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Diagonal stability for a class of graphs with connectedlesc

Wei Wang and Dragan Nesic

Abstract— Diagonal stability for a class of matrices having

wheree;; # 0 for all 1 < 4,5 < n. Let v :=

strongly connected graphs is considered, in which each pair €21 enn_161,, thatis the circle gain for the cyclic matrix

of distinct simple circles have at most one common edge or p
a common vertex. We apply the obtained results to analyze . °

stability of a class of nonlinear dynamical networked systens,
for which each subsystem is output strictly passive and the
storage function is available. We show that diagonal stahiy
of the dissipativity matrix that includes the information of
interconnection structure of subsystems implies that thewsn of
weighted storage functions is a storage Lyapunov functionof
this class of networks.

|. INTRODUCTION

Stability analysis of nonlinear networked continuousdim

Then, we know from [6, Theorem 1] that the mat#ix
in (1) is diagonally stable if and only if

[7|®(sgn(vy),n) <1 2
where

if v<0
if v>0.

cos™(m/n)

Bsen)m) = { |

systems is essential for understanding of their behavidr an When~y < 0, condition (2) is called the secant condition.
is invaluable for design of practical, high-performancel anFor linear stability, it says that a linear stable systermrhwit

robust control strategies for system networks. Literame distinct real eigenvalues and no zeros can tolerate negativ
this topic is diverse and most of it is based on either théeedback with a gain larger than that provided by the small
small gain theorem [12], [19], the passivity theorem [4]-[60ain theorem. The concept of secant condition takes the
or their combinations [9]. advantage simultaneously of phase and gain information on
These strategies are often developed for networks tfie open-loop system [17], which is employed to present di-
certain topology that is characterized with a graph of sgleciagonal stability for matrices with cyclic and cactus stonet
structure. For example, graphs with structures like stringn [5], [6]. The cactus structure implies that distinct &in
[18], tree [19], acyclic [7], cyclic [6], [12] and cactus [Bhve the graph have at most one common vertex. It is challenging
been investigated in the literature. In particular, assigmi to extend results based on the secant condition to systems
that each subsystem is input-to-state stable (ISS) and faith general interconnection structure.
which ISS-Lyapunov function is available, ISS properties The requirement (2) whef > 0 is the small gain condi-
are considered in [12] for a class of nonlinear dynamicalon. Although the bound of gains is comparatively resivist
networked systems when each group of their subsystems hhan the secant condition, the small gain condition guaemt
cyclic interconnection structure and satisfies the smah gaquasidominant properties for the matrixt, or further M/
condition, i.e., the “loop gain” is less than 1. In contragth ~ matrices properties if £ is characterized by nonpositive off-
the assumption that subsystems are output strictly pa$Sive diagonal entries, that is; ; > 0 for all 1 < 4,5 < n. Note
and [6] consider stability for networked systems with oycli that properties ofA/ matrices are quite useful in stability
and cactus interconnection structure. The secant conditicanalysis for nonlinear interconnected systems, see exsmpl
like [5], [6], and a condition similar to small gain, see [2]in [2], [3] using the composite-system method and [1] based

for example, arise in this context naturally.

on decentralized techniques for systems with multiple rhode

To compare the small gain condition with the secantepresentations.

condition, consider a matrix of the cyclic structure:

-1 0 €1,n
g=|c 1 , )

0

|
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In this paper, we apply the small gain condition to consider
diagonal stability for the interconnection structure tlist
more general than cyclic and cactus; cyclic and cactus
topologies are special cases of the structure that we con-
sider. Indeed, we present sufficient conditions to guagante
that high dimension matrices allowing for nonpositive off-
diagonal entries ard/ matrices. Comparing with previous
results onM matrices, see [14], [15], we decentralize a
matrix £ with strong connected graphs into reduced-order
matrices E; of the form (1). The graph for each of these
matrices is a circle that is included in the graph for the
original matrix £. We show that diagonal stability df' can
be studied with thesé&;. We also apply the obtained results
to analyze stability of nonlinear dynamical networks.



