.4 0.6 0 0 0 0 0 a1,1 25 74 1 0 0 0 0
a2,1 99.2 0 0.8 0 0 0 0 0 a2,1 99 1 0 0 0 0 0
a1,2 0 100 0 0 0 0 0 0 a1,2 0 88 12 0 0 0 0
a2,2 99.8 0.2 0 0 0 0 0 0 a2,2 84 16 0 0 0 0 0
a1,3 0.2 99 0.8 0 0 0 0 0 a1,3 3 80 13 4 0 0 0
a2,3 0 0 0.2 0 99.2 0.6 0 0 a2,3 0 20 47 22 9 1 1
Σt 0 0 0 81.2 18.8 0 0 0

PT model 0 0 1 23.6 72 3 0.4 0
HSB model 0 0 0 0.6 83.6 12.4 2.4 1

DGP B - T=949
Sparse CP-VAR Adaptive Lasso
a1,1 0 100 0 0 0 0 0 0 a1,1 5 91 4 0 0 0 0
a2,1 100 0 0 0 0 0 0 0 a2,1 99 1 0 0 0 0 0
a1,2 0 99.6 0.4 0 0 0 0 0 a1,2 0 89 11 0 0 0 0
a2,2 100 0 0 0 0 0 0 0 a2,2 78 20 2 0 0 0 0
a1,3 0 99.8 0.2 0 0 0 0 0 a1,3 0 78 20 2 0 0 0
a2,3 0 0 0 0 99.4 0.6 0 0 a2,3 0 5 34 23 24 6 8
Σt 0 0 0 88.4 11 0.6 0 0

PT model 0 0 0 0.8 78.6 14 5 1.6
HSB model 0 0 0 0 95.8 3.8 0.4 0

DGP C - T=512
Sparse CP-VAR Adaptive Lasso
a1,1 98.8 0.4 0.8 0 0 0 0 0 a1,1 97 3 0 0 0 0 0
a2,1 98.4 0.2 1.4 0 0 0 0 0 a2,1 97 3 0 0 0 0 0
a1,2 0 0 10.8 0.2 89 0 0 0 a1,2 22 15 31 27 3 1 1
a2,2 76 23.2 0.8 0 0 0 0 0 a2,2 42 57 1 0 0 0 0
a1,3 74.2 25.6 0.2 0 0 0 0 0 a1,3 45 52 3 0 0 0 0
a2,3 0 0 11.8 0.6 87.6 0 0 0 a2,3 16 21 27 28 7 1 0
Σt 0 97 3 0 0 0 0 0

PT model 0 0 95.2 0 4.8 0 0 0
HSB model 0 0 9 0 72.4 15.8 2.2 0.6

DGP C - T=949
Sparse CP-VAR Adaptive Lasso
a1,1 99.6 0.2 0.2 0 0 0 0 0 a1,1 94 6 0 0 0 0 0
a2,1 99.8 0.2 0 0 0 0 0 0 a2,1 95 5 0 0 0 0 0
a1,2 0 0 0.2 0.2 99.4 0.2 0 0 a1,2 0 0 14 62 12 11 1
a2,2 49.6 50 0.4 0 0 0 0 0 a2,2 11 82 7 0 0 0 0
a1,3 51.2 48.6 0.2 0 0 0 0 0 a1,3 15 79 6 0 0 0 0
a2,3 0 0 0 0 99.8 0.2 0 0 a2,3 0 0 17 56 16 7 4
Σt 0 97.4 2.6 0 0 0 0 0

PT model 0 0 53.6 0.6 43.8 2 0 0
HSB model 0 0 0 0 92.4 6.8 0.8 0
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parameters a2,2 and a1,3 of DGP C, which are harder to distinguish being significant or not.

Extending to eight-variate VAR models changes the HSB performance as the regime detection

for DGP B greatly deteriorates.

Table 3: Monte Carlo for an eight variate CP-VAR model.
Percentage of detected number of regimes per parameter for the Sparse CP-VAR model based
on 500 simulations from a 8-variate VAR generated by duplicating four times the bivariate
DGPs given by Equation (29) with T=719. Bold values correspond to the true number of
regimes. The number of mean parameters per regime amounts to 72. The table documents
the parameters of the first two equations.

#Regime 0 1 2 3 4 5 6 ≥7 0 1 2 3 4 5 6 ≥7 0 1 2 3 4 5 6 ≥7

DGP A DGP B DGP C

a1,1 0 98 2 0 0 0 0 0 a1,1 0 99 1 0 0 0 0 0 a1,1 99 1 0 0 0 0 0 0
a2,1 100 0 0 0 0 0 0 0 a2,1 99 0 1 0 0 0 0 0 a2,1 100 0 0 0 0 0 0 0
a1,2 0 99 1 0 0 0 0 0 a1,2 0 99 1 0 0 0 0 0 a1,2 0 0 1 0 98 1 0 0
a2,2 0 99 1 0 0 0 0 0 a2,2 100 0 0 0 0 0 0 0 a2,2 65 34 0 0 0 0 0 0
a1,3 100 0 0 0 0 0 0 0 a1,3 0 98 2 0 0 0 0 0 a1,3 62 37 1 0 0 0 0 0
a2,3 0 99 1 0 0 0 0 0 a2,3 0 0 0 0 99 1 0 0 a2,3 0 0 2 0 97 1 0 0
a1,4 100 0 0 0 0 0 0 0 a1,4 100 0 0 0 0 0 0 0 a1,4 99 1 0 0 0 0 0 0
a2,4 100 0 0 0 0 0 0 0 a2,4 100 0 0 0 0 0 0 0 a2,4 100 0 0 0 0 0 0 0
a1,5 99 0 1 0 0 0 0 0 a1,5 100 0 0 0 0 0 0 0 a1,5 100 0 0 0 0 0 0 0
a2,5 100 0 0 0 0 0 0 0 a2,5 100 0 0 0 0 0 0 0 a2,5 100 0 0 0 0 0 0 0
a1,6 100 0 0 0 0 0 0 0 a1,6 100 0 0 0 0 0 0 0 a1,6 100 0 0 0 0 0 0 0
a2,6 99 1 0 0 0 0 0 0 a2,6 100 0 0 0 0 0 0 0 a2,6 100 0 0 0 0 0 0 0
a1,7 99 0 0 0 0 0 0 0 a1,7 100 0 0 0 0 0 0 0 a1,7 100 0 0 0 0 0 0 0
a2,7 100 0 0 0 0 0 0 0 a2,7 99 1 0 0 0 0 0 0 a2,7 100 0 0 0 0 0 0 0
a1,8 100 0 0 0 0 0 0 0 a1,8 99 0 0 0 0 0 0 0 a1,8 100 0 0 0 0 0 0 0
a2,8 100 0 0 0 0 0 0 0 a2,8 100 0 0 0 0 0 0 0 a2,8 100 0 0 0 0 0 0 0
a1,9 100 0 0 0 0 0 0 0 a1,9 99 1 1 0 0 0 0 0 a1,9 100 0 0 0 0 0 0 0
a2,9 99 0 1 0 0 0 0 0 a2,9 99 1 0 0 0 0 0 0 a2,9 100 0 0 0 0 0 0 0
Σt 0 90 10 0 0 0 0 0 Σt 0 0 12 60 27 1 0 0 Σt 0 99 1 0 0 0 0 0
HSB Model 0 100 0 0 0 0 0 0 0 0 1.8 0 16.4 8.6 13.8 59.4 0 0 0 0.2 95.4 4.2 0.2 0

5.2 Accuracy of the CP-VAR parameter estimates

Table 4 documents the average RMSE defined as RMSE = 1
500

∑500
i=1 T

−1

√∑T
t=1(βt − β̂(i)

t )2

in which βt is the true parameter at time t and β̂
(i)
t indicates the posterior median of the

Sparse CP-VAR model or the adaptive Lasso estimate at time t for simulation i. For the true

parameters which are fixed to zero (underlined numbers in the table), the adaptive Lasso

performs very well which average RMSEs very close or equal to zero. Though they cannot

be zero by construction, the Sparse CP-VAR has small RMSEs which decrease substantially

when moving to T=949. The results change substantially for the true parameters which are

different from zero. Now, the Sparse CP-VAR model delivers systematically smaller RMSEs

than the adaptive Lasso except for the parameters a2,2 and a1,3 of DGP C. The differences in

RMSE are large due to the inability of the adaptive Lasso to detect a break in the parameter.

This is illustrated in Figure 1 which shows the 500 adaptive Lasso estimates of the coefficient

a2,3 of DGP C. Most of the estimates do not capture the three breakpoints even though

the assumptions of Callot and Kristensen (2015) hold for this DGP. However, the posterior

medians of the 500 replications given by the Sparse CP-VAR highlight the three breakpoints.
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Table 4: Monte Carlo parameter precision results for the CP-VAR model
Average RMSE of the estimates compared to the true parameter based on 500 simulations
from DGPs given by Equation (29) Bold values correspond to the smallest RMSE and under-
lined values indicate a true parameter equal to zero over the whole sample period (i.e., βt = 0
∀t ∈ [1, T ]).

RMSE
a1,1 a2,1 a1,2 a2,2 a1,3 a2,3

DGP A - T=512

Ad. Lasso 0.078 0.000 0.053 0.043 0.001 0.040
Sparse CP 0.066 0.008 0.037 0.040 0.001 0.020

DGP A - T=949

Ad. Lasso 0.049 0.000 0.036 0.032 0.001 0.027
Sparse CP 0.039 0.002 0.024 0.025 0.001 0.013

DGP B - T=512

Ad. Lasso 0.169 0.001 0.071 0.013 0.070 0.444
Sparse CP 0.047 0.010 0.028 0.002 0.042 0.120

DGP B - T=949

Ad. Lasso 0.077 0.000 0.042 0.013 0.048 0.348
Sparse CP 0.032 0.002 0.020 0.001 0.029 0.088

DGP C - T=512

Ad. Lasso 0.004 0.003 0.344 0.077 0.077 0.342
Sparse CP 0.004 0.006 0.138 0.090 0.089 0.141

DGP C - T=949

Ad. Lasso 0.003 0.004 0.241 0.047 0.049 0.242
Sparse CP 0.001 0.001 0.090 0.069 0.071 0.089

(a) Adaptive Lasso (b) Sparse CP-VAR

Figure 1: Adaptive Lasso estimates and posterior medians of the coefficient a2,3 over time for
500 replications of DGP C.
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6 Applications

We provide applications to excess return modelling and a macroeconomic system. The number

of MCMC iterations for all estimations amounts to 100,000 with a burnin size of 50,000

draws, and one out of two draws are kept after the burnin period to estimate the posterior

distributions. All out-of-sample forecasting results are obtained using cluster computation

via High Performance Computing system (Lafayette, Sauter, Vu, and Meade, 2016) at the

University of Melbourne.

6.1 Excess return modelling

We revisit the asset return predictability application of Pettenuzzo and Timmermann (2011).

They estimate two bivariate first order VAR models for excess returns with either the dividend

yield or the 1-month Treasury Bill. Their model assumes no autoregressive lag of the lagged

excess returns in the VAR equations. The monthly data ranges between December 1926 and

December 2019 and is obtained from the Center for Research in Security Prices. In the next

section, we estimate our Sparse CP-VAR model for the three variables jointly which allows

investigating which off diagonal VAR parameters are relevant and which are subject to breaks.

6.1.1 In-sample results

Table 5 documents the posterior probability of a specific number of regimes for each of the

Sparse CP-VAR(2) parameters.3 It turns out that most of the mean parameters are invariant

over time and often insignificant in terms of posterior probability. Interestingly, while the

standard single regime trivariate VAR(2) model exhibits 21 mean parameters, the Sparse

CP-VAR process only detects 5 significant parameters based on the mode of the number of

regimes per parameter. No mean parameters of the excess return equation are significant.

While this was expected for the lagged excess return, it is surprising that both Tbill and the

dividend have no predictive power on the excess return. In fact, all variations come from

the covariance matrix dynamic as the Sparse CP-VAR(2) process detects between 11 to 18

regimes. The estimation of an univariate CP model of Giordani and Kohn (2008) with AR(1)

structure and the lagged dividend and Tbill series, hereafter G&K’s model, confirms our

results as shown at the bottom of Table 5. In particular, the mean parameters are constant

over time while the variance experiences even more changes compared to the Sparse CP-

VAR(2) model. This result has to be contrasted with Pettenuzzo and Timmermann (2011)

who found at least six regimes on their bivariate models fitted on data until December 2005.

