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Multiple hydrological attractors under stochastic daily forcing:
2. Can multiple attractors emerge?
T. J. Peterson1, A. W. Western1, and R. M. Argent2

1Department of Infrastructure Engineering, University of Melbourne, Melbourne, Victoria, Australia, 2Environment and
Research Division, Bureau of Meteorology, Melbourne, Victoria, Australia

Abstract The companion paper showed that multiple steady state groundwater levels can exist within a
hill-slope Boussinesq-vegetation model under daily stochastic forcing. Using a numerical limit-cycle continu-
ation algorithm, the steady states (henceforth attractors) and the threshold between them (henceforth
repellor) were quantified at a range of saturated lateral conductivity values, ksmax . This paper investigates if
stochastic daily forcing can switch the catchment between both of the attractors. That is, an attractor may
exist under average forcing conditions but can stochastic forcing switch the catchment into and out of each
of the attractor basins?; i.e., making the attractor emerge. This was undertaken using the model of the com-
panion paper and by completing daily time-integration simulations at six values of the saturated lateral
hydraulic conductivity, ksmax ; three having two attractors and three having only a deep water table attractor.
By graphically analyzing the simulations, and comparing against simulations from a model modified to
have only one attractor, multiple attractors were found to emerge under stochastic daily forcing. However,
the emergence of attractors was significantly more subtle and complex than that suggested by the com-
panion paper. That is, an attractor may exist but never emerge; both attractors may exist and both may
emerge but identifying the switching between attractors was often ambiguous; and only one attractor may
exist and but a second temporary attractor may exist and emerge during periods of high precipitation. This
subtle and complex emergence of attractors was explained using continuation analysis of the climate forc-
ing rate, and not a model parameter such as ksmax . It showed that the temporary attractor existed over a
large range of ksmax values and this suggests that more catchments may have multiple attractors than sug-
gested by the companion paper. By combining this continuation analysis with the time-integration simula-
tions, hydrological signatures indicative of a switch of multiple attractors were proposed. These signatures
may provide a means for identifying actual catchments that have switched between multiple attractors.

1. Introduction

Recently, hydrology has progressed from identifying multiple hydrological attractors and positive feedbacks
within simple theoretical models to developing more physically plausible models [Peterson et al., 2009a;
Runyan and D’Odorico, 2010; Peterson and Western, 2014] and using observation data to parameterize or
assess model predictions of multiple attractors [Rennermalm et al., 2010; Peterson, 2009; Hilt et al., 2011; Hef-
fernan, 2008; D’Odorico et al., 2011; D’Odorico and Porporato, 2004; Carpenter and Lathrop, 2008]. However,
as discussed within the companion paper (Peterson and Western, submitted manuscript), the multiple
steady states (henceforth referred to as attractors) have been identified using annual or monthly mean cli-
mate forcing. Compared to using higher frequency climate forcing, this can result in the incorrect identifica-
tion of multiple attractors (Peterson and Western, submitted manuscript). Furthermore, knowledge of the
existence of multiple attractors provides no insights as to whether the system is likely to switch between
the attractors. That is, a catchment may converge to, say, a deep water table attractor but the climate vari-
ability may be sufficiently low that no plausible rainfall event is adequate to cause a switch to a shallow
water table attractor; making the shallow attractor practically superfluous. There is also little understanding
of what the streamflow and groundwater level dynamics would look like from a catchment switching
between attractors. Finally, as recently demonstrated using a very simple 1-D groundwater model with a
vegetation-related positive feedback [Peterson et al., 2012], the interaction between the attractors and sto-
chastic forcing data can be complex. This paper investigates these issues using the hypothetical semidistrib-
uted hill-slope ecohydrological model of Peterson and Western (submitted manuscript) in which a positive
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feedback arises when the saline water table intersects the root zone and causing a reduction in LAI and an
increase in recharge and hence water level (see Peterson and Western, submitted manuscript, Figure 3 for
details). Specifically, this paper investigates if a physically plausible catchment model under stochastic daily
forcing can switch between multiple attractors found to exist and, if so, how this may occur. That is, can the
attractors not only exist but actually emerge?

Looking more broadly at multiple attractors and the concept of ecosystem resilience, the magnitude and
frequency of disturbances is integral. A disturbance is considered to be a temporary deviation from the
usual and Holling [1973] defines resilience as the magnitude of the disturbance that a system can absorb
without undergoing a regime shift. In a more recent review of various biophysical systems thought to have
multiple attractors, Scheffer et al. [2001] states that a sufficiently severe disturbance of the ecosystem state
may bring the system into the basin of attraction of another state. However, Scheffer and Carpenter [2003]
state that the way in which dynamic systems respond to environmental fluctuations is still poorly explored
and an important question is how the frequency of environmental disturbances affects the probability that
the system will shift to another attractor. Typically, equilibrium continuation analysis has been used to
quantify the state variable location of attractors and repellors with a change in a single model parameter.
The state variable distance between an attractor and repellor is then measured and inferred as the cumula-
tive disturbance the system can absorb without switching to an alternative basin of attraction [e.g., May,
1977; Walker et al., 1981; Ludwig et al., 1997; Anderies, 2005]. While an informative technique, continuation
analysis provides no insight into the magnitude or stochastic nature of the disturbance(s) required to dis-
place the system into a different basin of attraction. For example, continuation analysis may indicate that
two attractors exist for a system but the stochastic disturbances may never be of sufficient magnitude or
duration to cause a crossing of a repellor, and thus, the second attractor basin may effectively not exist.

Resilience investigations into the effect of the frequency and magnitude of disturbances has been under-
taken for one-dimensional systems [Peterson et al., 2012; D’Odorico et al., 2005; Guttal and Jayaprakash,
2007; M�ller et al., 2009], and more recently with the inclusion of a spatial dimension [Dakos et al., 2010; Gut-
tal and Jayaprakash, 2009; Serizawa et al., 2009]. The 1-D studies investigated stochastic disturbances
applied to simple nonspatial deterministic models. Guttal and Jayaprakash [2007] investigated two well
established bistable models, namely one of nutrient cycling within a shallow lake and the other of soil
water-vegetation biomass for semiarid regions, and input stochastic disturbances derived from a uniform
and serially uncorrelated distribution. The disturbances for the two models were nutrient loading and rain-
fall, respectively, and time-integration solutions from different initial conditions were derived for a range in
the mean magnitude of the disturbance. Comparison of the results with equilibrium continuation found
that the range in mean disturbance having two attractors contracted under stochastic forcing, with multiple
attractors disappearing when the variance of the disturbance became large. However, our examination of
their time series results indicates that, for the high variance disturbances, both attractors do still exist but
switching between them occurs repeatedly.