The outline of this paper is as follow. In Section II,and
some preliminary results on diagonal stability of matrices

and some useful definitions are given. In Section IIl, we 10 0 ey O
consider diagonal stability for a class of matrices and in es1 —1 exs 0 0
Section IV we apply main results of Section Il to analyze a Fy — 0 e —1 0 0 ()
class of nonlinear interconnected dynamical systemsid@ect 0 e 0 —1 e

V contains the conclusion. 0 0 0 es -1

Il PRELIMINARIES are given in Fig. 1. Note thak; is the dissipativity matrix

For matricesA and B € R"*", let A = B (A > B) for mitogen-activated protein kinase model [4] that is used
denote the case that all entries 4f— B are nonnegative later to illustrate how to app|y our main results.
(positive), in particular,A > 0 means thatA has non-
negative entries. A matrix € R"*" is a Z-matrix if
E = sI — A for some nonnegative matrid > 0. A Z-
matrix £ := sI — A € R™™ with matrix A = 0 and
the real numbers is an M-matrix if the condition that
s > p(A) holds for the spectral radius(A) of A. For
a setS, |S| denotes the cardinality of this set. A matrix €3
A e R = {q;;} is a quasidominant matrix if there exists

a positive diagonal matriD = diag{d;,ds,-- ,d,} such

thata;;d; > 3" ., |ai;|d; for all 4. 1. A matrix E € R"*" a b

is called diagonally stable if there exists a diagonal matri

D > 0 such that Fig. 1. a. GraphG(E;), b. Cactus exampl€&(E>).
DE+ET'D <0 . (3) A simple circle refers to the circle with no repeated

vertices other than the starting and ending vertex. A diect

Such a matrix is also called Volterra-Lyapunov stable Opanh is called strongly connected if there is a path from
Lyapunov diagonally stable, see more details on diagongl -, vertex in the graph to every other vertex. We assume
stability of matrices in [6]. o that the matrix £ is irreducible, or its graphG(E) is
Note that the definition in (3) implies that a necessargy,ngiy connected. We need the following technical result
condition to guarantee diagonal stability for a matfixe on quasidominant and/ matrices properties.
R™*™ with entriese;; for ¢,5 € {1,---,n}, is that all its Claim 1 ( [13]): For a matrixA € R"*" := {a;,}, let a
diagonal entrieg;; are negative. Since scaling the rowsFof matrix A € R"X7 -— (@} be such that !
by positive constants or permutations do not change didgona Y
stability properties, we consider a matrix with diagonal Qi = Qi
entriese;; = —1 in the sequel. Qij = |a;;| forj #i.
To relate the matrixt to a graph of certain topology, we o ) _ _ o
define its graphG/(E) as follows in the following sense. ~ Then, the matrixA is quasidominant if and only ifl is an
Definition 1: The graph for the matrixt := {e;} e M matrix. _ o o
R"*" denoted asi(E), is defined as a weighted directed Claim 2 ([13]): If A is quasidominant ther A is diag-
graph, for which there are vertices denoting the dimension onally stable. O
of E. An edge with weights;; that is a link leads from  Claim 3 ([10]): Let n x n matricesA, B € Z be given.
vertexj to vertexi is used to represent each of nonzero offASsume thatd is an M-matrix andA < B, then B is an
diagonal entries:;; of E. Self loops corresponding to the M-matrix.
non-zero diagonal entries; are excluded.
For example: the graphs for matrices

(6)

1. M AIN RESULTS

In this section, we present diagonal stability analysis

1 0 0 e4 O results for a class of interconnected structure that is more
es1 —1 ey 0 0 general than cyclic or cactus. Noting that permutation and
E, = 0 ez —1 0 ess 4) scaling the rows of a matrix by positive constants do not
0 e 0 —1 ey change diagonal stability properties, we consider matrice
0 0 0 esy —1 satisfying the following conditions.
Assumption 1:The matrix £ € R"*" := {e;;} has
INote that this quasidominant matrix definiton coming fron8] is diagonal entries;; = —1 for ¢ = 1,--- ,n and strongly

slightly stronger than the usual definition [16] that reqsita;;|d; > connected graph?(E), in which any pair of distinct simple

> ;i laijld; for all i. The quasidominant matrix defined in the present . les h ¢ t d t
paper requires that all diagonal entries/fire positive since matrices with circles have at most oné common €dge or a commaon Vertex.