3The excess return has been multiplied by 10 while the Tbill series has been multiplied by 1000.
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We analyse deeper the nature of the detected breaks in two directions. First, shutting

down the capacity for regimes in the covariance matrix does not imply breaks in the mean,

although we find a few short regimes (March 1935, Jun 1980 and Nov 1982) trying to capture

some of the variance regimes. Second, in the opposite direction, estimating the Sparse CP

VAR model without allowing breakpoints in the mean, we find numbers of variance regimes

similar to those documented by PT. In particular, the posterior mode of the regimes in the

covariance matrix amounts to 8 and 11 for the bivariate model with the Dividend yield and

the Tbill series, respectively.

6.1.2 Forecasting performance

We follow PT and take the out-of-sample evaluation period from October 1942 to the end of

the sample (here December 2019). We estimate bivariate Sparse CP-VAR, PT-VAR, HSB-

VAR and TVPSV-VAR models with excess returns and either the dividends or treasury

bill (Tbill) variables. TVPSV-VAR denotes the time varying parameter stochastic volatility

approach of Primiceri (2005).

We measure forecast performance using the one-step ahead excess return predictive density

which we compute as

f
(
rt+1 = rot+1|y1:t

)
≈ 1

N

N∑
i=1

f
(
rt+1 = rot+1|y1:t,Ψ

i
)
.

where rot+1 is the observed value of rt+1, y1:t = (rt, xt)
′
1:t, Ψi the set of model parameters at

the ith MCMC draw, xt either dividend yield or Tbill and N the effective number of MCMC

draws. To gauge the forecasting performance over time, we use the cumulative log-predictive

likelihood which at time t is defined as the sum of of log predictive densities from the beginning

of the out-of-sample period until t.

Figure 2 plots the difference of cumulative log-predictive likelihoods of excess returns for

the Sparse CP-VAR compared to PT-VAR, HSB-VAR and TVPSV-VAR. For the total out-

of-sample period, we see that the Sparse CP-VAR provides better one-step ahead density

forecasts, except for the TVPSV-VAR with the Tbill variable. While for some periods the

forecasting performance is comparable with the PT-VAR model, the decade following 1960,

the period 1996-2001, and the beginning of the Global Financial Crisis is generating most

of the Sparse CP-VAR superior forecasting performance. The situation is different when

comparing the Sparse CP-VAR with the HSB-VAR where most of the Sparse CP-VAR gains

come from the period up to 1960 for the model with dividend yields, while for the model

with Tbill the gains in favor of Sparse CP-VAR are more linear over the entire out-of-sample
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Table 5: Excess return modelling: Sparse CP-VAR(2).
Posterior probability in percentage of having a number of regimes for each parameter of the
trivariate system estimated using a Sparse CP-VAR(2) model. Posterior probabilities for the
univariate model of Giordani and Kohn (2008) with excess return as dependent variable are
also documented. Bold values indicate the posterior mode.

Post. probability of a specific number of regimes
#Regime 0 1 2 3 4 5 6 7

Excess returns Equation

a1,1 99 1 0 0 0 0 0 0
a1,2 99 1 0 0 0 0 0 0
a1,3 99 1 0 0 0 0 0 0
a1,4 99 1 0 0 0 0 0 0
a1,5 99 1 0 0 0 0 0 0
a1,6 99 1 0 0 0 0 0 0
a1,7 99 1 0 0 0 0 0 0

Dividend yield Equation

a2,1 0 35 63 2 0 0 0 0
a2,2 100 0 0 0 0 0 0 0
a2,3 0 99 1 0 0 0 0 0
a2,4 74 26 0 0 0 0 0 0
a2,5 100 0 0 0 0 0 0 0
a2,6 99 1 0 0 0 0 0 0
a2,7 81 18 1 0 0 0 0 0

Treasury Bill Equation

a3,1 100 0 0 0 0 0 0 0
a3,2 100 0 0 0 0 0 0 0
a3,3 100 0 0 0 0 0 0 0
a3,4 0 100 0 0 0 0 0 0
a3,5 100 0 0 0 0 0 0 0
a3,6 100 0 0 0 0 0 0 0
a3,7 0 100 0 0 0 0 0 0

Covariance matrix
#Regime 10 11 12 13 14 15 16 ≥ 17
Prob. 0 4 17 30 25 14 6 4

Excess returns Equation - G&K’s model
#Regime 1 2 3 4 5 6 7 8

a1,1 97 3 0 0 0 0 0 0
a1,2 97 3 0 0 0 0 0 0
a1,3 99 1 0 0 0 0 0 0
a1,4 99 1 0 0 0 0 0 0

Variance
#Regime 10 11 12 13 14 15 16 ≥ 17
Prob. 0 1 3 7 11 13 13 52

period. Finally, comparing the Sparse CP-VAR with the TVPSV-VAR, we find opposite

results depending on the variable that is modelled jointly with the excess-returns. The model

with dividend yields is slightly in favor of the Sparse CP-VAR model with mild gains until

1987 and stronger performance afterwards. In contrast, the model with Tbill is in favor of

the TVPSV-VAR from the end of the 1960s until the end of the forecasting sample.
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We do two robustness checks regarding the Sparse CP-VAR models for which results are

available upon request. First, the results reported here ignore the possibility of out-of-sample

breaks. We also assess if incorporating breaks in the forecasts improves the results as suggested

in Pesaran, Pettenuzzo, and Timmermann (2006) but no large differences in the respective

log-predictive likelihoods are found. We also do the excess return forecasting exercise with

trivariate, rather than bivariate, Sparse CP-VAR models, and we find that including both

Tbill rates and dividend yields, only improves the performance marginally.

We finalise the forecasting analysis with two point forecast metrics. First, the Campbell

and Thompson (2008) out-of-sample R2 statistic for the excess return forecasts defined as

R2
OS =

[
1−

∑T
t=1 (rot − r̂t)

2∑T
t=1 (rot − r̄t)

2

]
× 100%

where r0
t is the observed excess return at time t, r̂t is the 1-step-ahead excess return forecast

estimated through period t−1 and r̄t is the historical average excess return estimated through

period t−1. If R2
OS is positive, then the predictive regression has lower average mean-squared

prediction error than the historical average return. Table 6 shows that the Sparse CP-VAR

model outperforms the other models, though the TVPSV-VAR is close, and that the R2

values are close to zero confirming the notoriously difficult task of forecasting the conditional

mean of the future excess return distribution no matter the model sophistication.

Table 6: Out of Sample R2 for Excess Return Forecasts

Dividend Yields Equation
CP-VAR PT-VAR HSB-VAR TVPSV-VAR

0.69% -15.14% -6.05% 0.31%

Tbill Equation
CP-VAR PT-VAR HSB-VAR TVPSV-VAR

-0.18% -12.47% -6.16% -0.29%

As second point forecast metric, we consider the mean squared forecast error (MSFE)

for the one month to one year horizon. Table 7 displays the MSFEs relative of the CP-

VAR model relative to the TVPSV-VAR, HSB-VAR and PT-VAR models. The CP-VAR and

TVPSV-VAR model MFESs are close for all horizons, the two other models are more strongly

dominated by the CP-VAR model.
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(b) Sparse CP relative to PT - Tbill
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(c) Sparse CP relative to HSB-VAR - Dividends
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(d) Sparse CP relative to HSB-VAR - Tbill

Oct 1942 Nov 1953 Nov 1964 Nov 1975 Dec 1986 Dec 1997 Dec 2008 Dec 2019

0

2

4

6

8

10

12

(e) Sparse CP relative to TVPSV-VAR - Dividends

Oct 1942 Nov 1953 Nov 1964 Nov 1975 Dec 1986 Dec 1997 Dec 2008 Dec 2019
-15

-10

-5

0

5

(f) Sparse CP relative to TVPSV-VAR - Tbill

Figure 2: Cumulative marginal log-predictive likelihood for excess returns from Sparse CP-
VAR relative to PT-VAR, HSB-VAR and TVPSV-VAR.
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Table 7: Relative MSFE for Excess Return Forecasts
The table exposes one-step-ahead forecast results over the out-of-sample period October 1942
- December 2019. Relative MSFE is the ratio of MSFEs of the Sparse CP-VAR and competing
models. Values smaller than one are in favor of the Sparse CP-VAR model.

Dividend Yields Equation
CP-VAR vs h=1 h=2 h=3 h=4 h=5 h=6 h=7 h=8 h=9 h=10 h=11 h=12

TVPSV-VAR 0.996 0.994 0.995 1.001 0.995 0.997 0.998 0.995 0.992 0.992 0.993 0.991
HSB-VAR 0.936 0.928 0.945 0.944 0.947 0.939 0.956 0.959 0.964 0.965 0.970 0.976
PT-VAR 0.863 0.847 0.889 0.881 0.873 0.866 0.889 0.884 0.898 0.895 0.907 0.916

Tbill Equation
CP-VAR vs h=1 h=2 h=3 h=4 h=5 h=6 h=7 h=8 h=9 h=10 h=11 h=12

TVPSV-VAR 0.999 0.999 1.002 1.004 0.998 1.003 1.001 1.000 0.998 0.997 0.997 0.996
HSB-VAR 0.944 0.932 0.959 0.946 0.967 0.959 0.962 0.952 0.955 0.963 0.965 0.978
PT-VAR 0.890 0.873 0.922 0.911 0.890 0.917 0.917 0.903 0.907 0.905 0.890 0.928

6.1.3 Portfolio allocation

Improving the predictive return density is important for portfolio allocation problems. In

particular, assuming a Constant Relative Risk Aversion (CRRA) utility function, two financial

assets and a buy-and-hold strategy, an investor solves the following optimization program,

ω = argmaxω
W 1−γ
T

1− γ
ErT+h|y1:T

[{(1− ω) exp(rfree
T+h) + ω exp(rT+h)}1−γ ], (30)

where WT is the investor’s wealth at time T , ω is the weight invested in the risky asset, γ

denotes the risk aversion parameter and rfree
T+h and rT+h are the cumulative risk-free rate and

the risky excess-returns from T + 1 to T + h, respectively.

Motivated by Spiegel (2008), Dangl and Halling (2012) develop a smooth time-varying

parameter model for improving return predictability. Our Sparse CP-VAR model provides

a competitive and complementary framework by allowing for parsimonious abrupt changes.

In particular, our approach can contribute to the following four topics in the return pre-

dictability literature. First, parameter estimation uncertainty increases future risks and thus

reduces the long-term allocation in the risky asset (e.g., Barberis, 2000). Our model miti-

gates parameter estimation uncertainty by shrinking irrelevant parameters to zero. Second,

Pettenuzzo and Timmermann (2011) show that model uncertainty, computed by averaging

CP models with different number of breakpoints, produces a similar effect as parameter es-

timation uncertainty. The Sparse CP-VAR process detects which parameters change when a

break is detected and therefore mitigates the model uncertainty effect by efficiently estimating
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the constant parameters using the full sample. Third, it is well known that the plethora of

return predictors exhibit noisy signals (e.g., Goyal and Welch, 2008; Rapach, Strauss, and

Zhou, 2010; Farmer, Schmidt, and Timmermann, 2019). The Sparse CP-VAR framework can

incorporate many predictors without increasing the noisiness while dealing with structural

breaks. This is a promising alternative to averaging over univariate predictive regressions

(e.g., Rapach, Strauss, and Zhou, 2010; Li and Tsiakas, 2017). Fourth, accounting for future

parameter instabilities has a major impact on asset allocation and we elaborate on this in

more detail next.

We illustrate the impact of future instabilities produced by the Sparse CP-VAR model on

portfolio allocations using the dividend yield. Table 5 shows that the dividend yield exhibits

around two regimes in the intercept and one in the AR term coefficient. Therefore, potential

future breaks will only appear in those parameters implying that the excess-return dynamic is

influenced mainly through the covariance matrix. Figure 3 displays the allocation sensitivity

of investing at different horizons from one to fifty months with a risk aversion parameter of

γ = 5. The Sparse CP-VAR model yields similar results when future breaks are ignored or

not. In particular, when the dividend yield is higher than its empirical mean, short term

investments are profitable while long-term investments becomes less lucrative due to its mean

reversion.

Incorporating future breaks into the Sparse CP-VAR model does not eradicate return

predictability. In fact, investors keep allocating a minimum of 30% percent of their wealth in

the risky asset at long-term horizons. However, as can be seen from the difference between

Figure 3(c) and Figure 3(d), incorporating future instabilities has large impact in the PT

model, in particular the investor keeps decreasing its allocation in the risky asset with respect

to the forecast horizon. Interestingly, Figure 3(c) shows that portfolio allocation is non-

linear at long-term horizons because the weight of the risky asset is larger when the dividend

yield is set to its empirical mean in December 2019 than to any other values. This non-

linear allocation with respect to the dividend yield is a consequence of the standard CP

assumption which changes all the model parameters when a break is detected. In fact, the

large uncertainty of the dividend yield parameter in the excess returns equation, noting that

the size of the last regime is approximately 337 observations, implies that this parameter has

a 1% probability of being negative and therefore decreases expected excess-returns.