Like many resilience studies, Guttal and Jayaprakash [2007] assumed that disturbances cause a change of
attractors by pushing the model state over the repellor. However, Peterson et al. [2012] has shown this to be
questionable. Using a very simple 1-D groundwater model with a vegetation-related positive feedback, sto-
chastic annual precipitation was shown to cause a switch of attractors by the temporary loss of the attractor
the system was within prior to the disturbance; rather than by pushing the model state across the repellor.
If the disturbance was of sufficient duration then the system switched to the only existing attractor [Peter-
son et al., 2012]. To illustrate this, Figure 1a shows a cup-and-ball resilience diagram [Walker et al., 2004; Beis-
ner et al., 2003] of the 1-D groundwater model for a constant rainfall. To explain the figure, the deep and
shallow water table attractor basins are each represented by a cup, each attractor by the bottom of each
cup and between them a threshold, that is the repellor. The state of the aquifer at a given time is repre-
sented by a ball, the x axis represents the depth to water table and the y axis represents the somewhat
vague resilience concept [Guttal and Jayaprakash, 2007; Beisner et al., 2003; Scheffer and Carpenter, 2003;
Scheffer et al., 2001] of ‘‘effective potential’’ [Guttal and Jayaprakash, 2007] and can be considered as the
cumulative disturbance required to produce a given displacement from an attractor; the slope of which
denotes the rate of recovery of the aquifer state toward each attractor [see Peterson et al., 2012, for Lyapu-
nov stability curves quantifying the effective potential]. The shape and position of each cup changes with
the rainfall. For example, during wet years the deep and shallow attractors shift to a shallower water table
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depth, the depth of the shallow
attractor increases (i.e., its cup size
increases), the depth of the deep
attractor declines (i.e., its cup size
reduces) and the repellor moves
closer to the deep attractor (see
Figures 1a and 1c). The occurrence
of a wet year also changes the
state of the aquifer. In Figure 1a,
the aquifer state is at the deep
attractor but the occurrence of a
wet year shifts the deep attractor
(see Figure 1c) so the aquifer
water level rises toward it and, if
the wet period persists for a num-
ber of years, the water level would
converge to the deep attractor
(Figure 1c denotes this by the ball
rolling toward the deep attractor).
These dynamics are also depicted
by equilibrium continuation plots
within the right-hand column of
Figure 1. Instead of showing the
shape of the attractor basins for a
fixed rainfall, the equilibrium con-
tinuations plots show how the
attractors and repellor change
with rainfall. The maximum rainfall
at which the deep attractor exists
is also denoted by the fold point;
and vice versa for the shallow
attractor. Additionally, the aquifer
state is denoted and, like the cup-
and-ball diagrams, the occurrence
of a wet year (see Figure 1d)
causes the deep attractor basin to
narrow and the aquifer state shifts
to below the deep attractor line
because it is no longer at a steady
state.

To illustrate how the aquifer
changes from the deep to the
shallow attractor without crossing
the repellor, consider the follow-
ing sequence of years. Year 1 has
an average rainfall and two attrac-
tors exist (Figure 1a). For many
years prior, average rainfall had
occurred and the aquifer state had
converged to the deep attractor.
In year 2 above average rainfall
occurs and, as shown in Figure 1c,
both the shallow and deep attrac-
tors shift to a shallower water

Figure 1. Schematic of how stochastic forcing causes a switching of attractor basins
without crossing the repellor. (left column) Subfigures depict the change in the attrac-
tors and repellor with a change in annual rainfall. The state of the aquifer is represented
by the dark gray circle and the x axis represents the depth to water table and the y axis
represents the somewhat vague resilience concept of effective potential and can be con-
sidered as the cumulative disturbance required to produce a given displacement from
an attractor; the slope of which denotes the rate of recovery of the aquifer state toward
each attractor. (right column) Subfigures depict the state space location of the attrac-
tors (solid line) and the repellor (dashed line) with a change in the annual rainfall. The
state of the aquifer is represented by the dark gray circle and the y axis represents the
depth to water table and is reversed. See subfigures (a and b) for additional details.
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level. The deep attractor basin also reduces and this is shown in Figure 1d by the aquifer state being close
to the right fold-point. The aquifer state responds to the increased rainfall and, as shown in Figure 1c, the
water level rises toward the deep attractor. In year 3 very high rainfall occurs and, as shown in Figure 1f, the
right fold-point is exceeded. Consequently, only the shallow attractor basin exists and, as shown in Figure
1e, the shallow attractor shifts to a shallower water level. The aquifer state responds by the water level rising
near to the shallow attractor. In year 4 average rainfall returns and, consequently, two attractors exist. The
aquifer water level responds by declining but, during the prior year it had risen sufficiently that, upon a
return to average rainfall, the water level is slightly shallower than the repellor (see Figure 1g). In year 5
average rainfall continues and, hence, the attractor basins do not change shape and the aquifer water level
responds by converging closer to the shallow attractor. In summary, stochastic forcing causes a switch of
attractor basins when a fold point is exceeded and the system responds sufficiently quickly that, upon
return to forcing conditions at which multiple attractors exist, the system is on the alternate side of the
repellor. For this example, to switch back to the deep attractor basin a similar mechanism is required
whereby a period of sufficiently low rainfall shifts the system below the lower fold-point where only the
deep attractor exists.

These attractor switching mechanisms can also lead to complex dynamics where only one attractor exists
for average forcing conditions but under wetter conditions a second attractor exists. To illustrate, consider
the scenario that under average rainfall the aquifer state in Figure 1b is now just to the left of the lower
fold-point so that only the deep attractor exists. In year 2, high rainfall occurs and the aquifer state shifts to
the right of the left fold-point and two attractors now exist. In year 3, the rainfall is very high and the aquifer
state shifts past the right fold-point, at which time only the shallow attractor exists. Like the above scenario,
the aquifer water level responses by rising near to the shallow attractor. The aquifer will persist within this
temporary shallow attractor until average rainfall returns; at which time only the deep attractor exists and, if
average rainfall persists, the aquifer water level will respond by converging back to the deep attractor.

Returning to the 1-D modeling of Guttal and Jayaprakash [2007], two types of disturbance were addressed;
namely multiplicative and additive noise. Additive noise is where the impact of the noise is independent of
the model state variables. For example, their phosphorus cycling lake eutrophication model experienced
additive noise because the time varying nutrient loading rate was simply added to the differential equation,
making the noise independent of the model state variable. Multiplicative noise is where the impact of the
noise is a function of the model state and as such can result in more complex dynamics. For example, their
soil-vegetation model experienced multiplicative noise because the rainfall was multiplied by the function

B
11kB, where B is the state variable for vegetation biomass and k is a parameter for vegetation water use. At a
high biomass the impact of large rainfall events are amplified, but conversely at a low biomass high rainfall
events produce little change in vegetation biomass. When the biomass equals zero, rainfall noise is elimi-
nated from the model, and the system is maintained at the zero biomass attractor.

Multiplicative noise was also investigated by M�ller et al. [2009] using a 1-D lake nutrient model. Uniquely,
they considered multiplicative state variable noise in addition to a stochastic disturbance. They show that
the inclusion of system noise in one of the two state variables can significantly influence the probability of
switching attractor basins. D’Odorico et al. [2005] investigated multiplicative noise on two attractors derived
from a simple deterministic soil moisture-vegetation model. In this case noisy daily rainfall, derived from a
Poisson distribution and the rainfall depth from an exponential distribution, was used. They found that the
noise-induced stability in the model by eliminating the two basins of attraction and producing a new and
intermediate basin of attraction. While these results were interpreted by Guttal and Jayaprakash [2007] as
simply being due to frequent switching between attractors, this complex interaction between noise and a
simple deterministic model has had further support [D’Odorico et al., 2007a, 2007b, 2008; Borgogno et al.,
2009]. Considering that the ecohydrological model investigated within this paper has two sources of multi-
plicative noise, that is precipitation and potential evapotranspiration, the response to and emergence of
both attractors under stochastic forcing may be complex and warrants investigation.

