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Diagonal stability for a class of graphs with connected circles

Wei Wang and Dragan Nešić

Abstract— Diagonal stability for a class of matrices having
strongly connected graphs is considered, in which each pair
of distinct simple circles have at most one common edge or
a common vertex. We apply the obtained results to analyze
stability of a class of nonlinear dynamical networked systems,
for which each subsystem is output strictly passive and the
storage function is available. We show that diagonal stability
of the dissipativity matrix that includes the information of
interconnection structure of subsystems implies that the sum of
weighted storage functions is a storage Lyapunov function for
this class of networks.

I. I NTRODUCTION

Stability analysis of nonlinear networked continuous-time
systems is essential for understanding of their behavior and
is invaluable for design of practical, high-performance and
robust control strategies for system networks. Literatureon
this topic is diverse and most of it is based on either the
small gain theorem [12], [19], the passivity theorem [4]–[6]
or their combinations [9].

These strategies are often developed for networks of
certain topology that is characterized with a graph of special
structure. For example, graphs with structures like string
[18], tree [19], acyclic [7], cyclic [6], [12] and cactus [5]have
been investigated in the literature. In particular, assuming
that each subsystem is input-to-state stable (ISS) and for
which ISS-Lyapunov function is available, ISS properties
are considered in [12] for a class of nonlinear dynamical
networked systems when each group of their subsystems has
cyclic interconnection structure and satisfies the small gain
condition, i.e., the “loop gain” is less than 1. In contrast,with
the assumption that subsystems are output strictly passive, [5]
and [6] consider stability for networked systems with cyclic
and cactus interconnection structure. The secant condition,
like [5], [6], and a condition similar to small gain, see [2]
for example, arise in this context naturally.

To compare the small gain condition with the secant
condition, consider a matrix of the cyclic structure:

E =













−1 0 · · · e1,n

e2,1 −1
. . .

...
...

. . .
. . . 0

0 · · · en,n−1 −1













, (1)
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where ei,j 6= 0 for all 1 ≤ i, j ≤ n. Let γ :=
e2,1 · · · en,n−1e1,n that is the circle gain for the cyclic matrix
E. Then, we know from [6, Theorem 1] that the matrixE
in (1) is diagonally stable if and only if

|γ|Φ(sgn(γ), n) < 1 (2)

where

Φ(sgn(γ), n) :=

{

cosn(π/n) if γ < 0
1 if γ > 0 .

Whenγ < 0, condition (2) is called the secant condition.
For linear stability, it says that a linear stable system with
distinct real eigenvalues and no zeros can tolerate negative
feedback with a gain larger than that provided by the small
gain theorem. The concept of secant condition takes the
advantage simultaneously of phase and gain information on
the open-loop system [17], which is employed to present di-
agonal stability for matrices with cyclic and cactus structure
in [5], [6]. The cactus structure implies that distinct circles in
the graph have at most one common vertex. It is challenging
to extend results based on the secant condition to systems
with general interconnection structure.

The requirement (2) whenγ > 0 is the small gain condi-
tion. Although the bound of gains is comparatively restrictive
than the secant condition, the small gain condition guarantees
quasidominant properties for the matrix−E, or furtherM
matrices properties if−E is characterized by nonpositive off-
diagonal entries, that isei,j > 0 for all 1 ≤ i, j ≤ n. Note
that properties ofM matrices are quite useful in stability
analysis for nonlinear interconnected systems, see examples
in [2], [3] using the composite-system method and [1] based
on decentralized techniques for systems with multiple model
representations.

In this paper, we apply the small gain condition to consider
diagonal stability for the interconnection structure thatis
more general than cyclic and cactus; cyclic and cactus
topologies are special cases of the structure that we con-
sider. Indeed, we present sufficient conditions to guarantee
that high dimension matrices allowing for nonpositive off-
diagonal entries areM matrices. Comparing with previous
results onM matrices, see [14], [15], we decentralize a
matrix E with strong connected graphs into reduced-order
matricesEi of the form (1). The graph for each of these
matrices is a circle that is included in the graph for the
original matrixE. We show that diagonal stability ofE can
be studied with theseEi. We also apply the obtained results
to analyze stability of nonlinear dynamical networks.