6.2 Macroeconomic application

To illustrate our approach on a larger dimensional system, we focus on a VAR application

with 19 major monthly US macroeconomic variables used in Carriero, Clark, and Marcellino
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(a) Sparse CP without future breaks (b) Sparse CP with future breaks

(c) PT without future breaks (d) PT with future breaks

Figure 3: Excess-returns and dividend yield - Sensitivity analysis of the risky asset allocation
proportion (Z-axis) with respect to the dividend yield (Y-axis) of the buy-and-hold portfolio
optimized in December 2019 for 1 to 50 months ahead (X-axis) using the CRRA risk aversion
parameter of γ = 5. The weights are optimized on a constraint support with bounds given
by (0.01,0.99). The dividend yield ranges from 0 to 14, the optimal investments given by the
dividend yield value in December 2019 and by the empirical mean value of the dividend yield
are given by black triangles and circles, respectively.
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(2019). The series are part of the dataset of McCracken and Ng (2016), downloadable from

the Federal Reserve Bank of ST Louis, and span the period February 1959 to May 2020 (736

observations). See Table 8 for the variable names and abbreviations.

Table 8: Variables names and mnemonics tor the 19 macro series.
Variable transformations between brackets.

Variable Name Mnemonic

Real personal income (∆ ln) RPI
Real PCE (∆ ln) DPCERA3M086SBEA
Real manufacturing and trade sales (∆ ln) CMRMTSPLx
Industrial production (∆ ln) INDPRO
Capacity utilization in manufacturing CUMFNS
Civilian unemployment rate UNRATE
Total nonfarm employment (∆ ln) PAYEMS
Hours worked: goods-producing (ln) CES0600000007
Average hourly earnings: goods-producing (∆ ln) CES0600000008
PPI for finished goods (∆ ln) WPSFD49207
PPI for commodities (∆ ln) PPICMM
PCE price index (∆ ln) PCEPI
Federal funds rate FEDFUNDS
Total housing starts (ln) HOUST
S&P 500 price index (∆ ln) SP500
U.S.-U.K. exchange rate (∆ ln) EXUSUKx
1 yr. Treasury-FEDFUNDS spread T1YFFM
10 yr. Treasury-FEDFUNDS spread T10YFFM
BAA-FEDFUNDS spread BAAFFM

6.2.1 In-sample results

Table 9 documents the relevant lagged variables when estimating a Sparse CP-VAR(1) model.

The estimated maximum number of detected regimes per mean parameter amounts to three,

though most of the parameters exhibit up to two regimes. The small number of regimes

provides evidence of sparse time-varying system dynamics. In fact, with 71 parameters, the

Sparse CP-VAR(1) model exhibits less parameters than a standard VAR(1) process with its

380 mean parameters per regime. Because of the high dimensional system, we only graphically

document results for the RPI, PCEPI and FEDFUNDS variables. Figure 4 displays the time

variation in the relevant mean parameters. We also report two posterior means using the

large VAR model of Koop and Korobilis (2013), TVPSV-VAR hereafter, that differ by the

degree of shrinkage in the AR coefficients. As explained in Koop and Korobilis (2013), a large

degree of shrinkage is necessary to produce reasonable forecast performance. Consequently,

they impose very tight priors for the AR coefficients in their VAR models (prior variances
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ranging from 1e-10 to 0.1).4 Figure 4 also provides in gray circles the posterior mean of the

coefficients with variances from 0.1 to 1. The latter show similar parameter dynamics for

most of the series. As emphasized by the RPI intercept, the smooth time-varying dynamics

create additional noise since the intercept is insignificant according to the Sparse CP-VAR

model. Regarding the other coefficients, we observe that the smooth parameter dynamic is

unable to capture the abrupt changes observed in the PCEPI and FEDFUNDS series. Finally,

the number Sparse CP-VAR covariance matrix regimes turns out to be between eight and

nine with break dates related to well known macroeconomic slowdowns such as the great

moderation and the Global Financial Crisis.

Table 9: Sparse CP-VAR with 19 macro variables: Lagged significant variables.
For each dependent variable, the table exposes the lagged variables that exhibit at least one
significant regime. Two or more significant regimes are in bold.

RPI RPI PAYEMS
DPCERA3M086SBEA DPCERA3M086SBEA
CMRMTSPLx CMRMTSPLx INDPRO WPSFD49207
INDPRO UNRATE PAYEMS
CUMFNS CUMFNS UNRATE PAYEMS
UNRATE UNRATE PAYEMS
PAYEMS CUMFNS UNRATE CES0600000007 HOUST
CES0600000007 DPCERA3M086SBEA CUMFNS CES0600000007 FEDFUNDS
CES0600000008 CES0600000008 FEDFUNDS
WPSFD49207 UNRATE PCEPI
PPICMM PPICMM
PCEPI WPSFD49207 PCEPI FEDFUNDS
FEDFUNDS INDPRO FEDFUNDS T1YFFM T10YFFM BAAFFM
HOUST HOUST
SP500 SP500
EXUSUKx EXUSUKx
T1YFFM T1YFFM
T10YFFM FEDFUNDS SP500 T1YFFM T10YFFM BAAFFM
BAAFFM FEDFUNDS SP500 T1YFFM T10YFFM BAAFFM

6.2.2 Forecasting performance

The forecast evaluation period covers the period January 2000 to May 2020. We compute one-

step-ahead marginal predictive densities to compute two forecast metrics: the cumulative log

predictive likelihood and the mean squared forecast error using as point forecast the median of

the predictive density. We compare the Sparse CP-VAR model with the TVPSV-VAR model

of Koop and Korobilis (2013) as well as the standard constant parameter VAR model, all

specifications have one lag. Note that the HSB-VAR model and the TVP model of Primiceri

4These priors are not coefficient-dependent as in our Sparse CP VAR model. Therefore, the AR coefficients
are shrunk too much and are estimated as zeros as shown in gray in Figure 4.
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(a) RPI - Intercept (b) RPI - AR(1)

(c) RPI - PAYEMS (d) PCEPI - AR(1)

(e) FEDFUNDS - AR(1) (f) FEDFUNDS - 1 yr. Treasury-FEDFUNDS

Figure 4: Posterior medians (black) with 95% credible intervals over time (dotted grey) of
the Sparse CP-VAR model. TVPSV-VAR posterior means estimated from a dynamic model
averaging with strong shrinkage priors for the AR coefficients (grey) and with less informative
priors (grey circles).
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(2005) are not feasible on this relatively large dimensional setting given the prohibitively large

computation time required to run the MCMC samplers.

Table 10 presents the forecast results for each of the 19 macro variables. In terms of

relative cumulative log predictive likelihood, we find that the Sparse CP-VAR model always

has larger overall predictive likelihood than the TVPSV-VAR process, the differences being

particularly large for the employment related variables UNRATE and PAYEMS. Smaller

differences between the two models are found for PPI for finished goods (WPSFD49207) and

the Federal Funds Rate (FEDFUNDS) variables. The performance of the CP-VAR is typically

even better compared to the standard VAR, with the notable exceptions of the exchange

rate EXUSUKx and housing starts HOUST, the latter outperforming both the CP-VAR

and TVPSV-VAR models. In terms of point forecast performance and measured by MSFE,

apart from the variables Capacity utilization in manufacturing CUMFNS and UNRATE, the

dominance of the CP-VAR over the TVPSV-VAR prevails with an average relative MSFE

over the 19 variables equalling 0.75. The overall performance of the standard VAR model

compared to the CP-VAR averages only 0.68, one exception is the PPI for commodities

(PPICMM) series with a relative MSFE of 1.08 and which according to Table 9 has no breaks

and only autoregressive dynamics.

The natural question to ask is how the beginning of the COVID pandemic has altered the

forecast performance of the models on this large set of macro variables. To answer this, we

shorten the forecast evaluation period to March 2020, effectively excluding the April and May

2020 observations. The results, see Table 10, are striking for several of the variables under

both the predictive likelihood and MSFE loss functions. Not surprisingly, the largest changes

are found in the employment related variables. For example for the PAYEMS variable, the

Sparse CP-VAR model dominates the TVPSV-VAR model with a log predictive likelihood

difference as large as 1481.16 until May 2020. This outperformance drops to 88.87 when

excluding the two last two months impacted due to the start of the COVID crisis. Over all

variables, we find that the average relative MSFE performance changes from 0.68 to 0.91 and

from 0.75 to 0.92 comparing the Sparse CP-VAR with the standard VAR and the TVPSV-

VAR respectively when the COVID crisis observations are excluded. These results highlight

the performance of the Sparse CP-VAR in its ability to quickly adapt to sudden breaks in

time series.

To better understand what the non-parametric specification for the covariance matrix adds

to the model, we forecast with a Sparse CP-VAR with constant covariance matrix (results

available on request). It turns out that this constant covariance matrix specification is clearly

not enough to generate the large superior forecast performance against the benchmark models.

In fact, on average over all the series, the relative marginal log likelihood difference between
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the constant variance Sparse CP-VAR and the TVPSV-VAR (standard VAR, respectively)

amounts to -7.92 (13.28) compared to the original 41.97 (63.17) for the Sparse CP-VAR model.

The results go in the same direction for the mean squared forecast error metric.

The sum up, forecasting-wise the Sparse CP-VAR model seems to strike a good balance

between sparsity and parameter variation over time in this relatively large dimensional setting.

We also tested the importance of taking into account out-of-sample breaks in the Sparse

CP-VAR model. The differences are very small with an average relative cumulative log

predictive likelihood and relative MSFE of respectively -0.206 and 0.999 in favour of the

out-of-sample break models over the 19 macro variables. This is not surprising given the

one month forecasting horizon where the probability of one out-of-sample break is extremely

small given the small amount of breaks found in-sample.

Table 10: Sparse CP-VAR with 19 macro variables: Forecasting performance
The table exposes one-step-ahead forecast results over the out-of-sample period January 2000
- March 2020 and January 2000 - May 2020. Relative Marginal logPL is the difference in the
cumulative log predictive likelihood between the CP-VAR and competing models (positive is
in favor of the Sparse CP-VAR model). Relative MSFE is the ratio of MSFEs of the CP-VAR
and competing models (smaller than one is in favor of the Sparse CP-VAR model).

Relative Marginal logPL Relative MSFE
CP-VAR vs CP-VAR vs

TVPSV-VAR Standard VAR TVPSV-VAR Standard VAR
Forecast periods ends: March 2020 May 2020 March 2020 May 2020 March 2020 May 2020 March 2020 May 2020

RPI 165.82 311.42 158.76 345.66 0.83 0.59 0.99 0.95
DPCERA3M086SBEA 211.26 250.51 97.05 385.72 1.00 0.91 1.05 0.69
CMRMTSPLx 31.87 97.86 27.26 67.40 0.97 0.74 1.04 0.67
INDPRO 39.16 92.45 31.08 170.60 1.09 0.71 1.12 0.61
CUMFNS 20.38 54.45 24.60 193.24 1.19 1.67 1.15 0.57
UNRATE 25.58 672.92 -5.51 1752.17 0.96 1.23 1.18 0.63
PAYEMS 88.87 1481.16 75.79 3074.22 0.86 0.98 0.85 0.61
CES0600000007 10.94 89.48 8.89 41.13 0.95 0.35 1.00 0.46
CES0600000008 16.08 21.85 58.52 64.99 0.86 0.83 0.69 0.24
WPSFD49207 -1.92 0.33 17.30 20.12 0.94 0.96 1.06 0.98
PPICMM -6.17 13.34 18.67 18.59 0.97 0.25 1.07 1.08
PCEPI 31.28 43.00 47.47 45.65 0.88 0.38 0.89 0.89
FEDFUNDS 4.46 4.41 254.46 255.35 0.89 0.92 0.25 0.23
HOUST 10.18 14.31 -5.80 -6.85 0.93 0.47 1.08 0.96
S&P 500 41.77 42.81 35.21 38.57 0.84 0.73 0.93 0.75
EXUSUKx 35.82 37.08 4.35 5.30 0.80 0.71 0.97 0.95
T1YFFM -1.06 23.92 148.01 148.93 0.75 0.36 0.49 0.49
T10YFFM 13.48 14.63 95.83 96.73 0.89 0.73 0.65 0.62
BAAFFM 59.59 62.85 108.24 109.82 0.94 0.78 0.78 0.63

Average 41.97 175.20 63.17 359.33 0.92 0.75 0.91 0.68
Standard Deviation (13.07) (81.34) (15.50) (175.44) (0.02) (0.08) (0.06) (0.05)
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7 Conclusion

We propose the Sparse CP-VAR approach which is able to capture the parameters of the VAR

model which vary over time. This opens the door for higher dimensional VAR models than the

currently employed models since in our applications the Sparse CP-VAR model is typically

far more parsimonious than standard VAR alternatives. To detect which VAR parameters

are evolving, we use continuous spike and slab prior distributions calibrated such that the

maximum à posteriori of the conditional posterior density given the breakpoints maximizes

the Bayesian information criterion. While the dynamic of the VAR mean parameters follows a

CP structure, the covariance matrix is driven by the sticky infinite hidden Markov process. An

extensive simulation study shows the excellent performance of the Sparse CP-VAR model.