An important differentiating advancement of this paper is the inclusion of a spatial dimension, namely for
lateral groundwater flow. A few studies have extended standard 1-D resilience models to 2-D by inclusion
of dispersion terms [von Hardenberg et al., 2001; van de Koppel and Rietkerk, 2004; van Nes and Scheffer,
2005] which, while dependent upon the heterogeneity and dispersion rate, were found to result in an
expansion to the parameter range producing two attractors [van de Koppel and Rietkerk, 2004]. Recently, a
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few studies have also applied stochastic forcing to a spatial model [Dakos et al., 2010; Guttal and Jayapra-
kash, 2009; Serizawa et al., 2009; Liu et al., 2008]. Both Guttal and Jayaprakash [2009] and Dakos et al. [2010]
used such a model to investigate measures of spatial variance and correlation as leading indicators for loss
of an attractor, i.e., moving from a two attractor configuration to a one attractor configuration. Neither
investigated the switching between attractor basins as a result of a disturbance, as was undertaken for 1-D
models by Guttal and Jayaprakash [2007]. To the author’s knowledge, the only quantitative investigations of
a stochastic disturbance applied to a spatial resilience model are those of Serizawa et al. [2009] and Liu et al.
[2008]. Serizawa et al. [2009] investigated a lake nutrient-phytoplankton model with 2-D diffusion and a 2-D
time varying Gaussian disturbance, multiplied to the state variable values and added to the nutrient and
phytoplankton rates of change. Of most relevance here, they found that both additive and multiplicative
disturbances caused the lake to simply switch to, and persist within, one of the two attractors (i.e., phyto-
plankton state or a clear water state). The system did not repeatedly switch between the attractor basins
nor demonstrate a patch-work of different regions being in different attractor basins. In effect, the system
displayed relatively simple attractor dynamics and did not display spatially nested attractor basins of differ-
ing scale; a concept known as panarchy [Gunderson and Holling, 2002]. This finding is in contrast to the lake
phytoplankton-zooplankton modeling of Liu et al. [2008]. While not directly investigating resilience and
multiple attractors, they did demonstrate complex and spatially nested structures can result from the inclu-
sion of sinusoidal forcing and additive stochastic noise. Furthermore, and relating to a similar finding of
D’Odorico et al. [2005], they found that the inclusion of stochastic noise can increase stability but can also
interact with the sinusoidal forcing to produce two distinct frequencies of the periodic phytoplankton con-
centration linked to the sinusoidal forcing; a process known as frequency-locking. Overall, these spatial resil-
ience studies have demonstrated that the inclusion of a spatial dimension can significantly alter the
emergence of multiple attractors. With the inclusion of noise, the emergence of spatially heterogeneous or
homogeneous attractor structures appears to be dependent upon the specifics of the model and noise, and
therefore, it remains an open question at to how the Peterson and Western (submitted manuscript) resil-
ience model will behave under stochastic forcing.

This paper adopts the hypothetical ecohydrological model from the companion paper (Peterson and Western,
submitted manuscript). Using the paper’s estimate of the state-space location of the attractors and repellor,
the emergence of multiple hydrological attractors under daily forcing was investigated by analyzing simulated
groundwater hydrographs at multiple locations and parameter values for evidence of a change of attractor
basin. Daily forcing was adopted as it was considered to be an adequate compromise between the timescale
of relevant hydrological processes, the availability of climate data and the computational requirements. In the
following section, the methodology is outlined. Details of the time-integration simulations are presented, fol-
lowed by the various methods by which the simulation results were analyzed. Section 3 presents the results
from analyzing the simulations at various parameter values, locations within the catchments and at various
forcing rates. Section 4 presents a discussion of the results and builds upon Peterson et al. [2012] to give
insights into how multiple hydrological attractors may be detected from field data.

2. Methodology

In assessing stochastic simulations for a change in attractor basins, much of the existing stochastic resilience
research has relied upon qualitative inspection of time series results [e.g., D’Odorico et al., 2005; Guttal and
Jayaprakash, 2007]. A quantitative measure proposed by Scheffer and Carpenter [2003] is that ‘‘Statistically,
the frequency distributions of key variables should be multi-modal if there are alternative attractors.’’ However,
it has been demonstrated that multiple attractors can emerge from stochastic forcing of this hill-slope
model without the distribution of depth to water table being bimodal [Peterson, 2009; Peterson et al.,
2009b]. Furthermore, bimodal distributions only emerged if the fraction of time spent within each attractor
basin was approximately equal. Therefore, a time series inspection method was adopted for this study.
However, to explore the dynamics across space and parameter values, additional graphical analysis was
undertaken.

For transparency, the data and Matlab code for the model and continuation analysis are freely available
from the supplementary material to Peterson and Western (submitted manuscript). Below, the following
aspects of the methodology are detailed: (i) time-integration stochastic simulations and detecting changes
in the basin of attraction; and (ii) equilibrium continuation of the model against daily climate forcing. The
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latter was undertaken to understand the dynamics observed from the time-integration simulations under
stochastic forcing.

2.1. Time-Integration Under Stochastic Forcing
The central question of this paper was whether multiple attractors emerge under stochastic daily forcing.
To undertake this investigation, the model, parameter and forcing data where adopted from the companion
paper (Peterson and Western, submitted manuscript). From the companion paper, the following results
were also obtained from the stochastic forced limit-cycle continuation (SFLCC) analysis: (i) the values of sat-
urated lateral hydraulic conductivity, ksmax , at which multiple attractors exist under daily forcing; and (ii) the
depth to water table of the attractors and repellor, which were used for identifying an attractor basin
change in the simulated daily groundwater hydrographs. Initially, all three values of the maximum infiltra-
tion parameter, Io, from Peterson and Western (submitted manuscript) were investigated for this paper.
However, like the similarity of the SFLCC results within Peterson and Western (submitted manuscript), the
time-integrations results for each value of Io were very similar. Hence, for this paper an analysis is only pre-
sented for a maximum infiltration parameter value of 200 mm d21.

In undertaking the daily time-integration simulations, the observed daily forcing from Peterson and
Western (submitted manuscript) was initially adopted. However, inspection of the simulated ground-
water hydrographs showed little evidence of a change in attractor basins. Specifically, the groundwater
level persisted within the shallow water table attractor basin because the duration of low rainfall was insuffi-
cient to produce a switch to the deep water table attractor basin. To investigate climate series of more
extended low rainfall periods, the one hundred climate replicates of daily precipitation and PET and simula-
tions results from Peterson et al. [2009b] were analyzed to identify the replicate that produced the largest
number of repellor crossings. This replicate was adopted for the daily stochastic simulations within this paper.
The climate replicates were derived using The Stochastic Climate Library single site daily climate algorithm
[Srikanthan and Zhou, 2003; Srikanthan et al., 2007] and the SILO data from 1890 to 2007 inclusively [Jeffrey
et al., 2001].

To assess why the selected replicate frequently crossed the repellor, Figure 2 presents empirical cumula-
tive distribution functions of selected statistics from the climate replicates. Statistics from the SILO data
and the selected replicate are presented and all data were aggregated to an annual time step to reflect
the slow response time of groundwater storage. Figure 2 shows the selected replicate to have a high
standard deviation of annual precipitation and PET (relative to the other replicates and the SILO data).
This would have caused greater variability in the simulated groundwater level. The mean PET is also
shown in Figure 2d to be high and this would cause more rapid drainage to the deep attractor basin.
Combined, these two differences most likely explain why the selected replicate frequently crossed the
repellor.

Using the selected replicate, time-integration simulations were undertaken at three values of ksmax predicted
by the SFLCC to have multiple attractors; specifically at 10% (0.41 m d21), 50% (0.73 m d21), and 90% (1.05
m d21) of the two-attractor range (two attractors existed between ksmax of 0.33 and 1.13 m d21). In light of
Peterson et al. [2012], time-integration simulations were also undertaken at three values of ksmax above the
two-attractor range; specifically at 150% (1.53 m d21), 200% (1.93 m d21), and 400% (3.52 m d21) of the
two-attractor range from the lower fold-point. For each, simulations were conducted with the leaf area
index (LAI) positive feedback and without the positive feedback. The initial conditions for each were
obtained prior by simulation from an initial fractional saturated thickness of 0.2 and soil moisture fraction of
0.4 using the upscaled climatic forcing to monthly (see Peterson and Western, submitted manuscript for
details) for a duration of 200 years. This was undertaken to minimize the duration required for the stochastic
simulations to approach an attractor from arbitrary initial conditions, and thus, maximize the period over
which the simulations were near independent of the initial conditions. The analysis of the stochastic simula-
tions for the emergence of multiple attractors was undertaken by visually comparing the simulated ground-
water hydrographs with the depth to water table of the attractors and repellor.

The surface hydrology from the stochastic simulations was also investigated. This was undertaken by calcu-
lating annual flow duration curves from the feedback and nonfeedback model simulations with Io set to
200 mm d21 and ksmax set to 90% (1.05 m d21) of the two-attractor range. To explore the relationship with
depth to water table, each value of daily flow was colored according to the depth to water table at 250 m
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from the catchment outlet. Flow duration curves from the entire simulation were also calculated. In calculat-
ing the FDCs, the streamflow was the sum of the daily surface runoff integrated over the hill-slope and the
saturated subsurface discharge at the downstream end of the hill-slope.