The outline of this paper is as follow. In Section II,
some preliminary results on diagonal stability of matrices
and some useful definitions are given. In Section III, we
consider diagonal stability for a class of matrices and in
Section IV we apply main results of Section III to analyze a
class of nonlinear interconnected dynamical systems. Section
V contains the conclusion.

II. PRELIMINARIES

For matricesA and B ∈ R
n×n, let A � B (A ≻ B)

denote the case that all entries ofA − B are nonnegative
(positive), in particular,A � 0 means thatA has non-
negative entries. A matrixE ∈ R

n×n is a Z-matrix if
E = sI − A for some nonnegative matrixA � 0. A Z-
matrix E := sI − A ∈ R

n×n with matrix A � 0 and
the real numbers is an M -matrix if the condition that
s ≥ ρ(A) holds for the spectral radiusρ(A) of A. For
a setS, |S| denotes the cardinality of this set. A matrix
A ∈ R

n×n = {aij} is a quasidominant matrix if there exists
a positive diagonal matrixD = diag{d1, d2, · · · , dn} such
that aiidi ≥

∑

j 6=i |aij |dj for all i. 1. A matrix E ∈ R
n×n

is called diagonally stable if there exists a diagonal matrix
D > 0 such that

DE + ETD < 0 . (3)

Such a matrix is also called Volterra-Lyapunov stable or
Lyapunov diagonally stable, see more details on diagonal
stability of matrices in [6].

Note that the definition in (3) implies that a necessary
condition to guarantee diagonal stability for a matrixE ∈
R

n×n with entrieseij for i, j ∈ {1, · · · , n}, is that all its
diagonal entrieseii are negative. Since scaling the rows ofE
by positive constants or permutations do not change diagonal
stability properties, we consider a matrixE with diagonal
entrieseii = −1 in the sequel.

To relate the matrixE to a graph of certain topology, we
define its graphG(E) as follows in the following sense.

Definition 1: The graph for the matrixE := {eij} ∈
R

n×n, denoted asG(E), is defined as a weighted directed
graph, for which there aren vertices denoting the dimension
of E. An edge with weightseij that is a link leads from
vertexj to vertexi is used to represent each of nonzero off
diagonal entrieseij of E. Self loops corresponding to the
non-zero diagonal entrieseii are excluded.

For example: the graphs for matrices

E1 =













−1 0 0 e14 0
e21 −1 e23 0 0
0 e32 −1 0 e35
0 e42 0 −1 e45
0 0 0 e54 −1













(4)

1Note that this quasidominant matrix definition coming from [13] is
slightly stronger than the usual definition [16] that requires |aii|di ≥∑

j 6=i |aij |dj for all i. The quasidominant matrix defined in the present
paper requires that all diagonal entries ofA are positive since matrices with
nonpositive diagonal entries are of no interest in the sequel.

and

E2 =













−1 0 0 e14 0
e21 −1 e23 0 0
0 e32 −1 0 0
0 e42 0 −1 e45
0 0 0 e54 −1













(5)

are given in Fig. 1. Note thatE1 is the dissipativity matrix
for mitogen-activated protein kinase model [4] that is used
later to illustrate how to apply our main results.
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Fig. 1. a. GraphG(E1), b. Cactus exampleG(E2).

A simple circle refers to the circle with no repeated
vertices other than the starting and ending vertex. A directed
graph is called strongly connected if there is a path from
each vertex in the graph to every other vertex. We assume
that the matrixE is irreducible, or its graphG(E) is
strongly connected. We need the following technical results
on quasidominant andM matrices properties.

Claim 1 ( [13]): For a matrixA ∈ R
n×n := {aij}, let a

matrix Ã ∈ R
n×n := {ãij} be such that

ãii := aii
ãij := |aij | for j 6= i .

(6)

Then, the matrixA is quasidominant if and only if̃A is an
M matrix.