nonpositive diagonal entries are of no interest in the deque O



Assumption 2:The matrix £ € R™*"™ := {¢;;} has Proposition 1: A matrix £ € R"*" := {e;;} satisfy-
nonnegative off diagonal entries. O ing Assumption 2, having diagonal entrieg = —1 for

The strong connection requirement in Assumption 1 imé = 1,--- ,n and strongly connected cactus gra@hE) is
plies that the matrix£' is irreducible. There is no loss of diagonally stable if and only if there exist constaffs> 0
generality since one can permutate a reducible matrix intosach that

diagonal block matrix with irreducible blocks as its endrie H 9 > 1. )

Then, analysis of diagonal stability for a reducible matrix _ i = e TP

turns into studying diagonal stability for irreducible bks el

[5]. With the strong connection assumption, we have that the dor=1 i=1,--.n 9)

graph of the matrix includes at least one circle and each c€Ji

link is included at least in one circle. with ~. given by (7), wherep is the number of circles in
For the graphG(E), we denote nodes=1,--- ,n, links G(E). O

[l =1,---,N and circlesc = 1,---,p. Let ij denote a Note that the results for cactus structure in [5, Theorem 1]

directed edge from vertexto vertexi. Let L. andI. be the apply the concept of the secant condition and Assumption 2
set of linksi;j and vertices respectively that are traversed big not required in that case, which provides a more relaxed
the c-th circle. LetJ; = {c € {1,--- ,p} : i € I.} denote bound for~. than Proposition 1. However, for the class of
the set of circles that vertexbelongs to. We next consider matrices having the graph that is also strongly connected
the matrix &, in (4) as an example to illustrate the notationbut there are more than one vertex shared by distinct simple
L., I. and J;. circles, it not easy to consider diagonal stability of ns
Example 1:For the matrixZ; in (4) and its graph given using secant condition. Assumption 2, on the other hand,
in Fig. 1-a, noting that.. is the set of links traversed by the implies that diagonal stability of’ is equivalent to the fact
c-th circle, one getd.; = {21,42,14} and L;; = {23,32}. that —E is an M-matrix. This is helpful to show diagonal
From the definition of/., we have thaf; = {1,2,4} and stability for matrices satisfying Assumptions 1 and 2. edie
I = {2,3}, I = {2,3,4,5}, Iy = {4,5} SinceJ; is we need the fact:

the sets of circles that vertéxbelongs to, we have thal; = Claim 4 ( [11]): A matrix £ € R™*" satisfying Assump-
{1}, Jo ={1,I1,IV}, J3 ={II,IV}, J, ={I,III,IV}, tion 2is diagonally stable if and only if £ is an M matrix.
Js = {I11,1IV}. Note that the sum of cardinality of sefs U
andJ; forc=1,---,4andi=1,---,5 satisfies The above claim is used to show the following diagonal
4 5 stability results for the matrices with graphs more general
Z L] — Z(|Ji| 1) =11-6=5, than cactus or cyclic. The proof is omitted due to page limit.
prt = Theorem 1:A matrix £ € R"*"™ satisfying Assumptions

. . . . 1 and 2 is diagonally stable if there exist constatfts> 0
which agrees with the dimension @, or the number of g y an

vertices inG(E). This fact is true in general and it is usefulSUCh that

to prove the main results. O 16> e=1,--.p (10)
We next define the circle gai. for the c-th circle of the i€l

G(E) to present the main results. Z 05=1 i=1,---,n (11)
Definition 2: For a matrixky € R™*™ and thec-th circle in el

its graphG(E), let E(I,) € RI<IxI/l be the matrix obtained
by selecting the rows and columnsBfwhose indices belong
to /. and lettinge;; := 0 for the link ij ¢ L.. Letting a 2
proper permutation bring the cyclic matri;, to the form
(1), the gain for the--th circle is the product of its nonzero
off diagonal entries:

with ~. in (7), wherep is the number of circles ili7(E).