2.2. Equilibrium Continuation of Climate Forcing
Peterson et al. [2012] demonstrated that for a very simple 1-D groundwater model the switching of attractor
basins occurred not by crossing of the repellor but the loss of an attractor during periods of high or low pre-
cipitation (see Figure 1 for details). Identification of this mechanism required equilibrium continuation (EC)
of the annual precipitation rate and for this investigation a similar analysis was undertaken. To account for
this model having both precipitation and PET forcing, the EC was undertaken for a fixed daily PET and the
daily precipitation rate was adjusted by the continuation algorithm, along with the model state variable, to
identify state-variable values of zero rate of change with time. By repeating the EC at different fixed values
of PET, it was possible to develop a two-parameter EC and thereby explore the joint effect of both aspects
of the climate forcing. The result is presented as a 3-D plot of PET and precipitation versus depth to water
table of the attractors or repellor. To undertake this two-parameter EC, ksmax was fixed at 90% of the two-
attractor range and the EC for precipitation was repeated at daily PET values of 0.5–14 mm d21 at 0.5 mm
d21 increments. To explore the attractors at the other values of ksmax , the EC was also undertaken at all six
values of ksmax but the PET was fixed to the mean annual rate of 3.03 mm d21. The PET was not investigated
for a range of ksmax values because, relative to precipitation, the variability is low (see Figure 4 of the com-
panion paper).

In analyzing the EC results, the stochastic daily forcing was initially ignored. First, the EC for ksmax at 90% of the
two-attractor range was investigated to explore the role of PET in the existence of multiple attractors. Next, the
results from all six values of ksmax were plotted together to give insights into the differing temporal dynamics
observed from the stochastic daily simulations. To link the EC results with the stochastic daily simulations, the
EC and stochastic simulations results for ksmax at 90% of the two-attractor range were overlain. To aid the graph-
ical interpretation, much of the high frequency noise from the simulations was removed. For the precipitation,
this was undertaken as follows: (i) daily stochastic precipitation was upscaled to an annual rate; (ii) the annual

Figure 2. Empirical cumulative distribution functions of climate replicate statistics and point values for the selected replicate and that from the SILO observed data. (a–c) The precipita-
tion annual mean, standard deviation, and lag-1 correlation, respectively. (d–f) The PET annual mean, standard deviation, and lag-1 correlation, respectively. Note that the daily climate
data were aggregated to an annual time step prior to calculation of all statistics.
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precipitation was then smoothed using a 2 year moving average window; and (iii) the smoothed precipitation
was then interpolated to an end of month value using piecewise Hermite cubic splines. A piecewise Hermite
cubic spline was adopted over a standard cubic spline because it produces no overshooting and less oscillation
between data points and, hence, in this application produced a more accurate interpolation between the
annual time step data points. For the depth to water table at each node of the model, the daily simulation
results were smoothed using a 1 year moving average and the depth to water table at the end of each month
was extracted. To aid the graphical interpretation of these smoothed results overlain onto the EC results, the
rate of change of the depth to water table with time (using a forward finite difference method) was calculate
across each month and used to color-code the stochastic results. This graphical analysis was undertaken for
simulations with and without the positive feedback.

Figure 3. Simulated time series depth to water table at 250, 500, 1000, and 1500 m for ksmax at 90% of two-attractor range (1.05 m d21).
Each plot details simulations with and without the positive feedback and the upper and lower extent of the attractors (horizontal solid
gray lines) and the repellor (horizontal dashed gray lines).
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3. Results

3.1. Evidence for the Emergence of Multiple Attractors
To investigate the emergence of multiple attractors, Figures 3a–3d show the simulated depth to water table
hydrographs from the feedback and nonfeedback simulations at four distances from the catchment outlet
for ksmax of 1.05 m d21. Each plot also presents the depth to water table of the two attractors and the one
repellor. They were obtained from the limit-cycle continuation results of the companion paper and, because
the limit-cycle approach accounts for seasonality, each attractor and repellor has an upper and lower
bound. Figure 3e shows the annual precipitation and average precipitation of 540 mm y21.

Within the upper catchment (Figures 3c and 3d), the feedback and nonfeedback simulations were of similar
dynamics and water level. Despite the inclusion of the positive feedback and the repeated crossing of the
repellor, the feedback model does not show any evidence of multiple attractors emerging. This is most
likely to be because the water level did not approach the root-zone. Hence, the positive feedback was not
activated at that location and the negative feedback from the aquifer drainage dominated the water level
dynamics. The feedback simulations were, however, significantly shallower than the shallow attractor
despite there being no evidence that the shallow attractor emerged. This suggests the estimation of attrac-
tors under a varying climate is more complex than that presented within the companion paper.

Within the lower catchment (Figures 3a and 3b), the feedback and nonfeedback simulations do have peri-
ods of differing dynamics and water level. This is most apparent during the second, fifth, and eighth decade
of simulation; during which the water level from the feedback model was approximately 1 m shallower
than that from the nonfeedback model. To examine these periods, in the second decade the rainfall
declined and the nonfeedback water level subsequently declined but the feedback water level only slightly
declined from above the shallow attractor to near to it and then it persisted near the land surface until the
forth decade; at which three consecutive years of below average rainfall appears to cause a switch toward
the deep attractor. Ignoring the attractors and repellor lines, this persistence at a shallow water level during
a low rainfall period suggests the water level was within the shallow attractor basin. Additionally, in the
eighth decade the rainfall increased and both the nonfeedback and feedback water level rose but the feed-
back model water level rose higher to above the shallow attractor line and appears to persist at a shallow
depth for a longer duration than that from the nonfeedback model. This suggests the water level switched
to the shallow attractor. Conversely, in the fifth decade the rainfall was low and both the nonfeedback and
feedback water level declined toward the deep attractor line. Considering that the nonfeedback model only

Figure 4. Flow duration curves (FDCs) for (a) the feedback model and (b) the nonfeedback model. The thick black line within each plot is the FDC derived from all 117 years of data. The
colored lines denote the annual FDC and the color denotes the depth to water table at 250 m from the catchment outlet.
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has a deep water table attractor, caused by the negative feedback from aquifer drainage and evaporation
processes, and that the water level from both models converge, it appears that the deep water table attrac-
tor did emerge from the feedback-model. Lastly, the shallow attractor lines in the upper catchment appear
inconsistent with the simulations. When the water level is simulated as shallow it is often notably shallower
than the shallow attractor (Figures 3b–3d)) and only at 250 m from the outlet are the two consistent (Figure
3a). Again, this suggests the estimation of attractors under a varying climate is more complex than that pre-
sented within the companion paper. This issue is addressed further within section 3.3.

To explore the dynamics over the whole catchment, Figure 4 shows the annual flow duration curves
(FDC) for both the feedback and nonfeedback models. For each model, the FDC derived from the 117
years of simulation is also presented. With regard to the FDC from the whole record, the most striking
difference between the models is the considerably higher streamflow from the feedback model at all
but the very lowest of exceedance probabilities. For example, the median streamflow contribution from
the feedback model was 0.059 mm d21 while that from the nonfeedback model was 0.027 mm d21, a
reduction of 46%. With regard to the annual FDCs, the differences between the models are more pro-
nounced. In particular, a noteworthy difference is in the interannual distributions of flows for a fixed
exceedance probability (that is, a vertical slice in Figure 4). In the feedback case (Figure 4a), this distribu-
tion is negatively skewed with the majority of annual curves above that from the whole record and asso-
ciated with shallow water table conditions. For the nonfeedback model, Figure 4b shows the opposite
whereby most annual FDCs are below that from the whole record and associated with deep water table
conditions.