Claim 2 ( [13]): If A is quasidominant then−A is diag-
onally stable. �

Claim 3 ( [10]): Let n× n matricesA,B ∈ Z be given.
Assume thatA is anM -matrix andA � B, thenB is an
M -matrix.

III. M AIN RESULTS

In this section, we present diagonal stability analysis
results for a class of interconnected structure that is more
general than cyclic or cactus. Noting that permutation and
scaling the rows of a matrix by positive constants do not
change diagonal stability properties, we consider matrices
satisfying the following conditions.

Assumption 1:The matrix E ∈ R
n×n := {eij} has

diagonal entrieseii = −1 for i = 1, · · · , n and strongly
connected graphG(E), in which any pair of distinct simple
circles have at most one common edge or a common vertex.

�



Assumption 2:The matrix E ∈ R
n×n := {eij} has

nonnegative off diagonal entries. �

The strong connection requirement in Assumption 1 im-
plies that the matrixE is irreducible. There is no loss of
generality since one can permutate a reducible matrix into a
diagonal block matrix with irreducible blocks as its entries.
Then, analysis of diagonal stability for a reducible matrix
turns into studying diagonal stability for irreducible blocks
[5]. With the strong connection assumption, we have that the
graph of the matrixE includes at least one circle and each
link is included at least in one circle.

For the graphG(E), we denote nodesi = 1, · · · , n, links
l = 1, · · · , N and circlesc = 1, · · · , p. Let ij denote a
directed edge from vertexj to vertexi. Let Lc andIc be the
set of linksij and vertices respectively that are traversed by
the c-th circle. LetJi = {c ∈ {1, · · · , p} : i ∈ Ic} denote
the set of circles that vertexi belongs to. We next consider
the matrixE1 in (4) as an example to illustrate the notation
Lc, Ic andJi.

Example 1:For the matrixE1 in (4) and its graph given
in Fig. 1-a, noting thatLc is the set of links traversed by the
c-th circle, one getsLI = {21, 42, 14} andLII = {23, 32}.

From the definition ofIc, we have thatII = {1, 2, 4} and
III = {2, 3}, IIII = {2, 3, 4, 5}, IIV = {4, 5}. SinceJi is
the sets of circles that vertexi belongs to, we have thatJ1 =
{I}, J2 = {I, II, IV }, J3 = {II, IV }, J4 = {I, III, IV },
J5 = {III, IV }. Note that the sum of cardinality of setsIc
andJi for c = 1, · · · , 4 and i = 1, · · · , 5 satisfies

4
∑

c=1

|Ic| −

5
∑

i=1

(|Ji| − 1) = 11− 6 = 5 ,

which agrees with the dimension ofE1 or the number of
vertices inG(E1). This fact is true in general and it is useful
to prove the main results. �

We next define the circle gainγc for the c-th circle of the
G(E) to present the main results.

Definition 2: For a matrixE ∈ R
n×n and thec-th circle in

its graphG(E), letE(Ic) ∈ R
|Ic|×|Ic| be the matrix obtained

by selecting the rows and columns ofE whose indices belong
to Ic and lettingeij := 0 for the link ij 6∈ Lc. Letting a
proper permutation bring the cyclic matrixEIc to the form
(1), the gain for thec-th circle is the product of its nonzero
off diagonal entries:

γc :=
∏

l∈Lc

el (7)

Note that in the above definition, we use the fact that
for each link ij ∈ Lc and the matrixE(Ic), there exists a
nonzero entryeij and all other off diagonal entries are zero.

We first present some useful results on diagonal stability
for matrices of cactus structure. The strong connected graph
G(E) has a cactus structure, if each pair of distinct simple
circles inG(E) have at most one common vertex. Fig. 1-b is
an example of cactus graph. In contrast, cyclic is the special
case of cactus structure for which the graphG(E) contains
a single circle. The following results come directly from [5,
Theorem 1].