Disentangling the mean and the covariance dynamics proves to be highly beneficial in the

empirical illustrations to financial and macroeconomic time series. In fact, the existing models

with common breaks typically find many breakpoints that are mostly due to changes in

covariance matrix parameters. The latter feature makes it hard to include future instabilities

into predictive densities which we illustrate in an optimal portfolio exercise. In contrast, the

way we handle out-of-sample breaks in the Sparse CP-VAR model does not add artificial

uncertainty in the predictive densities and generates more meaningful conclusions.

We recommend the use of the Sparse CP-VAR model for modelling systems over long

periods which are potentially affected by substantial but infrequent breaks in the mean pa-

rameters and unknown form of heteroskedasticity. In our economic applications, the number

of VAR parameters is drastically reduced facilitating the interpretation of the model, and

improving forecasting performance. This is in contrast to the typical time-varying parameter

VAR model which has new parameters at every observation according to random walk dy-

namics which imply mostly small parameter changes. Sparsity comes at a cost of including

shrinkage priors on parameters the hyper-parameters of which have to be carefully chosen.

As with any flexible Bayesian model, inference is not trivial to implement and for this reason

code has been made available to estimate the Sparse CP-VAR model.

As future research, we will investigate the empirical difference between the 2MU prior

distribution and the Dirichlet-Laplace prior distribution of Bhattacharya, Pati, Pillai, and

Dunson (2015) and how shrinkage priors empirically compare with exact sparsity in a CP-

VAR environment as in Giannone, Lenza, and Primiceri (2018) for VAR systems. Also,

extending the dynamic shrinkage processes of Kowal, Matteson, and Ruppert (2019) to VAR

models to investigate if economic data favor rare and abrupt breaks or smooth time-varying

parameter dynamics would be interesting.
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INTERNET APPENDIX

Sparse Change-point VAR Models

A Full MCMC algorithm for the Sparse CP-VAR Model

We detail the entire MCMC algorithm.

1. Sampling the state vector from s1:T |y1:T , A0,∆A1:K ,Σ1:T , P, P
Σ, sΣ

1:T by the Forward-

Backward algorithm (see Chib (1998)).

2. Sampling the covariance state vector from sΣ
1:T |y1:T , A0,∆A1:K ,Σ1:T , P, s1:T by the Forward-

Backward algorithm (see Chib (1998)).

3. Sampling the IHMM parameter PΣ = {pΣ
1 , . . . , p

Σ
KΣ
}, πΣ, αΣ, κΣ, ηΣ, see Fox, Sudderth,

Jordan, and Willsky (2011).

4. Sampling the covariance matrices :

Σi|y1:T , A1,∆A2:K , s1:T , s
Σ
1:T ∼ IW(

T∑
t=1

1sΣt =i + v0,

T∑
t=1

εtε
′
t1sΣt =i + S0) ∀i ∈ [1,KΣ].

5. Sampling the hyper-parameter S0 of the IW distribution :

S0|Σ1:KΣ
∼ W(KΣv0 + s, (

KΣ∑
i=1

Σ−1
i + S−1)−1)

6. Sampling the mean parameters, see Section 3.1.

7. Sampling the spike and slab variables, see Section 3.2.

B Pettenuzzo and Timmermann model (PT-VAR)

We review the posterior sampler proposed in Pettenuzzo and Timmermann (2011) (PT af-

terwards) since it turns out that their algorithm contains some issues impacting their final

results. One issue (on drawing ψ−2
k,i ) is related to the Markov blanket for the observations

and hence directly affects the SIC which determines the posterior distribution of the number

of regimes. Other issues are related to the hyper parameters.
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Table 11 illustrates that the inference on the number of regimes is changed. The rows

named “PT” copy the output from the original paper of PT. The rows named “PT replica-

tion” are results from our replication of the original algorithm, showing that we successfully

replicated the original algorithm. The rows named “PT revision” are the inference from the

revised algorithm. The posterior mode now indicates four rather than nine regimes for the

model with dividend yields, and eight rather than six regimes for the model with T-bill.

Table 11: Posterior probabilities for the number of regimes

Dividend Yield
#Regime 1 2 3 4 5 6 7 8 9 10 11

PT 0 0 0 0 0 0 0 0 0.99984 0.00004 0.00005
PT replication 0 0 0 0 0.0021 0 0 0 0.9979 0 0
PT revision 0 0 0 0.5196 0.4804 0 0 0 0 0 0

T-bill
#Regime 1 2 3 4 5 6 7 8 9

PT 0 0 0 0 0.00029 0.99971 0 0 0
PT replication 0 0 0 0 0 0.9999 0 0 0.0001
PT revision 0 0 0 0 0 0 0 1 0

The next section defines the PT model and our revised posterior simulation algorithm.

We use footnotes to highlight the differences with the original PT sampler.

B.1 PT Model and inference

PT define a bivariate model with structural breaks. Define zt = (rt, xt)
′, where rt is the

return and xt is the predictor. The model is given by

zt = B′st x̃t + ut, ut ∼ N (0,Σst) (31)

where the regressor is x̃t = (1, xt) (i.e the model does not include lagged returns), and

where Σk = diag(ψk)Λkdiag(ψk) with Λ the correlation matrix and ψk the vector of standard

deviations. The transition matrix for state st = 1, ...,K + 1 follows Chib (1998) with K + 1

regimes (K breaks).

B.1.1 Prior

Define Θk = (Bk,Σk) = (Bk,Λk, ψk) and the collection of time varying parameters as Θ =

{Θk}K+1
k=1 .

1. First layer related to the model
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(a)

vec(Bk) ∼ N (b0, V0)

Bk =

(
µr µx

βr βx

)
and vec(Bk) = (µr, βr, µx, βx)′, where µr and µx are the intercepts

in return and predictor equation, respectively. And βr and βx are the slopes in

return and predictor equation, respectively.

• |βx| < 1 for stationarity which seems fine in practice.

• µx
1−βx ≥ 0 from economic motivation.

(b)

ψ−2
k,i ∼ G(v0,i/2, v0,id0,i/2)

with E(ψ2
k,i) =

d0,iv0,i

v0,i−2 and V ar(ψ2
k,i) =

2(E(ψ2
k,i))

2

v0,i−4 . Hence, sd(ψ2
k,i) = E(ψ2

k,i)
√

2
v0,i−4 .

(c)

λk,i,c ∼ N (µρ,i,c, σ
2
ρ,i,c)1(λk,i,c ∈ (−1, 1)).

(d)

pkk ∼ Beta(a, b)

2. Second layer related to the hyper-parameters.

(a) Related to vec(Bk) ∼ N (b0, V0)

•
b0 ∼ N (µ

β
,Σβ)

with set µ
β

= [0, 0, 0, 0.9]′ and Σβ = diag(sc, sc, sc, 1), where sc = 1000.

•
V −1

0 ∼ W(V −1
β , vβ),

where E(V0) =
V β

vβ−m−1 , where m = 2 is the dimension of V0 in the applica-

tion. vβ = 2m + 2 and V β = diag(0.5, 5, 1e − 5, 0.1) for the dividend yield

specification and diag(0.1, 1000, 1e− 5, 0.1) for the T-bill rate specification.

(b) Related to volatility ψ−2
k,i ∼ G(v0,i/2, v0,id0,i/2)

•
v0,i ∼ Exp(−ρ0,i

)

The prior mean E(v0,i) = 1
ρ0,i

witht ρ0,i = 1/ε, where ε is the smallest number

that Matlab can interpret. Hence, E(v0,i) = ε is very small.
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•
d0,i ∼ G(c0,i, d0,i)

with set c0,i = 1 and d0,i = ε. Hence, the prior mean E(d0,i) = 1
ε is very large.

• Evaluating at the prior means of v0,i and d0,i, the conditional mean E(ψ2
k,i)

does not exist. But the conditional mean of the precision E(ψ−2
k,i ) = d−1

0,i = ε

is very small.

(c) Related to correlation λk,i,c ∼ N (µρ,i,c, σ
2
ρ,i,c)1(λk,i,c ∈ (−1, 1)). In PT, λk,i,c is a

scalar because it is a bivariate model, hence i = 1 and c = 2.

•
µρ,1,2 ∼ N (µ

µ,i,c
, τ2
i,c)

with µ
µ,1,2

= 0 and τ2
1,2 = 100.

•
σ−2
ρ,i,c ∼ G(aρ,i,c, bρ,i,c),

where aρ,1,2 = 1 and bρ,1,2 = 0.01. The prior mean E(σ−2
ρ,i,c) = 100, while the

prior mean E(σ2
ρ,i,c) does not exist.

(d) Related to break probability pkk ∼ Beta(a, b)

•
a ∼ G(a0, b0)

with a0 = 1 and b0 = ε.

•
b ∼ G(a0, b0)

with a0 = 1 and b0 = ε.

B.2 MCMC

1. S = (s1, ..., sT ). Use the method proposed in Chib (1998).

2. B = (B1, ..., BK+1)

vec(B) ∼ N (bk, V k),

where

V k = (X ′k(I ⊗ Σ−1
k )Xk + V −1

0 )−1

bk = V k(X
′
k(I ⊗ Σ−1

k )Zk + V −1
0 b0).

40

This article is protected by copyright. All rights reserved.



The data Zk and Xk are the collection of dependent and independent variables in the

kth regime. Specifically, Zk stacks (rt, xt)
′ and Xk stacks

(
1 xt 0 0

0 0 1 xt

)
.5

3. b0 ∼ N (µβ,Σβ) with prior b0 ∼ N (µ
β
,Σβ), where

Σβ = ((K + 1)V −1
0 + Σ−1

β )−1

µβ = Σβ

(
V −1

0

K+1∑
k=1

vec(Bk) + Σ−1
β µ

β

)

4. V −1
0 ∼ W(V

−1
β , vβ) with prior V −1

0 ∼ W(V −1
β , vβ), where

vβ = vβ + (K + 1)

V β = V β +
K+1∑
k=1

(vec(Bk)− b0)(vec(Bk)− b0)′

5. ψ−2
k,i ∼ G

(
v0,i+ni

2 ,
v0,id0,i+Ξi,i

2

)
with prior ψ−2

k,i ∼ G(v0,i/2, v0,id0,i/2), where

Ξ = (Zk −XkBk)
′(Zk −XkBk)

is the 2 × 2 matrix related to the variance of the residual in the ith regime and ni is

the number of observations in the ith regime. Use this as proposal distribution to the

Metropolis-Hastings method.6

5Note: X ′k(I⊗Σ−1
k )Xk is the summation of form


1 0
xt 0
0 1
0 xt

Σ−1
k

(
1 xt 0 0
0 0 1 xt

)
and X ′k(I⊗Σ−1

k )Zk is the

summation form of


1 0
xt 0
0 1
0 xt

Σ−1
k

(
rt
xt

)
. PT formulate X ′kΣ−1

k Xk and X ′kΣ−1
k Zk instead of X ′k(I ⊗ Σ−1

k )Xk

and X ′k(I ⊗ Σ−1
k )Zk, where the dimension does not match.