For matrices such that Assumption 1 holds but Assumption
might not hold, a corollary can be derived from Theorem 1
to show that under conditions (12) and (13) the sign pattern
of nondiagonal entries off does not influence the main
results we obtained. This is due to the fact that we apply

Yo 1= H el 7) the small gain condition which is determined by the gain
= not the phase.
Note that in the above definition, we use the fact that Corollary 1: A matrix E € R"*" := {e;;} satisfying

for each linkij € L. and the matrixE(I.), there exists a Assumption 1 is diagonally stable if there exist constants
nonzero entry;; and all other off diagonal entries are zero.9¢ > 0 such that
We first present some useful results on diagonal stability

for matrices of cactus structure. The strong connectedngrap H 07 > el e=1,---,p (12)
G(E) has a cactus structure, if each pair of distinct simple iele
circles inG(E) have at most one common vertex. Fig. 1-b is D=1 i=1,,n (13)
an example of cactus graph. In contrast, cyclic is the specia c€J;

case of cactus structure for which the gragh¥) contains with ~, in (7), wherep is the number of circles i (E).
a single circle. The following results come directly from [5 Proof: Let E be given andy. come from (7). Suppose
Theorem 1]. that (12) and (13) hold. For the matrixE, let a matrix



A € R™" be defined as (6). Since the matrix4 satisfies for i,j € {1,---,n} denote a link that reflects one of
Assumptions 1 and 2, (10) and (11) hold feA as~, = |7.|,  the outputs of subsysterf{; (a separate link is used for
we know that—A is diagonally stable from Theorem 1.each output) acting as part of the input to subsystém
Note thatA is an M matrix from Claim 4, and then-E  If there areN such links connecting subsystems, then the
is quasidominant from Claim 1. Then, Claim 2 concludeslissipativity matrix £ is of order N x N. Note that it is
that £ is diagonally stable. 0 essential but not easy to verify (15) for constructing such a
IV, STABILITY ANALYSIS FOR NETWORKED SYSTEMS E for complex dynamical systems. We next consider a class
' of nonlinear systems from [4] and show that (15) holds with
The results obtained in last section can be applied tgonlinearity satisfying sector conditions. To provideadlst
analysis of networked systems, for which each subsystegh constructing matrix? € RY*~, some notation is needed.
is output strictly passive (OSP). To apply the diagonal por g |inki := ij directed fromj to i, j is referred as the

stability results for matrices, constructing a dissipéiv goyrce and as the sink of the link. For thé=1,--- ,n and
matrix that includes information on passivity gains of each — 1 ... N let £} C {1,---, N} be the subset of link
subsystem and their interconnection structure is needeel. Tigr \which 7 is the S{nk_andgj C {1,---,N} is the subset

following techniques to construct dissipativity matrides  of |inks for which i is the source. Then, = sourcgl) if

some classes of nonlinear networked systems, for whighc £~ and; = sink(l) if I € £;. With this representation,

from [6] and [4] respectively. They are given here for

completeness. H;: i = —fi(z) + gi(xi) hi(zsource  (18)
For networks with SISO subsystenit, suppose thatl; le%; (?

is OSP with the input and output p&it;,y;) and the gain '

~vi >0fori={1,--- ,n}: fori =1,---,n, wheref;, g; andh; are locally Lipschitz

continuous functions. For subsysteHy, its input isu; =

[lvi Yiect MTsource(l), @nd there are multiple outputs =

where d; > 0 represents a bias due to initial conditionsh;(z;) for I € £ if |£;| > 1. Without loss of generality,

I? <7 <wui,ys > +6i (14)

Suppose that for each subsystdin there exists a storage let the origin be the equilibrium. For ea¢h=1,--- ,n and
function V;, which with (14) implies thal/; satisfies l € L, suppose that the following sector conditions hold:
. 1
Vi < ——y7 +uyi (15)
i ; sz; <0
ilTsq
and subsystem#l; are coupled according to the feedback x(%z(wq,) >0 Va; #0 (19)
law v gi(xs)
uw=(K®I,)y, (16) and there exists; > 0 such that
o hy(x;
Where®Trefers t;)jifronecker product; := [ulT, cul]T, flgf )) <y Vi £0. (20)
y = [yi, -,y ]ty K € R and I, is them x m gz(xz)
identity matrix.
The dissipativity matrix is defined as We next show that under conditions (19) and (20), for each

H, in (18) and each of its outpwi(z;) := hi(x;) forl € £,

H; is OSP and there exists a storage functiofxsourcer))
that includes passivity gains; in (15) and the intercon- Satisfying (15). Let

nection structure denoted by the matdx Then, diagonal Tsourcen  ,(s)

stability of E' guarantees the existence of a positive diagonal  Vi(zsourcer)) = / — 0 s , (22)
matrix D := diag{d;} such thatV := Y7k;V; is the 0 gsourcer) (s)

Lyapunov function for the original system amd := divi  which is positive definite due to sector condition in (19).