Overall, including a positive feedback did change the the water table dynamics within the lower catchment
(Figures 3a and 3b) and the catchment runoff (Figure 4). There is evidence that both attractors did emerge.
However, the evidence is not conclusive and it is ambiguous when the catchment was within each attractor
basin. For multiple attractors to unambiguously emerge there would need to be periods in which an
extreme rainfall event causes the water table to rise near to the land surface and, upon the climate return-
ing to that prior to extreme event, the water table would need to persists within the shallow attractor until
an extreme drought occurs, causing a switch back to the deep water table attractor. That is, for the unam-
biguous emergence of multiple attractors, the water table would need to be simulated at two distinctly dif-
ferent levels for the same medium term climate forcing. However, considering that climate exerts a
continuous disturbance on catchments and that Figure 3a shows an apparent switch to the shallow attrac-
tor is not caused by a single extreme climate event, or year, but by a complex interaction of saturated lateral
flow and a sequence of moderate climate events, such an unambiguous switching between multiple hydro-
logical attractors appears unlikely.

3.2. Aquifer Conductivity and the Emergence of Multiple Attractors
The prior section presented evidence for the emergence of multiple attractors within the lower catchment.
However, the evidence was ambiguous and only one model parameterization was investigated. To further
explore the emergence, consider that the deep attractor arises because of the negative feedback from lat-
eral drainage while only the shallow attractor arises because of the positive feedback; that is, from the vege-
tation LAI-aquifer interactions. Specifically, the shallow attractors exist when there is a water level at which
the increased recharge from the positive feedback exceeds the lateral drainage from the negative feedback.
Consequently, reducing the strength of the negative feedback should increase the emergence of the shal-
low attractor, and vice versa, and provide insights into the emergence of multiple attractors. To investigate
this, the strength of the negative feedback was varied by changing the saturated lateral hydraulic conduc-
tivity, ksmax . Six values of ksmax were investigated. Three were within the ksmax range at which two attractors
were found to exist (i.e., at 10%, 50%, and 90% of the two-attractor range; two attractors existed between
ksmax of 0.33 and 1.13 m d21) and three where above this range where only the deep attractor was estimated
to exist (i.e., at 150%, 200% and 400% of the two-attractor range). Figure 5 shows the six simulated depth to
water table hydrographs at 250 m from the catchment outlet. For ksmax within the two-attractor range, Fig-
ures 5a–5c present the depth to water table of the two attractors and the one repellor. They were obtained
from the limit-cycle continuation results of the companion paper and, because the limit-cycle approach
accounts for seasonality, each attractor and repellor has an upper and lower bound. For ksmax above the
two-attractor range, Figures 5d and 5e) presents the depth to water table of the deep attractor; which is the
only attractor, and hence, no repellor exists.
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Considering ksmax values within the two-attractor range (i.e., at 10%, 50%, and 90%), Figure 5a shows that, at
10% of this range, the feedback model hydrograph rapidly rises to the shallow attractor and fluctuates
around this water level for the remaining simulation. During the forth to tenth decades, the nonfeedback
simulation did decline toward the deep attractor but the feedback simulation persisted at a shallow water.
This indicates that the shallow attractor could emerge when the negative feedback was weak. However,
despite the companion paper estimating two attractors to exist, at no time did the feedback simulation
approach the repellor or the deep attractor and, hence, only the shallow attractor emerged.

With the negative feedback increased to ksmax at the midpoint of the two-attractor range (i.e., 50%), the feed-
back model hydrograph rose to slightly above the shallow attractor and remained within the shallow attrac-
tor basin (see Figure 5b). During the forth to tenth decades of low rainfall, drainage did bring the
hydrograph closer to the repellor. However, despite the companion paper again estimating two attractors
to exist, there is no indication of a switching to the deep attractor.

Given that the only evidence for a switching of attractors has arisen for ksmax at 90% of the two-attractor
range, Figure 5 also presents simulations at 150%, 200%, and 400% of the two-attractor range to investigate
if multiple attractors emerge beyond this upper limit. Somewhat surprisingly, the feedback model simula-
tions are very similar to that from ksmax at 90% of the two-attractor range and, despite the companion paper
indicating the existence of only the deep attractor basin, they appear to show a switching between attractor
basins. This is most apparent in Figures 5d and 5e during the second decade of simulation, where the posi-
tive feedback simulations persist near to the land surface (relative to the nonfeedback simulations) during
years of low rainfall, and during the ninth decade, where a high rainfall period causes the feedback simula-
tion to switch to the shallow attractor but the nonfeedback simulation persists at about 2 m depth to water
table. At the highest conductivity, Figure 5f shows the feedback and nonfeedback simulations to converge
and the emergence of two attractors is ambiguous.

The above stochastic simulations highlight three subtle resilience concepts. First, detecting the switching
between multiple attractors from time series can be difficult and relying on this to identify the existence of
multiple attractors can result in misleading conclusions. This is likely to be most pronounced when the dis-
turbance is continuous and a switching of attractors is caused by a sequence of moderate disturbances,

Figure 5. Simulated time series depth to water table at 250 m for (a–c) three ksmax values inside the two-attractor range and (d–f) three ksmax values above this range. Each plot details sim-
ulations with and without the positive feedback and the upper and lower extent of the attractors (horizontal solid gray lines) and the repellor (horizontal dashed gray lines). Year zero
denotes the start of the first year of the replicate climate data set. Note, for the plots for three ksmax values above the two-attractor range (d–f) only the deep attractor exists.
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and not a single large disturbance. For the simulations in Figure 5, daily climate forcing exerted such a con-
tinuous and moderate forcing and, despite changes in the strength of the negative feedback, evidence for
the switching between attractors was somewhat ambiguous. This was despite using a hypothetical model
of homogeneous subsurface properties and, assuming some real catchments do have multiple attractors, it
suggests why such catchments have not yet been identified.

Second, the switching between attractors does not appear to arise from crossing the repellor (as estimated
within the companion paper). To illustrate, Figures 3a and 3b shows that in years 67 and 71 the water level
crossed the repellor from the deep attractor and rose to the shallow attractor but very rapidly returned to
the deep attractor basin. Figure 3e shows that the water level rose in years 67 and 71 because the precipita-
tion was 291 and 236 mm y21, respectively, above the average of 540 mm y21. However, shortly after this
the precipitation returned to near the mean for the following 3–5 years but the water level did not persist
within the shallow attractor. Considering that the repellor was derived using the long-term average CDF of
monthly precipitation (see the companion paper) and hence it informs the water level dynamics only under
average climate conditions, the return to near average precipitation and the water level not persisting at a
depth of about 0.75 m indicates that, despite the repellor being crossed and the shallow attractor reached,
in years 67 and 71 the water level did not switch to the shallow attractor basin. Further confounding the
role of the repellor, in the upper catchment Figure 3d shows the water level to be significantly above the
shallow attractor prior to the climate events in years 67 and 71 and to have a water level dynamic very simi-
lar to that of the nonfeedback model, which has only a deep water level attractor. Obviously the water level
dynamics are complicated by the temporal lags from saturated lateral flow, but the repellor does not
explain the emergence and switching of hydrological attractors due to climate forcing.

Finally, the existence of multiple attractors, as defined from continuation analysis, can markedly differ from
what may emerge under stochastic forcing. Figures 5a–5c shows that for much of the ksmax two-attractor range
(as estimated by limit cycle continuation within the companion paper), the groundwater level rose rapidly
from the deep initial condition and persisted within the shallow attractor basin. The two attractors only
appeared to emerge near to the upper limit of the ksmax two-attractor range. Additionally, at larger values of
ksmax for which limit cycle continuation estimated only the deep attractor to exist the water level showed
dynamics very similar to that when two attractors did exist. In the following section, this apparent emergence
of a shallow attractor and the mechanisms by which a switching of attractors occurs is further investigated.

3.3. Mechanisms Explaining the Emergence of Attractors
Simulations with stochastic forcing produced some unexpected findings. Specifically, a switch of attractor
basins did not occur by crossing the repellor and was difficult to detect from the groundwater hydrograph
(see Figure 3c). When a switch to the shallow attractor did occur, the water level was predominantly above
the shallow attractor (see Figures 3c–3e and 5b). This was most notably so in the upper catchment and as
ksmax increased. Additionally, at a low value of ksmax the companion paper predicted two attractors to exist
but only the shallow attractor emerged (see Figures 3a and 3b). Conversely, at a higher value of ksmax , the
companion paper predicted only the deep attractor to exist but stochastic forcing appeared to produce
two attractors (see Figures 3d–3f). It is hypothesized that these unexpected findings can be explained by
the mechanisms shown in Figure 1, proposed by Peterson et al. [2012] and summarized in the introduction.