6PT ignore the covariance structure (λk,i,c 6= 0) and draw ψ−2
k,i directly from the proposal distribution with-

out adjustment from the Metropolis-Hastings step. Because ψ−2
k,i is in the Markov blanket for the observations,

this directly affects the SIC which is used in PT to infer the number of regimes.
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6. The conditional posterior kernel of v0,i is given by

p(v0,i | ·) ∝
K+1∏
k=1

G(ψ−2
k,i | v0,i, d0,i) exp(−ρ

0,i
v0,i)

∝ exp(−ρ
0,i
v0,i)

K+1∏
k=1

[
Γ
(v0,i

2

)−1
(
v0,id0,i

2

) v0,i
2 (

ψ−2
k,i

) v0,i
2
−1
e−

v0,id0,i
2

ψ−2
k,i

]

and then is fitted to a Metropolis-Hastings algorithm.7 We work with the log kernel for

the Metropolis-Hastings algorithm:

log(p(v0,i | ·)) = −ρ
0,i
v0,i − (K + 1) log

(
Γ
(v0,i

2

))
+

(K + 1)v0,i

2
log

(
v0,id0,i

2

)
+
(v0,i

2
− 1
)K+1∑
k=1

log
(
ψ−2
k,i

)
− v0,id0,i

2

K+1∑
k=1

ψ−2
k,i + Const

= −ρ
0,i
v0,i − (K + 1) log

(
Γ
(v0,i

2

))
+

(K + 1)v0,i

2
log

(
v0,id0,i

2

)
+
v0,i

2

K+1∑
k=1

log
(
ψ−2
k,i

)
− v0,id0,i

2

K+1∑
k=1

ψ−2
k,i + Const

7. d0,i ∼ G
(
v0,i

2 (K + 1) + c0,i,
v0,i

2

K+1∑
k=1

ψ−2
k,i + d0,i

)
. 8

8.

f(µρ,i,c | ·)

∝
K+1∏
k=1

exp

{
−

(λk,i,c − µρ,i,c)2

2σ2
ρ,i,c

}
exp

{
−

(µρ,i,c − µµ,i,c)
2

2τ2
i,c

}
1(restriction)c(restriction)

∝
K+1∏
k=1

[
exp

{
−

(λk,i,c − µρ,i,c)2

2σ2
ρ,i,c

}(
Φ

(
1− µρ,i,c
σρ,i,c

)
− Φ

(
−1− µρ,i,c
σρ,i,c

))−1
]

× exp

{
−

(µρ,i,c − µµ,i,c)
2

2τ2
i,c

}
1(restriction)

The normalization term embedded in the restriction includes a complicated functional

7PT use an adaptive rejection sampling step in the Gibbs sampling algorithm by following George, Makov,
and Smith (1993). We think that the prior on ψ−2

k,i in PT is different from that in George, Makov, and Smith
(1993). In addition, PT write exp(−ρ

0,i
) instead of exp(−ρ

0,i
v0,i) as the kernel of v0,i’s prior, which seems a

typo.

8PT use d0,i ∼ G
(
v0,i(K + 1) + c0,i,

K+1∑
k=1

ψ−2
k,i + d0,i

)
though the prior on ψ−2

k,i is G(v0,i/2, v0,id0,i/2), not

a regular G(v0,i/2, d0,i/2).
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form of λk,i,c, µρ,i,c and σ2
ρ,i,c. We apply a random-walk Metropolis-Hasting method to

explore the posterior density.

9.

f(σ2
ρ,i,c | ·)

∝
K+1∏
k=1

(σ−2
ρ,i,c)

1/2 exp

{
−

(λk,i,c − µρ,i,c)2

2σ2
ρ,i,c

}
1(restriction)c(restriction)

× (σ−2)aρ,i,c−1 exp
{
−bρ,i,cσ−2

ρ,i,c

}
∝
K+1∏
k=1

[
(σ−2
ρ,i,c)

1/2 exp

{
−

(λk,i,c − µρ,i,c)2

2σ2
ρ,i,c

}(
Φ

(
1− µρ,i,c
σρ,i,c

)
− Φ

(
−1− µρ,i,c
σρ,i,c

))−1
]

1(restriction)

× (σ−2)aρ,i,c−1 exp
{
−bρ,i,cσ−2

ρ,i,c

}
We apply a random-walk Metropolis-Hasting method to explore the posterior density.9

10. λk,i,c. We use a random-walk Metropolis-Hastings algorithm.

11. pkk | · ∼ Beta(a+ nk, b+ 1), where nk is the duration of regime k minus 1.

12. a and b are drawn using a Metropolis-Hastings step.

C Hierarchical Structural Break Model (HSB-VAR)

The standard model specification of a multivariate structural break (SB) VAR(q) model can

be specified as

yt = B
′
txt + εt with εt ∼ N (0,Σt) ,

where yt is an n × 1 vector from a multivariate time series, xt =
(

1, y
′
t−1, y

′
t−2, . . . , y

′
t−p

)′
∈

Rk×1 as on VAR model where k = (n× p)+1. The coefficients are summarised in a k×n ma-

trix Bt, every εt ∈ Rn×1 is independently distributed as a matrix normal (MN ) distribution

with zero mean and Σt as the covariance matrix. Upon any time t, the HSB-VAR(p) as in Ma-

heu and Song (2018) assumes that a structural break occurs with probability π ∼ Beta (πa, πb),

then the duration measure dt would have been forced to 1 if change does happen or equals to

dt−1+1 otherwise. Meanwhile, the new parameters Bt and Σt can be obtained from an inverse

9PT ignore the (σ−2
ρ,i,c)

1/2 term in the Gaussian kernel of λk,i,c.
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Wishart matrix normal distribution MN − IW (B,Ω, S, v), where (B,Ω, S, v) are inferred

from a hierarchical prior. Therefore, HSB-VAR(p) is summarized as

dt =

dt−1 + 1, w.p. 1− π

1, w.p. π

(Bt,Σt)

∼MN − IW (B,Ω, S, v) , if dt = 1

= (Bt−1,Σt−1) , o.w.

π ∼ Beta (πa, πb)

yt|Bt,Σt, xt ∼ N
(
B
′
txt,Σt

)
,

with the hierarchical priors are assumed as

Ω ∼ IW (Ω0, $0) ,

B|Ω0 ∼MN (B0,Λ0,Ω0)

S ∼ W (S0, %0)

v ∼ G (va, vb) 1 (v ≥ n+ 1)

For consistency, we use the same hyper-parameter setting method for priors and same MCMC

algorithms for sampling from Maheu and Song (2018).

D Why using the 2MU distribution ?

Dufays and Rombouts (2020) and Dufays and Rombouts (2018) argue in favor of the 2MU

prior distribution based on theoretical arguments. In the CP-VAR framework, the 2MU

distribution exhibits two major advantages. First, it mimics the hard-thresholding penalty

function which simplifies the choice of the penalty parameter P as many theoretical results

exist for such penalties. Second, the 2MU distribution also exhibits a penalty function that

can be directly related to Bayesian model selection techniques.

1. Hard-thresholding penalty function. Assuming that all the mean parameters of the CP-

VAR(p) model are driven by a 2MU prior distribution with hyper-parameters (a2MU, b2MU, P )

and setting b2MU =∞ for easing the notations, the log posterior density is proportional
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to

log f(A0,∆A1, ...,∆AK |y1:T , τ1:K ,Σ1:T ) ∝ log(f(y1:T |A0,∆A1, ...,∆AK , τ1:K ,Σ1:T ))

+ P

K∑
i=0

nk∑
j=1

1{|a(j)
i |>a2MU},

where f(y1:T |A0,∆A1, ...,∆AK , τ1:K ,Σ1:T ) denotes the likelihood function. The penalty

function for one parameter is given by P1{|a(j)
i |>a2MU} for i ∈ [0,K] and j ∈ [1, nk] which

stands for any penalty function of information criteria that are linear with respect to the

number of parameters. Examples of such criteria are the Aikake information criterion

(AIC), the Bayesian information criterion (BIC) and the modified Bayesian information

criterion (see Kurozumi and Tuvaandorj (2011)). For instance, maximizing this density

function with respect to the mean parameters and setting P = −2 is equivalent to

maximizing the AIC. Nevertheless, the AIC has been shown to overestimate the number

of regimes in CP frameworks because its penalty does not depend on the sample size,

see, e.g., Yao et al. (1988) and Hall, Osborn, and Sakkas (2013). The BIC instead has

been shown to be a consistent criterion in many CP setups, see Yao et al. (1988) and

Ciuperca (2011).

2. Bayesian model selection technique. In Bayesian statistics, the marginal likelihood is

the standard tool for model selection. Comparing two models Mq and Mz with uniform

prior distributions on the models, the Bayes factor gives the posterior probability of

each model of generating the data. In fact, when ln
f(y1:T |Mq)
f(y1:T |Mz) = ln π

(1−π) , the posterior

probability of Model q (resp. Model z) is equal to π (resp. 1−π). Assuming that Model

q exhibits one break more than Model z (so two additional parameters, say τq and a
(j)
i ,

i.e. the break location and the magnitude of the change), we want to select Model q,

if and only if ln
f(y1:T |Mq)
f(y1:T |Mz) > ln π

1−π with π ≥ 0.5. Using the BIC approximation of the

marginal likelihood leads to ln
f(y1:T |Mq)
f(y1:T |Mz) ≈ ln

f(y1:T |Θq ,Mq)
f(y1:T |Θz ,Mz) − log T ≥ ln π

1−π in which Θp

denotes the maximum likelihood estimates (MLE) of Model p with p = q, z. Given that

the ratio of the likelihood function ln
f(y1:T |Θq ,Mq)
f(y1:T |Θz ,Mz) = ln

f(y1:T |Θq ,Mq)

f(y1:T |Θz ,a
(j)
i =0,τ̂q ,Mq)

where τ̂q

stands for the MLE of τq of Model q, we have that if the MLE increases the likelihood

function by at least ln π
1−π + lnT , we want that the posterior density verifies

f(Θq|y1:T ,Mq) > f(Θz, a
(j)
i = 0, τ̂q|y1:T ,Mq). (32)

Condition (32) implies that a move from {Θz, a
(j)
i = 0, τ̂q} to Θq is accepted with

probability one in a standard Metropolis algorithm. Imposing condition (32) leads to a
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way of fixing the penalty value from a Bayesian perspective:

f(Θq|y1:T ,Mq)

f(Θz, a
(j)
i = 0, τ̂q|y1:T ,Mq)

> 1,

ln
f(y1:T |Θq,Mq)

f(y1:T |Θz, a
(j)
i = 0, τ̂q,Mq)

> − ln
f(Θq)

f(Θz, a
(j)
i = 0)

,

> −P,

ln
π

1− π
+ lnT > −P.

Both Bayesian and frequentist frameworks suggest using a penalty parameter related to the

BIC, i.e. Pπ = −(ln π
1−π + lnT ) with π ∈ [0.5, 1). We use the penalty value P0.95 which is

equivalent to a very strong evidence on the scale of Kass and Raftery (1995).

The choice of the penalty value does not provide any guidance for the hyper-parameters a2MU

and b2MU. The latter parameters are related to the prior probability of the model size. In

particular, let us denote by q̃ the prior probability of no break in parameter a
(j)
i ∀i ∈ [0,K]

and ∀j ∈ [1, nk] (i.e. q̃ = P [|a(j)
i | <

a2MU

2 |ω] = a2MU

b2MUeP+a2MU(1−eP )
). A model exhibiting g

structural breaks, say Mg has a prior probability given by

P [M = Mg] = (q̃)(K+1)nk−g(1− q̃)g.

The prior probability of not detecting breaks geometrically decays with respect to the number

of potential breaks (i.e. K), the dimension of the dependent variables (i.e. n) and the number

of explanatory variables (i.e. k). To avoid a strong prior in favor of detecting breaks, we

suggest setting q̃ = K
K+1 which leads to an expected prior model size equivalent to the VAR

model without breakpoints. In practice, we need different values of a2MU and b2MU per model

parameter because the VAR parameters exhibit various scales. Assuming that a parameter

scale does not evolve over time, we have to choose a2MU
j and b2MU

j for j ∈ [1, nk]. To set

these parameters, we use the penalty P0.95. In particular, since a2MU
j for j ∈ [1, nk] must be

small, we estimate a standard VAR by OLS and set a2MU
j = 1

3 σ̂a(j)
0

in which σ̂
a

(j)
0

denotes the

standard error of the OLS estimate a
(j)
0 . These constraints lead to a value of b2MU

j given by

q̃ =
a2MU
j

b2MU
j eP0.95 + a2MU

j (1− eP0.95)
,

b2MU
j = a2MU

j

(1− q̃(1− eP0.95))

q̃eP0.95
, with eP0.95 = (19T )−1 and q̃ =

K

K + 1
,

= a2MU
j (

19T

K
+ 1) (= O(

√
T

lnT
)).
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As shown in Dufays and Rombouts (2020), to keep the penalty interpretation, we should

use one weight ω
(j)
i per model parameter a

(j)
i . Also, to take into account the penalty un-

certainty while sticking to our BIC interpretation, we set the following prior distribution on

ω
(j)
i ∼ Beta(lω, uω) with {lω, uω} = arg min(P [ω

(j)
i ∈ [ω2MU(P0.75), ω2MU(P0.99)]] − 0.999)2

with ω2MU(Pπ) =
a2MU
j (1−ePπ )

b2MU
j ePπ+a2MU

j (1−eP0.95 )
. Making ω

(j)
i a random variable has the appealing

property of facilitating the move from the spike to the slab component and vice versa, and

therefore improving the mixing of the sampler. This structure is similar to the S&S prior of

Ishwaran and Rao (2005).