E = _I+dlag (71)"' 7,77L)K (17)

since Noting thati = sourcél) for I € £; and (18), we have that
) n ) 1
V=> kVi<sy"(DE+E"D)@I)y <0 ¥Vy#0.

- 2 SN _ fi(xi)

i Vi(z:) = hu(z;) *MJF > hilzsourcer)) |

For networks with SISO subsystems, each nodé&: (i) kel

for the dissipativity matrix € R™*" represents a subsys- (22)
tem and the links denote the feedback connections amon
subsystems. On the other hand, for an interconnected syst
with subsystems having possible multiple outputs, it iSwise filz:) 1,

to construct the dissipativity matrix so that the node of its —T(z;) ) < ——hi(x) ,
graph is the feedback connection between subsystems. In gil®s
particular, for a system that has subsystems, let := ij  that comes from (20) shows that (22) satisfies (15).

ich with the definition ofu; and




For the networked system in (18) with passivity gains for eachi =1,--- ,n and/ € £; and the equilibriumz} €
for I = 1,---, N, let the dissipativity matrixt;, € R¥V*Y R, the sector conditions in (19) and (20) turn into:

with entriese;;, be defined as fw) file)
i — * 1\ (] 0V ; R _
i 1=k e (5167~ Sy) 20 Ve Rea )
e =14 1 sourcél) = sink(k) (23) (24)

0 otherwise. and
Then, we next show that diagonal stability &6f ensures hi(z;) — hy(z) .
asymptotic stability for the interconnected system witlt-no W <m VzieRso—{z7}. (29)
ing the results in Corollary 1. gi(zi) — gila]

We next conS|der a biochemical reaction example, for
which the interconnection structure of subsystems is not
cyclic or cactus, to illustrate how to apply Theorem 2 to
consider asymptotic stability for dynamical networks.

Theorem 2:The networked dynamical system withsub-
systemsH; in (18) andN links is asymptotically stable, if
H; satisfies conditions (19) and (20) for= 1,--- ,n, its
dissipativity matrixF; := {e;x} € RV*N with e, defined

in (23) satisfies Assumption 1 and is diagonally stablél 5
Proof: Since E; satisfies Assumption 1, one knows that the
subsystems are strongly connected, that is, thelsetis l
nonempty for alli = 1,--- ,n. Thus, for each linkl = 1 2

, N, there exists a subsystefd; with i = sourcél) X ) > X3
for which its output isy;(z;) and a storage functionig (x;) A
in (21) satisfying (15). Let a Lyapunov candidate function | _ 3 _/
V be defined as 4

V= Z iV Fig. 2. Feedback configuration for MAPK networks listed in fgkample
2-c].

for some constantg; > 0. It is positive definite since

eachV, is positive definite and each subsystem is the input Example 2:Consider the mitogen-activated protein kinase

for at least another subsystem (each node is the source®fAPK) model for which the feedback configuration is given
at least one link). From the definition of the d|SS|pat|V|tym Fig. 2:

matrix E; := {e;} in (23), one gets that; < ——yl +

- _ bix d (171 )
Y1 > pert hr(zsourcer)) is equivalent to i =it e v
B . o boxo do(1—x2) n
N T2 = _622-‘1-12 + 622-1‘(1—;2) (xl + 1+k$3) (26)
. . T ds(l—x
Vi<uy Z Yk by = Aty 631((1_;2) (21 + x2)
121_ . where the variables; € [0, 1] denote the active forms of the
whereyy, := hi(zsourcer))- This gives that proteins, and the termh— z; indicates the inactive formi;,
bi, ¢;, d; ande; € (0, 1] are some given positive parameters;
V= Zsz < Zdzyz Zezkyk = —y"(E"D + DE)y i and k are positive real numbers. The first term in each

equation indicates the inactivation of the respective ginot
and the second term is the rate at which the inactive form
of the protein is being converted to the active form.