To explain these mechanisms, Peterson et al. [2012] undertook equilibrium continuation for the annual pre-
cipitation and a fixed parameter set. By overlaying stochastically simulated groundwater levels, considerable
insights were obtained as to how a system may switch attractors. It was shown that if two attractors exist
for, say, the mean annual precipitation and the system is within the deep water table attractor, then the
water table can only shift to the shallow attractor if the stochastic precipitation is sufficiently high that only
the shallow attractor exists. Only if this forcing persists for a sufficient duration will the system shift to the
shallow attractor. Another aspect of the switching mechanism is that if, for the mean annual precipitation,
only the deep attractor exists then multiple attractors can still emerge during high precipitation periods. To
explore if these switching mechanisms apply to the considerably more complex and distributed model
investigated here, and explain the unexpected findings of section 3.2, equilibrium continuation was under-
taken for precipitation and PET.

In this investigation, quantifying the number of attractors for a given climate forcing has the additional chal-
lenge that they depend on both precipitation and PET; not just precipitation as in Peterson et al. [2012]. To
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overcome this, equilibrium continuation was undertaken for the daily precipitation, with the daily PET fixed;
then repeated for a range of mean daily PET values. Figure 6 shows the results for ksmax at 90% of the two-
attractor range (1.05 m d21) at 250 and 1000 m from the catchment outlet. At both locations, two attractors
clearly emerge when PET is high. Interestingly, as PET declines the extent of the two-attractor precipitation
range declines so that at a PET of 2 mm d21 only one attractor exists for the entire range of daily precipita-
tion. This indicates that, in addition to the precipitation switching mechanism of Peterson et al. [2012], the
loss of an attractor and a subsequent switching of attractors can also occur by a change in PET. That is, for a
fixed precipitation and the system within the deep attractor basin, if the PET is high and then significantly
declines only the shallow attractor will exist and the system will shift toward it. Conversely, if the system is
initially within the shallow attractor and the PET is low, if the PET increases significantly, only the deep
attractor will exist and the system will shift toward it. However, considering that PET is typically significantly
less variable over time than precipitation, PET was not further investigated.

Figure 7 shows the equilibrium continuation for the daily precipitation repeated for all six values of ksmax ;
each with the PET set to the mean rate of 3.03 mm d21. Most importantly, it shows that at ksmax values for
which the companion paper found only the deep attractor to exist (specifically, at 150%, 200%, and 400%
of the two-attractor range, or 1.53, 1.93, and 3.52 mm d21, respectively), two attractors clearly exist at higher
precipitation rates. For example, for ksmax at 150% of two-attractor range, two attractors exist when the pre-
cipitation is above 1.25 mm d21 and below 1.3 mm d21. This is a very narrow two-attractor range but, obvi-
ously, precipitation does not occur at a constant rate. Hence it is best to use these equilibrium continuation
plots to understand the response to stochastic forcing. That is, if there is an extended period of precipitation
above 1.3 mm d21 then the catchment is likely to switch to the shallow attractor and persist there until
there is an extended period of below 1.25 mm d21, upon which the catchment would switch back to the
deep attractor. For ksmax at 200% of two-attractor range, a comparable wet period is required to switch to
the shallow attractor but the switch back to the deep attractor requires a lesser dry period 1.28 mm d21,
making the shallow attractor less likely to emerge. For ksmax at 400% of the two-attractor range, the two
attractors almost vanish and this explains why the feedback and nonfeedback simulations in Figure 5f are
almost identical. In summary, these mechanisms explain why two attractors emerged under stochastic daily
forcing at ksmax values the companion paper found to have only the deep attractor. The significance of this
is that, while only the deep attractor may exist under average precipitation, wet periods may cause the
catchment to switch to the shallow attractor and persist within this higher runoff state until an extended
period of average, or below average, precipitation occurs.

With regard to the emergence of only the shallow attractor when ksmax was at 10% and 50% of the two-
attractor range (see Figures 5a and 5b), Figure 7 is less conclusive. For ksmax at 10% of the two-attractor
range, Figure 7a shows the lower fold-point (that is, the precipitation at which the shallow attractor van-
ishes) is at about the 10th percentile of the annual precipitation input to the time-integration simulations.
Considering that the lower fold-point is also significantly below the median annual precipitation, even a
moderate rainfall event could switch the model to the shallow attractor but switching back to the deep
attractor would require very low precipitation; and most likely a series of years of very low precipitation
because of the slow groundwater drainage rate. Hence, the catchment converges to the shallow attractor
over time.

Lastly, when a switch to the shallow attractor did occur, the water level was predominantly above the shal-
low attractor. This was most notable in the upper catchment (Figures 3b–3d) and as ksmax increased (Figures
5b and 5c). Within the upper catchment, Figure 7b shows that, for all six values of ksmax , the shallow attractor
rapidly approaches the land surface as the precipitation increases. So while under average forcing at 1000
m from the outlet the shallow attractor is 10.3 m below the land surface (see Figure 3d), during above aver-
age precipitation Figure 7b shows the shallow attractor water level to be significantly shallower. If, during
stochastic simulations, such wet periods persist then the water level will approach the shallow attractor
depth associated with the higher rainfall. With regard to the changes with ksmax within the lower catchment,
Figure 7a shows the shallow attractor to only notably move toward the land surface with increased precipi-
tation when ksmax is at or above the 90% two-attractor range. By the same mechanism as for the upper
catchment, this explains why in Figure 5c the water level, when shallow, is shallower than the shallow
attractor for average precipitation and why in Figure 5a the water level, when shallow, oscillates around the
shallow attractor.
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3.4. Signatures for the Emergence of Multiple Attractors
Detecting a switch of attractor basins from a groundwater hydrograph can be challenging (e.g., see Figure
3a). Unequivocal evidence for the emergence of two attractors would be demonstrated if for different peri-
ods with the same climate forcing (and no landuse change), the groundwater level persisted at each of the
two attractors. However, the continuous disturbance from climate variability makes such unequivocal evi-
dence unlikely. Alternatively, exploring the interaction of the precipitation attractors from Figure 7 with the
stochastic simulations (with and without the positive feedback) may suggest some signatures for the emer-
gence of multiple attractors.

To investigate, Figure 8 shows smoothed simulation results overlain on the equilibrium continuation results
at 250 and 1000 m from the catchment outlet. For the nonfeedback simulations, Figures 8c and 8d show

Figure 6. Equilibrium continuation plots at (a) 250 m and (b) 1000 m for daily precipitation repeated at daily PET values of 2–15 mm d21 and with ksmax at 90% of two-attractor range
(1.05 m d21).

Figure 7. Equilibrium continuation plots at (a) 250 m and (b) 1000 m from the catchment outlet for daily precipitation repeated at all six values of ksmax . Solid curves denote the attractors,
dashed curves denote the repellor between the attractors and the vertical gray dashed lines denote the 10th, 25th, and 50th percentile annual precipitation.
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the response to precipitation in the upper and lower catchment to be very similar. At both locations the
water table is often deep (relative to the feedback simulations) and during years of high precipitation the
water table rises rapidly (see aqua and blue dots on right side of each figure) and then declines back to the
deep state following the period of high rainfall; hence, reaffirming the nonexistence of the shallow attractor.
Also, the groundwater level does not appear to converge to the deep attractor. Despite the precipitation
being the 2 year moving average, the continuous forcing from precipitation and PET never persist at a con-
stant rate for a sufficient duration for the water level to converge to the deep attractor. The time to conver-
gence is clearly a function of the soil and aquifer hydraulic properties and the catchment size, but it
illustrates that even without a positive feedback the influence of a single attractor is subtle.