To sum up, we have the following hyper-parameters of the 2MU distribution for each

parameter a
(j)
i ∼ 2MU(a2MU

j , b2MU
j , P ):

a2MU
j =

1

3
σ̂
a

(j)
0

,

b2MU
j =

a2MU
j (19TK + 1)

K
,

P = P0.95,

ω2MU(P0.95) =
a2MU
j (1− eP0.95)

b2MU
j eP0.95 + a2MU

j (1− eP0.95)
.

The hyper-parameters of the beta distribution of the continuous spike and slab given in

Equation (8) are computed as, for any i ∈ [0,K] and j ∈ [1, nk],

ω
(j)
i ∼ Beta(a

ω
(j)
i

, b
ω

(j)
i

),

{a
ω

(j)
i

, b
ω

(j)
i

} ≡ {aω, bω} = arg min(P [ω
(j)
i ∈ [ω2MU(P0.75), ω2MU(P0.99)]]− 0.999)2.

E Additional results on the simulation study

E.1 Robustness checks

We perform three robustness checks by varying the size of the parameter breaks, by comparing

our approach to the standard S&S prior, and by estimating a misspecified VAR model.

Table 12 summarises the results of a small Monte Carlo study which varies the size of the

breaks, while these were previously held constant. Without loss of generality, this is done

using a univariate AR(1) model where we vary either the intercept or slope parameter after

a break in the middle of the sample of 300 observations. The baseline parameters come from
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the Core inflation series used in Section 6.2 and the break sizes range from small too moderate

(i.e. 0.15, 0.3 and 0.45). The results for the Sparse CP-AR model show that for both breaks

in the intercept and slope, the smallest breaks are difficult to detect. The Sparse CP approach

selects oftentimes a single regime model as best implying detection rates of 5 and 20 percent

for the constant and AR parameters respectively. However, these results improve strongly

for the breaks with size 0.45, with respective detection rates of 31 and 97 percent. As a

comparison to the Sparse CP approach, we do the same exercice with the adaptive Lasso.

The detection rates for the intercept turn out to be almost zero for all break sizes. For the

slope parameter, the results strongly improve with detection rates between 48, 71 and 66

percent for the three break sizes respectively.

Table 12: Monte Carlo for a Sparse CP-AR model - Sensitivity to the break size.
Percentage of detected number of regimes per parameter based on 100 simulations for a
univariate model given by yt = α0 + α1yt−1 + σεt, with α0 = 0.73, α1 = 0.77, σ = 1.51
and εt ∼ N(0, 1). The parameters are the OLS estimates from the Core inflation series used
in Section 6.2. A break is assumed at t = 150 and the sample size amounts to T = 300.
Break size is subtracted from the corresponding parameter. For instance, a break size of
∆α0 = 0.15 means that α0 = 0.73 in the first regime and α0 = 0.58 in the second (which is
approximately equivalent to a relative size of ∆α0

σ̂α0
≈ 1). Bold values correspond to the true

number of regimes exhibited by the parameter. Regarding the adaptive Lasso approach, a
break is detected if an estimate is different from zero.

#Regime 0 1 2 3 4 0 1 2 3 4 0 1 2 3 4

Break size of ∆α0 = 0.15 Break size of ∆α0 = 0.3 Break size of ∆α0 = 0.45
α0 0 95 5 0 0 6 87 7 0 0 11 58 31 0 0
α1 0 99 1 0 0 0 97 3 0 0 0 98 2 0 0
σ2 0 99 1 0 0 0 99 1 0 0 0 100 0 0 0

Adaptive Lasso
α0 15 83 2 0 0 25 75 0 0 0 46 54 0 0 0
α1 0 77 21 2 0 0 73 25 1 1 0 72 21 6 1

Break size of ∆α1 = 0.15 Break size of ∆α1 = 0.3 Break size of ∆α1 = 0.45
α0 0 86 14 0 0 0 95 5 0 0 0 93 7 0 0
α1 0 79 20 1 0 0 13 86 1 0 0 2 97 1 0
σ2 0 98 2 0 0 0 100 0 0 0 0 100 0 0 0

Adaptive Lasso
α0 6 94 0 0 0 3 95 1 1 0 0 93 7 0 0
α1 0 37 48 11 3 0 6 71 18 3 0 0 66 20 10

A natural question to ask is how important is the calibration of the S&S prior to the 2MU

prior in the context of structural breaks in VAR models. To answer this, we apply a standard
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S&S prior defined, ∀i ∈ [0,K] ∀j ∈ [1, nk], as follows

a
(j)
i ∼ N (0, r(z

(j)
i )φ

(j)
i ),

r(z
(j)
i ) =

10−4, if z
(j)
i = 0,

1, otherwise,

φ
(j)
i ∼ IG(η = 5, Q = 4)

z
(j)
i ∼ Bernoulli(1− ω)

ω ∼ Beta(αω = K,βω = 1).

(33)

The choice of the hyper-parameters in Equation (33) are identical to Malsiner-Walli and

Wagner (2016b) except for {αω, βω}. As explained in Steel (2019), a Beta prior on z
(j)
i ,

∀i ∈ [0,K] ∀j ∈ [1, nk], leads to a prior distribution on Model p, with z = {z(j)
i }

K,nk
i=0,j=1 and

p ∈ [0, nk(K + 1)] denoting the number of parameters that break, given by

f(Mp|z) =
Γ(αω + βω)

Γ(αω)Γ(βω)

∫
ω(nk(K+1)−p)+αω(1− ω)p+βωf(ω)dω,

=
Γ(αω + βω)

Γ(αω)Γ(βω)

Γ(αω + (nk(K + 1)− p))Γ(βω + p)

Γ(αω + βω + nk(K + 1))

(34)

Steel (2019), adapted to our framework, advocates for αω = (nk(K+1)−m∗)
m∗ and βω = 1 in

which m∗ denotes the prior choice on the mean model size, that is the number of breaks. In

our setting, we choose m∗ = K+ 1 which implies that we expect at least one VAR parameter

per regime to break.10

Table 13, in the left panel, documents the break point detection rates for the three DGPs

and sample size T=512 when we do not calibrate the spike and slab prior to the 2MU distri-

bution. We observe that the standard S&S over-estimates the number of regimes and does

not perform as well as the Sparse CP-VAR (see right panel of Table 13 which are taken

from 2 above). For example in DGP B regarding parameter a2,3, the standard S&S detects

five regimes, rather than four, 43 percent of the times compared to 3 percent for the Sparse

CP-VAR.

Table 14 documents the percentage of detected number of regimes for the three DGPs

when a CP-VAR(2) model is estimated rather than the correct CP-VAR(1). That is, we add

to the model in (29) a term A2yt−2 with all parameters in A2 =

(
a1,4 a1,5

a2,4 a2,5

)
equal to zero.

We find similar results as for the CP-VAR(1) model. In addition, the four parameters in A2

10We also tested m∗ = nk which implies that we expect all the VAR parameters to be significant at least in
one period over the sample and the results were quantitatively the same.
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Table 13: Monte Carlo results for the Sparse CP-VAR model with standard spike
and slab priors.
Percentage of detected number of regimes per parameter based on 100 simulations from
DGPs given by Equation (29) for T=512 and by the parameters from Table 1. Bold values
correspond to the true number of regimes.

#Regime 0 1 2 3 4 5 6 0 1 2 3 4 5 6 7
Sparse CP-VAR with standard S&S Sparse CP-VAR with 2MU

DGP A
a1,1 0 2 38 59 1 0 0 a1,1 0 99 1 0 0 0 0 0
a2,1 48 1 23 24 4 0 0 a2,1 99 0 1 0 0 0 0 0
a1,2 0 9 84 7 0 0 0 a1,2 0 100 0 0 0 0 0 0
a2,2 0 14 67 19 0 0 0 a2,2 0 100 0 0 0 0 0 0
a1,3 94 3 2 1 0 0 0 a1,3 99 1 0 0 0 0 0 0
a2,3 0 38 51 11 0 0 0 a2,3 0 98 2 0 0 0 0 0
Σt 0 99 1 0 0 0 0 Σt 0 97 3 0 0 0 0 0

DGP B
a1,1 0 50 37 12 1 0 0 a1,1 0 99 1 0 0 0 0 0
a2,1 70 14 13 3 0 0 0 a2,1 99 0 1 0 0 0 0 0
a1,2 0 75 22 3 0 0 0 a1,2 0 99 1 0 0 0 0 0
a2,2 81 16 3 0 0 0 0 a2,2 100 0 0 0 0 0 0 0
a1,3 0 68 32 0 0 0 0 a1,3 0 99 1 0 0 0 0 0
a2,3 0 0 0 0 56 43 1 a2,3 0 0 0 0 97 3 0 0
Σt 0 0 0 82 18 0 0 Σt 0 0 0 82 18 0 0 0

DGP C
a1,1 61 24 12 3 0 0 0 a1,1 98 2 0 0 0 0 0 0
a2,1 71 14 11 4 0 0 0 a2,1 99 1 0 0 0 0 0 0
a1,2 0 0 0 0 59 41 0 a1,2 0 0 9 0 90 1 0 0
a2,2 28 61 10 1 0 0 0 a2,2 81 19 0 0 0 0 0 0
a1,3 19 53 24 4 0 0 0 a1,3 74 23 2 1 0 0 0 0
a2,3 0 0 0 0 57 43 0 a2,3 0 0 10 2 88 0 0 0
Σt 0 100 0 0 0 0 0 Σt 0 99 1 0 0 0 0 0
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are insignificant 99 percent on average. As expected, increasing the sample size to T = 949

yields even better detection rates. The latter results are available on request.

Table 14: Monte Carlo of the Sparse CP-VAR(2) model.
Percentage of detected number of regimes per parameter based on 100 simulations from DGPs
given by Equation (29) with T=512 and parameters from Table 1. Bold values correspond
to the true number of regimes exhibited by the parameter. The Sparse CP-VAR model is
compared with the PT model (PT) and HSB model (HSB).

#Regime 0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7
DGP A DGP B DGP C

a1,1 0 98 1 0 0 0 1 0 a1,1 0 99 1 0 0 0 0 0 a1,1 98 0 2 0 0 0 0 0
a2,1 99 1 0 0 0 0 0 0 a2,1 100 0 0 0 0 0 0 0 a2,1 100 0 0 0 0 0 0 0
a1,2 0 99 1 0 0 0 0 0 a1,2 0 100 0 0 0 0 0 0 a1,2 0 0 13 2 85 0 0 0
a2,2 0 100 0 0 0 0 0 0 a2,2 100 0 0 0 0 0 0 0 a2,2 70 28 2 0 0 0 0 0
a1,3 100 0 0 0 0 0 0 0 a1,3 0 100 0 0 0 0 0 0 a1,3 74 26 0 0 0 0 0 0
a2,3 0 100 0 0 0 0 0 0 a2,3 0 0 0 0 99 0 1 0 a2,3 0 0 14 2 84 0 0 0
a1,4 100 0 0 0 0 0 0 0 a1,4 100 0 0 0 0 0 0 0 a1,4 99 1 0 0 0 0 0 0
a2,4 99 1 0 0 0 0 0 0 a2,4 99 0 1 0 0 0 0 0 a2,4 100 0 0 0 0 0 0 0
a1,5 100 0 0 0 0 0 0 0 a1,5 98 2 0 0 0 0 0 0 a1,5 99 1 0 0 0 0 0 0
a2,5 100 0 0 0 0 0 0 0 a2,5 99 0 1 0 0 0 0 0 a2,5 99 0 0 0 0 0 1 0
Σt 0 96 4 0 0 0 0 0 Σt 0 0 0 84 16 0 0 0 Σt 0 98 2 0 0 0 0 0

PT 0 100 0 0 0 0 0 0 PT 0 0 3 54 35 8 0 0 PT 0 0 100 0 0 0 0 0
HSB 0 100 0 0 0 0 0 0 HSB 0 0 0 1 84 13 2 0 HSB 0 0 10 0 62 24 2 2

E.2 Break detection accuracy

In the Sparse CP-VAR model, breaks are shared among the mean parameters. The break lo-

cation is therefore more precisely estimated if parameters experience a break at the same time.