Since the functiong; (z;) : [0, 1] — [0, co) with 6;(z;) :=

(””‘) are strictly increasing, we have that conditions (24) and
rq25) hold. Let the set of link§21, 32,23, 13, 31} be indexed

wherey := [y1, -+, yn]. Noting that condition (19) implies
zero state detectability for the statgto y;, diagonal stability
of E vyields thatV is negative definite and asymptotic fl
stability of the interconnected system (18). O
Global asymptotic stability (GAS) can be concluded whe

: L oo with [ = 1,--- ,5 as showed in Fig.2. Then, we can define
storage functiorl satisfies further the condition: v > 0 for l _ 1, -5 as (20). From the definition of the
lim /"” hz(S)dS . dissipativity matrix in (23), one gets
|lzil—o0 Jo  gi(s) _ 1 0 0 1 0

which implies that the composite Lyapunov function is fl -1 1 0 0
radially unbounded and gives GAS. E = 0 f2 _1L 1 (27)

Remark 1:The results of Theorem 2 can be extended to 0 1 S3 1
consider dynamical systems with nonnegative state vasabl 0 0 0 1 Y1
that is motivated by biochemical reaction models, see detai 75
of extension method in [4]. For such special class of systenfdis matrix E; can be formed into (4) with multiplying-th
formed asH; in (18), we assume that; € R, g(z;) >0 columns withy, > 0 for [ = 1,---,5 and get that, =

and/y(x;) > 0 for all z; > 0 andi = 1,---,n. Moreover, 7source(l) €21 = 71, €32 = €42 = 72, €23 = 73, €14 =



esq = 4 andess = eyq5 = 5. Noting the circles of the graph
G(E;) in Fig. 1-a, we have circle gains satisfy = v1v274,
Y11 = Y2¥3, Y111 = Y475 andyry = ¥2y37475. The circle
gain Yrv = ";/[[:y]]] is redundant.

In order to get diagonal stability of); as required in
Theorem 2, one has to find constarfs > 0 satisfying
conditions (10) and (11). Since f@¥(E;) with E; in (27),
circle IV is redundant and connection structure for circlesll
I—11I1I are cactus, one can follow the procedure provided in[9
[5, Proposition 3] to search proper parametrsAs nodes
1, 3 and 5 of G(E;) are only included in one circle for
Fig .1-b, we haved} = 63, = 63,;, = 1 from condition
(11). Following the procedure in [5, Proposition 3], let[10]
02, := 711 < 1 and 07;; := F111 < 1. For the circlel,
noting conditions (10) and (11) in Theorem 1, we have tha{%l]

(5]

(6]

(7]

- - - 12

Y1 < 010707 = (1 — 311) (L — 111) [12]

and then [13]
Y1+ Y+ <1 (28) 4

is the condition that” is diagonally stable and consequently;;s)
guarantees asymptotic stability of system (26) from Thm)re[m]
2.

The same example is considered in [4], where a necessgy;
condition4; + 4777 < 1 is given for diagonal stability of
E;. Through numerical calculation, it is also showed in [4]1€]
that the conditioriy; + 7,77 <1 can not guarantee diagonal |y
stability of F; and the gainy;;; impacts diagonal stability
of E;. On the other hand, condition (28) is obtained through
analysis and it shows that the magnitude of the §ajn does
influence diagonal stability of the matri¥;, that verifies the
same conclusion obtained through numerical calculation in

[4].
V. CONCLUSION

We extended the diagonal stability results for matrices in
cyclic and cactus structure in [5], [6] to a more generallas
of interconnected structure, for which each pair of neighbo
simple circles in its graph have at most one common edge or
a common vertex. We applied the small gain condition that
allows for matrices having/-matrix property and presented
sufficient conditions that guarantee diagonal stability of
graphs that are not cyclic or cactus. We also illustrated how
to apply the diagonal stability results obtained in the enés
paper for analysis of networked systems. Searching negessa
conditions for such class of graphs is the next step for the
future work.
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