With a positive feedback, Figures 8a and 8b show the response to precipitation in the upper and lower
catchment to be dissimilar. The upper catchment feedback simulation is similar to the nonfeedback simula-
tion (see Figures 8b and 8d) in that the water table does not appear to persist at the shallow attractor fol-
lowing a period of high precipitation. Conversely, in the lower catchment Figure 8a shows the water table
to clearly persist within the shallow attractor. This is illustrated by the large number of months (circles are at

Figure 8. Smoothed stochastic simulation of depth to water table (a and b) with and (c and d) without the positive feedback against the smoothed annual precipitation at (a and c) 250
and (b and d) 1000 m for ksmax at 90% of the two-attractor range (1.05 m d21). The color of each dot denotes the annual rate of change in the depth to water table, dots are at monthly
time steps, the continuous black line denotes the attractors and the dashed black line in Figures 8a and 8b denotes the repellor. To illustrate the direction of time, in Figure 8a, selected
periods of the simulation are annotated by dashed arrows.
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monthly time steps) where the water table is shallow and its smoothened rate of change is approximately
zero (denoted by yellow and aqua dots). When a low precipitation period occurs the water level declines
toward the deep attractor (see lines of red dots on left of plot) but does not reach the deep attractor or per-
sist within the deep attractor basin; as illustrated by there being few months of zero rate of change. While
this is partially a function of the 1 year moving-average smoothing of the water level and aquifer drainage
being a slower processes than recharge, there is a wider distribution of zero gradient points with depth
when a positive feedback exists (see Figures 8a and 8c). Additionally, the switching from a deep to shallow
water level, and vice versa, occurs over a wider range of precipitation. Specifically, the hysteresis loop elon-
gates in that, when the positive feedback exists, the water table declines toward the deep attractor during
periods of lower precipitation (compare the lines of red dots on left of Figures 8a and 8c). This indicates
that a change of water level is occurring by exceedance of a fold-point. However, a change of attractor
basins requires not only exceedance of a fold point but a disturbance of sufficient duration so that upon
returning to average forcing conditions the system is within a different attractor basin (see Figures 1h and
1j). If the duration is insufficient then the system will return toward the original attractor. Considering that
drainage is a slower process than recharge, this mechanism is likely to also explain the numerous counter-
clockwise loops in Figure 8a that do not result in a switch to the deep attractor; that is, a wet period event
occurs before drainage has had time to cause a change of attractor basins.

Overall, within the lower catchment, the distribution of zero gradient points over a range of water table
depths and the wider range of precipitation over which a change of water level occurs provides some sig-
natures indicative of multiple attractors emerging. The mechanism for a change of attractors, while less con-
clusive than that from the 1-D model of Peterson et al. [2009a], is consistent with that proposed to explain
the time-integration results in Figure 5 and as proposed within Figure 1. However, using these signatures to
reliably identify catchments having switched attractor basins would be challenging. This is because, even
without a positive feedback, continuous climate forcing made identifying the single attractor difficult (see
Figures 8c. Furthermore, observed groundwater hydrographs may be of insufficient record length relative
to the frequency of switching to detect elongated counter-clockwise loops proposed to be indicative of
switching between multiple attractor basins.

4. Discussion and Conclusions

The companion paper (Peterson and Western, submitted manuscript) showed that two attractors can exist
under stochastic daily forcing within a hill-slope surface-groundwater model having a positive feedback aris-
ing from an empirical relationship between LAI and the water table. This paper explored whether stochastic
daily forcing can cause the simulated catchment to switch between both attractors; that is, whether the attrac-
tors that exist can also emerge under stochastic daily forcing. At a range of saturated lateral conductivity val-
ues both attractors were found to emerge under stochastic daily forcing. However, the emergence of
attractors was found to be subtle and significantly more complex than those attractors that existed and the
behavior expected from standard resilience concepts [Walker et al., 2004; Gunderson and Holling, 2002].

This paper has shown that the existence of a positive feedback can have a clear impact on the catchment
runoff and the groundwater level. However, identifying the switching between attractor basins from
groundwater hydrographs is subtle and challenging. This is primarily due to climate exerting a continuous
disturbance and, when a change of attractor basins does occur, it is a complex function of historic climate
and not a single extreme event. Additionally, the water table depth of the attractor basin to which the
catchment switches continuously changes with the climate; hence making convergence to the attractor
unlikely. Combined with the temporal lags from lateral groundwater flow, it is, in retrospect, not surprising
that identifying the emergence of multiple hydrological attractors is challenging. If some real catchments
do have multiple attractors and these catchments have switched between them, we suspect that it is
because of these challenges that they have not yet been identified.

With regard to the emergence of attractors, the first complex aspect was that, while two attractors may
exist, over time a stochastically forced system may converge to only one of the attractors. This was found to
occur at low values of lateral saturated hydraulic conductivity, ksmax . For these cases, the stochastic forced
limit-cycle continuation (SFLCC) predicted two water table attractors but under stochastic forcing the shal-
low attractor became asymptotically stable; that is, over time the system converged too and remained
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within the shallow attractor. Continuation analysis against precipitation showed that this behavior was likely
to be due to precipitation predominately being above the lower precipitation fold-point. That is, the precipi-
tation was never low enough, for a long enough period, to displace the system to a state having only the
deep attractor. The emergence of asymptotic stability of the shallow attractor is probably due to the differ-
ence in response times between the rapid response from recharge and the very slow response from lateral
drainage. At higher values of ksmax , lateral drainage was sufficient relative to the duration of low rainfall peri-
ods to allow drainage to the deep attractor. With regard to identifying actual catchments with multiple
attractors, analysis of historic observation data would most likely be unable to distinguish between a catch-
ment having only the shallow attractor and a catchment having this asymptotically stable shallow attractor.

The second complex aspect of the emergence of attractors was that a temporary shallow attractor can
emerge during periods of high precipitation. This was found to occur at high values of lateral saturated
hydraulic conductivity, ksmax , that SFLCC predicted to have only the deep attractor. By quantifying the num-
ber of attractors against daily precipitation, the temporary shallow attractor was found to emerge because
only the shallow attractor existed during periods of very high precipitation. If this wet period was of suffi-
cient duration relative to the lateral drainage, then the system shifted to the shallow attractor. Once precipi-
tation returned to the mean, only the deep attractor existed and the system drained toward it. With regard
to identifying actual catchments with multiple attractors, analysis of observation data may reveal a switch-
ing between two attractors but it is unlikely that analysis could discriminate between a shallow attractor
that can emerge during average climate periods and one that emerges only during wet periods and, hence,
is more transient. Furthermore, and counter to the findings of the companion paper, the existence of a tem-
porary shallow attractor over a wide range of ksmax values indicates that more catchments may display some
form of multiple hydrological attractors than previously considered.

To summarize the above findings: (i) an attractor may exist but never emerge; (ii) both attractors may exist
and both may emerge; and (iii) only one attractor may exist at the mean forcing but a second temporary
attractor may emerge only during certain periods of stochastic forcing. Overall, these findings illustrate a
strong interaction between the existence of an attractor and the stochastic forcing. While the continuation
analysis for a model parameter, for example ksmax within the companion paper, is a useful technique for identi-
fying if an attractor could possibly emerge under average forcing, it could not have identified these mecha-
nisms. The existence of a second attractor during periods of extreme stochastic forcing can be identified by
continuation of the precipitation (see Figure 7) but to identify if the attractor is temporary requires the climate
scaling continuation analysis of the companion paper to assess if two attractors exist under average forcing.
Additionally, continuation analysis of the precipitation cannot distinguish between an attractor basin that forc-
ing causes repeated switching into and out of, and an attractor basin that is asymptoticly stable; that is, the
system converges to it and forcing cannot cause a switch back to the other attractor. Identifying an attractor
that cannot emerge under current climate forcing may appear irrelevant to catchment management, how-
ever, knowledge of alternative attractors to those that have emerged could prove useful. For example, as a
result of land use change or climate change the resilience of the emergent attractor may decline (that is, a
smaller climate event may be required for the emergent attractor to disappear), making a change of attractor
basins more likely. Alternatively, the current attractor the system is within may be undesirable from a manage-
ment perspective and intervention, such as groundwater pumping, could be applied to cause a switch to a
more desirable attractor basin. A final, and more subtle, weakness of continuation analysis of the forcing rate
is that the water table depth of attractors may be unreliable (for example see the shallow attractor estimate
for ksmax of 1.05 m d21 within Figures 7a and 4c within Peterson and Western (submitted manuscript)) and
hence the approach should be primarily used to quantify the number attractors. Overall, despite the short-
comings of equilibrium continuation of the precipitation rate, it does appear to be the most viable method
for identifying the existence of multiple attractors. Furthermore, the technique is numerically simpler than
limit-cycle continuation analysis and this would allow application to more complex models.