By doing so, the Sparse CP process extends standard CP models since we can detect which

parameters are time-varying while preserving the feature of standard CP models consisting

in detecting more accurately the break locations if many parameters are subject to the same

break. This should be contrasted with TVP models which use mixture distributions in the

state equations for detecting breakpoints (see, e.g., Giordani and Kohn (2008)) as the prior

distribution of the break dynamic is independent for each model parameter. To illustrate

this, we simulate ten independent series (T = 512) from the following univariate DGP,

yt = φiyt−1 + σiεt, for t ∈ (τi−1, τi], (35)

τ = {τ0, τ1, τ2, τ3, τ4} = {0, 128, 256, 384, 512}, (36)

φ = {φ1, φ2, φ3, φ4} = {0.9, 0.1, 0.9, 0.1}, (37)

σ2 = {σ2
1, σ

2
2, σ

2
3, σ

2
4} = {1, 2.5, 2.5, 0.5}, (38)

with εt ∼ N (0, 1). We estimate the TVP-AR(1) model of Giordani and Kohn (2008) (GK,

hereafter) on the first simulated series and we compare the results with the Sparse CP-VAR(1)
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model when we consider the first two series and then the ten generated series together.

The univariate model is at its advantage in the comparison since it is correctly specified.

The Sparse CP-VAR(1) model, however, allows off diagonal VAR parameters in the mean

parameters as well as a non-diagonal covariance matrix. The number of parameters in one

regime for the Sparse CP-VAR model with ten series amounts to 165 compared to only 3 for

the univariate model.

Figure 5 shows the probability over time of a break for the GK model and the Sparse CP-

VAR model.11 The breaks are correctly detected by the two models. For each true location,

GK results deliver a probability at least of 10% detecting a breakpoint.12 Interestingly, the

Sparse CP-VAR model with two dimensions exhibits higher probabilities of detecting the

breaks for the second and the last breaks and equivalent probabilities as the GK model for

the first break. Although the breaks are shared among the parameters, the off diagonal

parameters of the Sparse CP-VAR model have to be estimated and this deteriorates the

break estimation. When estimated over 10 series, the Sparse CP-VAR model detects the

breakpoints with high probabilities compared to GK and the Sparse CP-VAR model with two

dimensions. By stacking time series with the same breaks into a multivariate system, we can

therefore improve the detection accuracy of the breaks when they occur simultaneously. This

is analogous to Bai, Lumsdaine, and Stock (1998) who show in the frequentist framework that

tighter asymptotic confidence intervals of the break estimators can be obtained in multivariate

framework when breaks are shared among the series.

F Huber, Kastner, and Feldkircher model (HKF)

The HKF algorithm of Huber, Kastner, and Feldkircher (2019) does not converge to the true

posterior distribution and depends on the starting values. One could argue that the algorithm

still represents a good approximation from a practical perspective. To illustrate that this is

not the case, we generate one time series from DGP B with T = 512 and we use the HKF

software program in R for simulating ten replications from the posterior distribution. We use

the default hyper-parameters and a number of MCMC iterations amounting to 10,000 with

a burnin size of 5,000. For this exercise, we only focus on the parameter a2,3 which has three

breaks over the sample. For every replication, on each of the 5 000 posterior draws, we save as

breakpoints the locations of the first-difference parameters being larger than 0.05 in absolute

11These probabilities are empirical probabilities computed from the posterior draws indicating in which
component lies the parameter at time t. For GK results, we compute the frequency that the AR parameter
experiences a break at time t. Regarding Sparse CP-VAR models, we compute the empirical probability that
the parameters of the first simulated series lies in the wide component at time t.

12If the breakpoints are uniformly distributed, only ten locations per break can exhibit a 10% probability.
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(a) Univariate model of GK

(b) Sparse CP model with 2 dependent variables

(c) Sparse CP model with 10 dependent variables

Figure 5: Posterior break probability over time in black. Dotted lines indicate the true
location of the break.
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value.

Table 15 documents the breakpoints for the ten replications along with the probability

of observing these breakpoint locations in the posterior draws. We observe the same issues

as pointed out in Appendix D. In particular, the break locations are different at every repli-

cation and when a break is detected, it often becomes an absorbing state given that many

probabilities are exactly equal to one.

Table 15: Mixing properties of the HKF algorithm.
One series from DGP B: Posterior locations of the breaks with their probabilities on 10
replications using the HKF algorithm.

True break locations: τ = {128, 256, 384}

Sim 1 134 256 313 398 Sim 6 311 0 0 0
Prob 1 1 0.44 1 Prob 0.26 0 0 0

Sim 2 129 244 319 383 Sim 7 127 257 270 380
Prob 1 1 0.33 1 Prob 1 1 0.36 1

Sim 3 119 256 315 393 Sim 8 123 236 281 380
Prob 1 1 0.44 1 Prob 1 1 0.26 1

Sim 4 125 261 305 380 Sim 9 116 258 319 380
Prob 1 1 0.42 1 Prob 1 1 0.47 1

Sim 5 326 0 0 0 Sim 10 320 0 0 0
Prob 0.20 0 0 0 Prob 0.24 0 0 0

Figure 6 shows the a2,3 parameter posterior distributions over time on three representative

replications out of the ten. We observe that the break locations depend on the starting values

and that they are sharply (but wrongly) estimated. This is evidence of the presence of

absorbing states in the MCMC algorithm. In addition, we see that the forecast performance

of the fifth simulation will be very different from simulations one and seven although all these

results have been obtained using the same data and the same model specification. Figure

6 also documents three replications of the Sparse-VAR model on the same data. All the

simulations have converged and no marked differences between the graphics can be pointed

out.

To elaborate more theoretically on this MCMC convergence issue, we consider sampling

from a mixture of two Normal distributions using the HKF threshold approach. Let us assume

that the posterior distribution of a parameter θ is a mixture of two Normal components, i.e.

f(θ) = ωf1(θ)+(1−ω)f2(θ) in which fi(θ) ∼ N (µi, σ
2
i ) (see below for an example). To sample

from such a distribution, HKF introduce a threshold variable d ∈ [ld, ud] with 0 < ld < ud that

identifies from which mixture component the parameter θ should be sampled. In particular,

given a starting value θ(0) and for j = 1, ..., N , the posterior sampling algorithm operates as:
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(a) HKF - Simulation 1 (b) Sparse CP-VAR - Simulation 1

(c) HKF - Simulation 5 (d) Sparse CP-VAR - Simulation 2

(e) HKF - Simulation 7 (f) Sparse CP-VAR - Simulation 3

Figure 6: Posterior distribution of a2,3 over time for three representative replications. The
solid black line stands for the median while the dotted lines document the 5% and 95%
quantiles respectively.

• Sample the threshold variable d(j) ∼ d|θ(j−1) in which

f(d|θ) ∝ (f1(θ)1{|θ|≤d} + f2(θ)1{|θ|>d})f(d).
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• Set z(j) = 1 + 1{|θ(j−1)|>d(j)}.

• Sample θ(j) ∼ N (µz(j) , σ2
z(j)).

Proposition 1 shows that the invariant distribution of the HKF algorithm depends on the

prior distribution of the threshold d.

Proposition 1. Consider sampling from a two-component distribution f(θ) = ωf1(θ) + (1−

ω)f2(θ) using the HKF algorithm in which f1(θ) and f2(θ) are proper densities and ω ∈ (0, 1).

Let us denote qi =
∫ ld
−ld fi(θ)dθ for i = 1, 2. The stationary distribution of the HKF algorithm,

π(θ) = ω̄f1(θ) + (1− ω̄)f2(θ), depends on the prior distribution of the threshold:

1. When the prior distribution of d is a Dirac function f(d) = 1{d=ld}, the weight of the

stationary distribution is given by ω̄ = q2
(1+q2−q1) .

2. When the prior distribution of d is Uniform with d = {ld, ud}, the weight of the station-

ary distribution is equal to ω̄ = q2+b1(1−q2)
(1+q2−q1−a1(1−q1)+b1(1−q2)) in which

a1 = 2

∫ ud

ld

f1(θ)2

f1(θ) + f2(θ)
dθ,

b1 = 2

∫ ud

ld

f1(θ)f2(θ)

f1(θ) + f2(θ)
dθ.

3. When the prior distribution of d is Uniform over the support [ld, ud] and if q1 = 1, the

weight of the stationary distribution is equal to ω̄ = 1.

Proof. See Appendix F.1

Remark 1. In HKF, the prior distribution of the threshold is a discrete uniform distribution

over the support [ld, ud] with 150 different bins. While the stationary distribution in such a

case cannot be derived analytically, the conclusions of Proposition 1 apply. The weight of the

stationary distribution using their prior distribution will be a complex function of the density

functions f1(θ) and f2(θ).

Remark 2. The third case of Proposition 1 is relevant since in the HKF framework, f1(θ) ∼

N (µ1, σ
2
1) with σ1 that is close to zero (and so way smaller than ld). Using Chernoff’s

inequality, we can show that q1 ≥ 1− exp{− (ld+µ1)2

2σ2
1
} − exp{− (ld−µ1)2

2σ2
1
}. In particular, when
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µ1 = 0 (i.e. the shrinkage is strong), setting k =
l2d
σ2

1
, we have that

q1 ≥ 1− 2 exp{−k
2
},

which is very close to one for any k > 9 and therefore f2(θ) vanishes from the posterior.

Remark 3. The mixing of the HKF algorithm can be slow as it depends on the probabilities

1 − q1 and P2[|θ| ≤ ud]. If one of these probabilities is close to zero, one of the component

can virtually never be visited. For instance, if q1 = 0.999 and the starting value θ(0) of the

MCMC algorithm is such that |θ(0)| ≤ ld, the wide component of the mixture will be at most

visited on average 1 over 1000 MCMC draws.

For an empirical illustration of Proposition 1, we focus on a model with one intercept:

yt = µ+ γεt, with εt ∼ N (0, 1),

µ ∼ ωN (0, σ2
1) + (1− ω)N (0, σ2

2).

The posterior distribution of µ|y1:T is given by

µ|y1:T ∼ ω̄N (µ∗1, σ
2,∗
1 ) + (1− ω̄)N (µ∗2, σ

2,∗
2 ),

σ2,∗
i =

γ2σ2
i

Tσ2
i + γ2

, i = 1, 2,

µ∗i =
Tσ2

i

Tσ2
i + γ2

ȳ1:T , i = 1, 2,

ω̄ =
ω

1 + (
Tσ2

1+γ2

Tσ2
2+γ2 )

1
2 exp{T ȳ1:T

2γ2 (µ∗2 − µ∗1)}
.

Since the posterior distribution is a mixture of two normal distributions, the conclusion of

Proposition 1 holds. The HKF model to estimate the unconditional expectation is as follows

yt = µ+ γεt, with εt ∼ N (0, 1),

µ ∼ ωN (0, σ2
1) + (1− ω)N (0, σ2

2),

σ2
1 =

γ2

100T
,

σ2
2 ∼ IG(aσ, bσ) i.e. IG(3, 33.3),

d|σ2
2 ∼ U [ld, ud] i.e. U [0.1σ2, 1.5σ2].

Note that k ≡ l2d
σ2

1
∼ IG(aσ,

0.01bσ
σ2

1
). Using the values of their paper with γ = 1 leads to
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k ∼ IG(3, 33.3T ). For instance, we have E(k) = 33.3T
2 which is very large even for small time

series. Figure 7 shows the density of µ|y1:T when T = 10 or T = 100 (with µ = 2 and µ = 1)

using the threshold approach (with ω = 0.2) with respect to the true posterior density (also

assuming ω = 0.2, σ2
1 = 1

100T and σ2
2 ∼ IG(3, 33.3)). Even with 100 000 MCMC iterations,

we observe that the threshold approach is highly sensitive to initial values. In addition, when

the parameter is different but close to zero, the absorbing state phenomenon highlighted in

Proposition 1 (see also Remark 2) can occur even when the sample size is at least as large as

T = 100.

To show the implications of Proposition 1 in a framework close to the Sparse CP-VAR

model, we now focus on a multivariate illustrative model specified as,

yt = µ1 + µ21{t≥τ} + εt, (39)

εt ∼ N (0, γ2), (40)

µi ∼ ωN (0, σ2
1) + (1− ω)N (0, σ2

2). (41)

Model given by Equations (39) to (41) is a particular case of the HKF model. In fact, they

introduce a break at each period of time while the current model only allows for one break to

get analytical results. To ease the notation, we redefine the model as yt = x′tθ + εt in which

xt = (1,1{t≥τ})
′ and θ = (µ1, µ2)′. We also introduce two discrete variables z = {z1, z2} that

indicates which component of the spike and slab distribution is active for µ1 and µ2. After

standard computations, the posterior distributions of the model are given by

f(z1, z2|y1:T , τ) =
(σ2
z1σ

2
z2)−

1
2 |Σ̄z1,z2 |

1
2 exp{0.5µ̄′z1,z2Σ̄−1

z1,z2 µ̄z1,z2}f(z1, z2)∑2
z1=1

∑2
z2=1(σ2

z1σ
2
z2)−

1
2 |Σ̄z|

1
2 exp{0.5µ̄′zΣ̄−1

z µ̄z}f(z1, z2)
, (42)

f(µ1, µ2|y1:T , τ, zi) ∼ N (µ̄, Σ̄z) (43)

Σ̄z = [Σ−1
zi +

T∑
t=1

xtx
′
t

γ2
]−1 (=

(
σ−2
z1 + T

γ2
T−τ
γ2

T−τ
γ2 σ−2

z2 + T−τ
γ2

)−1

), (44)

µ̄z = Σ̄z(

T∑
t=1

xtyt
γ2

). (45)

As expected, the posterior distribution of the toy model is a mixture of four components.

Proposition 2 details the invariant distribution when we use the threshold algorithm to sample

from a mixture of four components.

Proposition 2. Consider sampling from the four-component distribution f(θ) =
∑4

i=1 ωifi(θ)

with
∑4

i=1 ωi = 1 in which fi(θ) are proper densities and θ ∈ R2 using the HKF algorithm
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(a) µ = 2, Starting value µ = 0, T = 10 (b) µ = 2, Starting value µ = 10, T = 10

(c) µ = 1, Starting value µ = 0, T = 10 (d) µ = 1, Starting value µ = 10, T = 10

(e) µ = 1, Starting value µ = 0, T = 100 (f) µ = 1, Starting value µ = 10, T = 100

Figure 7: Posterior distribution of µ|y1:T : True posterior density in dotted black and density
obtained by the HKF algorithm in red.
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when the prior distribution of d is a Dirac function f(d) = 1{d=ld}. For each i = 1, ..., 4, let

us denote four different probabilities to cut the support: qi1 = Pi[|θ1| ≤ ld, |θ2| ≤ ld], qi2 =

Pi[|θ1| > ld, |θ2| ≤ ld], qi3 = Pi[|θ1| ≤ ld, |θ2| > ld] and qi4 = Pi[|θ1| > ld, |θ2| > ld]. Then,

the stationary distribution of the MCMC algorithm is also a mixture of four components, i.e.

π(θ) =
∑4

i=1 ω̄ifi(θ), with weights verifying the following equalities:


q11 q21 q31 q41

q12 q22 q32 q42

q13 q23 q33 q43

q14 q24 q34 q44


︸ ︷︷ ︸

P


ω̄1

ω̄2

ω̄3

ω̄4

 =


ω̄1

ω̄2

ω̄3

ω̄4

 .

Proof. See Appendix F.2

Remark 4. Although this is precluded in a mixture of Normal distributions, the MCMC

algorithm can exhibit multiple stationary distributions if some probabilities qij = 0 for i ∈

[1, 4] and j ∈ [1, 4].

Remark 5. Note that the indices ij of qij with i ∈ [1, 4] and j ∈ [1, 4] can be interpreted

as probabilities of moving from component i to component j. So, the mixing of the HKF

algorithm directly depends on these probabilities qij . For instance, the MCMC mixing will

be slow if the probabilities of moving from component i to components j for all j 6= i are very

small.

Proposition 2 highlights that the stationary distribution can be very different from the

posterior distribution from which we want to sample. To empirically show the problem, we

simulate 20 observations from the multivariate toy model with values γ = 1, µ1 = 2, µ2 = 0.5

and τ = 5. The weights of the posterior distribution amount to ω1 = 0.00, ω2 = 0.669

(i.e. z1 = 2,z2 = 1), ω3 = 0.001 and ω4 = 0.33 (i.e. z1 = 2,z2 = 2). Consequently,

the posterior distribution is mostly a mixture implying the second and the last component.

Setting ld = 0.2 (i.e. 1% prior quantile of the HKF model), we can compute the probability

matrix of Proposition 2 as we know analytically the distribution of each component. For this
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example, the matrix is given by
q11 q21 q31 q41

q12 q22 q32 q42

q13 q23 q33 q43

q14 q24 q34 q44

 =


1 0 0 0

0 1 0 0.0722

0 0 1 0.0006

0 0 0 0.9273

 .

Note that some probabilities qij are exactly equal to one due to numerical approximations.13

According to Proposition 2, the threshold algorithm exhibits three stationary distributions

which arise depending on the starting value. In addition, there is no probability of sampling

from the fourth component (when the MCMC algorithm has converged) even though the

posterior weight of this component amounts to 33%. To illustrate these issues, we use the

exact HKF algorithm (so with σ2
2 ∼ IG(3, 33.3) and d ∼ U [0.1σ2, 1.5σ2]). Figure 8 documents

the posterior draws of the HKF algorithm given three different starting values. Depending

on the starting value, we either detect the break with probability one (although the posterior

probability of detecting it amounts to 0.331) or do not detect the break with probability one.

Even though we do not have a Dirac function for the threshold prior distribution and we use

the Uniform distribution of HKF, we observe that Proposition 2 is still valid as we clearly

observe the three absorbing states generated by the HKF algorithm on Figure 8. Additional

evidence of these problems are given in a Sparse CP-VAR framework in Section 5.

F.1 Proof of Proposition 1

Proof. For each prior distribution, we look for the density π(θ) that satisfies the invariant

distribution condition, i.e. π(θ) =
∫ ∫

f(θ|z = 1 + 1|θ∗|≥d)f(d|θ∗)π(θ∗)dd dθ∗ assuming that

the invariant density can be expressed as π(θ) = ωf1(θ)+(1−ω)f2(θ). To ease the notations,

we define Pi[θ ≤ x] =
∫ x
−∞ fi(θ)dθ for i = 1, 2. Before detailing each prior distribution, note

that the HKF algorithm iterates over the following distributions:

f(d|θ) ∝ (f(θ|z = 1)1{|θ|≤d} + f(θ|z = 2)1{|θ|>d})f(d),

z = 1 + 1{|θ|>d}, (a deterministic function),

θ|z = i ∼ N (µi, σ
2
i ).

13The probabilities are computed based on 1,000,000 draws.
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(a) Starting values µ = (0, 0)′ (b) Starting values µ = (100, 0)′

(c) Starting values µ = (0, 100)′

Figure 8: Bivariate model: Posterior draws in grey and draws from the HKF algorithm in
black.
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1. When the prior distribution of d is a Dirac function, we have that

π(θ) =

∫
f(θ|z = 1 + 1|θ∗|≥ld)π(θ∗)dθ∗,

= ω

∫
f(θ|z = 1 + 1|θ∗|≥ld)f1(θ∗)dθ∗ + (1− ω)

∫
f(θ|z = 1 + 1|θ∗|≥ld)f2(θ∗)dθ∗,

= ω[q1f1(θ) + (1− q1)f2(θ)] + (1− ω)[q2f1(θ) + (1− q2)f2(θ)],

= [ωq1 + (1− ω)q2]f1(θ) + [ω(1− q1) + (1− ω)(1− q2)]f2(θ),

= ωf1(θ) + (1− ω)f2(θ), so that ω =
q2

(1 + q2 − q1)
.

2. When the threshold d can take uniformly two different values {ld, ud}, we have that

π(θ) =

2∑
j=1

∫
f(θ|z = 1 + 1|θ∗|≥dj )f(dj |θ∗)π(θ∗)dθ∗,︸ ︷︷ ︸

Qj

Q1 =

∫
f(θ|z = 1 + 1|θ∗|≥ld)f(d = ld|θ∗)π(θ∗)dθ∗,

= ω(
q1

2
f1(θ) + (1− q1)f2(θ)

∫
f(d = ld|θ∗)f1(θ∗||θ∗| > ld)dθ

∗︸ ︷︷ ︸
Q11

),

+ (1− ω)

∫
f(θ|z = 1 + 1|θ∗|≥ld)f(d = ld|θ∗)f2(θ∗)dθ∗︸ ︷︷ ︸

Q12

,

Q11 =

∫
(f1(θ∗)1{|θ∗|≤ld} + f2(θ∗)1{|θ∗|>ld})∑2
j=1(f1(θ∗)1{|θ∗|≤di} + f2(θ∗)1{|θ∗|>di})

f1(θ∗||θ∗| > ld)dθ
∗

= 2

∫ ud

ld

f2(θ∗)f1(θ∗)

f1(θ∗) + f2(θ∗)
dθ∗ +

(1− P1[|θ| ≤ ud])
2

.

Q12 = [2

∫ ud

ld

f2(θ∗)2

f1(θ∗) + f2(θ∗)
dθ∗ +

(1− P2[|θ| ≤ ud])
2

].
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In a similar way, we can develop the second term Q2:

Q2 = ω

∫
f(θ|z = 1 + 1|θ∗|≥ud)f(d = ud|θ∗)f1(θ∗)dθ∗︸ ︷︷ ︸

Q21

+ (1− ω)

∫
f(θ|z = 1 + 1|θ∗|≥ud)f(d = ud|θ∗)f2(θ∗)dθ∗︸ ︷︷ ︸

Q22

,

Q21 =
q1

2
f1(θ) + (1− q1)[f1(θ)2

∫ ud

ld

f1(θ∗)2

f1(θ∗) + f2(θ∗)
dθ∗ + f2(θ)

(1− P1[|θ| ≤ ud])
2

],

Q22 =
q2

2
f1(θ) + (1− q2)[f1(θ)2

∫ ud

ld

f1(θ∗)f2(θ∗)

f1(θ∗) + f2(θ∗)
dθ∗ + f2(θ)

(1− P2[|θ| ≤ ud])
2

]]

We conclude that ω should verify:

ω = ωq1 + (1− ω)q2 + ω(1− q1) 2

∫ ud

ld

f1(θ∗)2

f1(θ∗) + f2(θ∗)
dθ∗︸ ︷︷ ︸

a1

+ (1− ω)(1− q2) 2

∫ ud

ld

f1(θ∗)f2(θ∗)

f1(θ∗) + f2(θ∗)
dθ∗︸ ︷︷ ︸

b1

,

=
q2 + b1(1− q2)

(1 + q2 − q1 − a1(1− q1) + b1(1− q2))

3. When the prior distribution of d is Uniform over the support [ld, ud] and q1 = 1, we

have that

π(θ) =

∫
f(θ|d)f(d|θ∗)π(θ∗)dθ∗dd,

= ω

∫
f(θ|d)f(d|θ∗)f1(θ∗)dθ∗dd+ (1− ω)

∫
f(θ|d)f(d|θ∗)f2(θ∗)dθ∗dd,

= ωf1(θ) + (1− ω)

∫
f(θ|d)f(d|θ∗)f2(θ∗)dθ∗dd︸ ︷︷ ︸

R1

,

R1 = q2f1(θ) + (1− q2)

∫
f(θ|d)f(d|θ∗)f2(θ∗||θ∗| > ld)dθ

∗dd︸ ︷︷ ︸
R2

,

Note that the distribution d|θ∗ ∼ U [ld,min(θ∗, ud)] for θ∗ ≥ ld since f1(θ∗) = 0, ∀|θ∗| ≥
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ld, and because we have

f(d|θ∗, |θ∗| ∈ (ld, ud)) = f(d)
(f1(θ∗)1{|θ∗|≤d} + f2(θ∗)1{|θ∗|>d})∫

(f1(θ∗)1{|θ∗|≤d} + f2(θ∗)1{|θ∗|>d})f(d)dd
,

=
1{|θ∗|>d}

|θ∗| − ld
,

f(d|θ∗, |θ∗| ≥ ud) =
f2(θ∗)1{|θ∗|>d}

f2(θ∗)
∫
dd

,

=
1{d∈(ld,ud)}

ud − ld
.

We can now simplify the last term R2 as follows

R2 = f2(θ)

∫
|θ∗|≥ld

∫ ud

ld

1{|θ∗|>d}

min(|θ∗|, ud)− ld
f2(θ∗||θ∗| > ld)dθ

∗dd,

= f2(θ).

Combining these results, the weight of the invariant distribution should verify

ω = ω + (1− ω)q2,

= 1.

F.2 Proof of Proposition 2

Proof. The invariant distribution verifies

π(θ) =

∫
f(θ|z1 = 1 + 1|θ∗1 |≥ld , z2 = 1 + 1|θ∗2 |≥ld)π(θ∗)dθ∗,

=

4∑
i=1

ωi

∫
f(θ|z1 = 1 + 1|θ∗1 |≥ld , z2 = 1 + 1|θ∗2 |≥ld)fi(θ

∗)dθ∗︸ ︷︷ ︸
Qi

Qi =
4∑
j=1

qijfj(θ).
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The stationary density simplifies into

π(θ) =
4∑
j=1

[
4∑
i=1

ωiqij ]fj(θ),

which leads to the system of equations given in Proposition 2.
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