Combining equilibrium continuation with observed groundwater data appears to be a promising approach
for identifying an historic switching between multiple attractor basins. Figure 8a demonstrated that an elon-
gation of a counter-clockwise hysteresis loop to a wider range of precipitation rates within the lower catch-
ment may be one indicator of attractor switching. Other data analysis methods have been proposed that
use moving window statistics of the observation data as a leading indicator of a change of attractor basins
[Guttal and Jayaprakash, 2009; Dakos et al., 2010; Biggs et al., 2009]. Importantly, each of these statistical
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methods was developed for a change of attractors occurring by exceedance of a fold-point, rather than by
crossing the repellor. Considering that this paper and Peterson et al. [2012] showed that a catchment
changes attractors by exceedance of a fold-point, these statistical measures may be applicable to catch-
ment hydrology. However, whatever method is most appropriate, any foreseeable method for identifying
an historic switch between multiple attractor basins will most likely be complicated by nonstationary catch-
ment processes. For a catchment in which, say, native vegetation was progressively cleared over the pre-
ceding decades, the water table would likely rise. Distinguishing this rise from a rise resulting from a wet
period causing a switch to a shallow attractor would be challenging. Furthermore, the clearing of the native
vegetation would most likely cause a change in the number of attractors [Anderies, 2005] and, if two attrac-
tors did continue to exist after the clearing, then the precipitation range over which two attractors exist
would most likely also change. Considering that most gauged catchments have undergone, or are under-
going, anthropogenic land use change it is going to be challenging to distinguish a switch of hydrological
attractors from a hydrological change resulting from nonstationary processes.

Shifting away from resilience concepts, at each of the two attractors the LAI differed by at least one order of
magnitude. To illustrate, Figure 9 shows the LAI from the feedback and nonfeedback models for ksmax at 90%
of the two-attractor range (1.05 m d21) at 250 m from the catchment outlet. For the nonfeedback model, the
LAI varies seasonally from 0.81 to 3.2 but does not change from year to year. For the feedback model the LAI
changes significantly from year to year and it responds very quickly to changes in the depth to water table
(Figure 3a), declining toward zero when the water table is near the land surface. This raises two important
questions. First, is the LAI from the feedback model realistic and, if not, what are the implications for the find-
ings? Field studies of vadose zone-water table interaction have shown a very large reduction in LAI for shallow
saline water tables. Zhang et al. [1999] undertook a two site lysimeter study of irrigated lucerne with a 1 m
deep water table and found that with a change from fresh (0.1 dS m21) to saline (16 dS m21) water table, the
LAI declined by 41% and transpiration declined by 36%. For trees, Benyon et al. [1999] found that after 7 years
growth at sites of moderately saline shallow groundwater the leaf area of E. camaldulensis and E. occidentalis
decreased by 50% and 61%, respectively, compared to fresh groundwater sites. The simulated reduction in
LAI is, however, at least 90%. If the model was parameterized to simulate a lesser reduction in LAI, then when
the water table is shallow the transpiration would increase and the recharge would decline from that simu-
lated above. As to whether the shallow attractor would still exist under average climate forcing, this is depend-
ent upon the aquifer lateral flow. However, if the shallow attractor no longer existed, a temporary attractor is
likely to exist during wet periods. In summary, the simulation of a more plausible reduction in LAI may change
the parameter range over which multiple attractors exist and emerge but is unlikely to eliminate them for all
catchment configurations and invalidate the findings from this hypothetical study.

The second question arising from the large reduction in LAI, is whether the two attractors emerge only
because of the obvious fact that a change in land cover produces different recharge rates that result in dif-
ferent water table elevations? The causal pathway for this question, and many land cover-groundwater
investigations, is of a vegetation change (which is almost always assumed anthropogenic) driving the
change in the water table elevation. However, the multiple attractors emerge because of the reverse path-
way. That is, a change in water table elevation drives a change in land cover via a change in the fraction of
the root zone within the saline water table which causes a proportional change in the LAI. If a water table
disturbance is sufficient to produce a change in the LAI then a positive feedback can be initiated causing an
amplification of the disturbance, resulting in a significant change in the LAI and new equilibrium water table
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Figure 9. Leaf area index over time at 250 m for ksmax at 90% of two-attractor range (1.05 m d21). The black line denotes the simulation
with the positive feedback and the gray line the simulation without the positive feedback.
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elevation. If the traditional pathway of land cover change driving changes in the water table were operating
then such complex disturbance-response behavior would not exist, only one attractor could exist and the
system would have infinite resilience to disturbances.

Looking more broadly at the implications for hydrology, nonlinear uncertainty analysis has received consid-
erable attention over the preceding decade. Considering the scenario of calibrating a conceptual rainfall-
runoff model that has no positive feedback (and hence only one attractor) to a catchment that has
switched between two attractors, then there are likely to be step changes in the residuals between the
modeled and observed flow associated with attractor changes. If only the parameter uncertainty was con-
sidered then the uncertainty in each parameter could be either under or over estimated, depending on the
exact approach and error model assumptions made. If the uncertainty analysis was undertaken for the com-
bination of input and output data and the parameters, then the uncertainty would likely be incorrectly par-
titioned between the parameters and the data. In all methods there would be a substantial structural
uncertainty that is unlikely to be well represented. Obviously such structure error could be caused by many
factors but it could be one indicator of multiple attractors having emerged. Alternatively, if such a model
was calibrated to a catchment in which a switch of attractors had not yet been observed, but could occur,
then even if reliable error models were derived for all data and parameters and the total prediction error
was rigorously defined, then a future switching of attractors would present an emergent uncertainty unac-
counted for in the uncertainty analysis. While these scenarios may be somewhat alarmist, they do highlight
that the structural uncertainty arising from an unforeseen change of attractors represents a systemic
change in the catchment dynamics that would most likely be quite persistent. If, however, such structural
errors could be quantified then it may offer a means for identifying multiple attractors within streamflow
records. Renard et al. [2011] showed that, provided the data error models are reliable, the structural uncer-
tainty can be quantified as a residual from the total errors. While such structural uncertainty may result
from other deficiencies of the model, not just the omission of a positive feedback, such residual analysis of
models with and without feedbacks leading to multiple states could provide another means for identifying
multiple attractors in the field.

This paper aimed to investigate if multiple hydrological attractors can emerge under stochastic forcing. By
investigating a single climate replicate in detail, numerous insights were obtained that are felt to have rele-
vance to hydrology and the wider field of ecosystem resilience. Using numerous replicates, further research
could quantify the probability of switching attractor basins [e.g., Peterson et al., 2009b; M�ller et al., 2009].
However, all such findings would still be based upon a model that, like any model, has numerous assump-
tions and simplifications [see Peterson et al., 2009a]; which, if overcome, may eliminate the existence of mul-
tiple attractors or make them exceedingly rare and difficult to detect in the field. This paper has provided
some insights into what hydrologists should be looking for when trying to detect an attractor switch. Future
research will attempt to use this to identify groundwater hydrograph properties that indicate a switching of
attractors. Hopefully, this will reduce the reliance upon deterministic models and provide a basis for identi-
fying real catchments actually having multiple attractors.
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