Proposition 1: A matrix E ∈ R
n×n := {eij} satisfy-

ing Assumption 2, having diagonal entrieseii = −1 for
i = 1, · · · , n and strongly connected cactus graphG(E) is
diagonally stable if and only if there exist constantsθci > 0
such that

∏

i∈Ic

θci > γc c = 1, · · · , p (8)

∑

c∈Ji

θci = 1 i = 1, · · · , n (9)

with γc given by (7), wherep is the number of circles in
G(E). �

Note that the results for cactus structure in [5, Theorem 1]
apply the concept of the secant condition and Assumption 2
is not required in that case, which provides a more relaxed
bound forγc than Proposition 1. However, for the class of
matrices having the graph that is also strongly connected
but there are more than one vertex shared by distinct simple
circles, it not easy to consider diagonal stability of matrices
using secant condition. Assumption 2, on the other hand,
implies that diagonal stability ofE is equivalent to the fact
that −E is anM -matrix. This is helpful to show diagonal
stability for matrices satisfying Assumptions 1 and 2. Indeed,
we need the fact:

Claim 4 ( [11]): A matrix E ∈ R
n×n satisfying Assump-

tion 2 is diagonally stable if and only if−E is anM matrix.
�

The above claim is used to show the following diagonal
stability results for the matrices with graphs more general
than cactus or cyclic. The proof is omitted due to page limit.

Theorem 1:A matrix E ∈ R
n×n satisfying Assumptions

1 and 2 is diagonally stable if there exist constantsθci > 0
such that

∏

i∈Ic

θci > γc c = 1, · · · , p (10)

∑

c∈Ji

θci = 1 i = 1, · · · , n (11)

with γc in (7), wherep is the number of circles inG(E).
For matrices such that Assumption 1 holds but Assumption

2 might not hold, a corollary can be derived from Theorem 1
to show that under conditions (12) and (13) the sign pattern
of nondiagonal entries ofE does not influence the main
results we obtained. This is due to the fact that we apply
the small gain condition which is determined by the gain
not the phase.

Corollary 1: A matrix E ∈ R
n×n := {eij} satisfying

Assumption 1 is diagonally stable if there exist constants
θci > 0 such that

∏

i∈Ic

θci > |γc| c = 1, · · · , p (12)

∑

c∈Ji

θci = 1 i = 1, · · · , n (13)

with γc in (7), wherep is the number of circles inG(E).
Proof: Let E be given andγc come from (7). Suppose
that (12) and (13) hold. For the matrix−E, let a matrix



Ã ∈ R
n×n be defined as (6). Since the matrix−Ã satisfies

Assumptions 1 and 2, (10) and (11) hold for−Ã asγc = |γc|,
we know that−Ã is diagonally stable from Theorem 1.
Note thatÃ is an M matrix from Claim 4, and then−E
is quasidominant from Claim 1. Then, Claim 2 concludes
thatE is diagonally stable. �

IV. STABILITY ANALYSIS FOR NETWORKED SYSTEMS

The results obtained in last section can be applied to
analysis of networked systems, for which each subsystem
is output strictly passive (OSP). To apply the diagonal
stability results for matrices, constructing a dissipativity
matrix that includes information on passivity gains of each
subsystem and their interconnection structure is needed. The
following techniques to construct dissipativity matricesfor
some classes of nonlinear networked systems, for which
each subsystem has single output or multiple outputs, come
from [6] and [4] respectively. They are given here for
completeness.

For networks with SISO subsystemsHi, suppose thatHi

is OSP with the input and output pair(ui, yi) and the gain
γi > 0 for i = {1, · · · , n}:

||yi||
2 ≤ γi < ui, yi > +δi , (14)

where δi ≥ 0 represents a bias due to initial conditions.
Suppose that for each subsystemHi there exists a storage
functionVi, which with (14) implies thatVi satisfies

V̇i ≤ −
1

γi
y2i + uiyi , (15)

and subsystemsHi are coupled according to the feedback
law

u = (K ⊗ Im)y , (16)

where⊗ refers to Kronecker product,u := [uT
1 , · · · , u

T
n ]

T ,
y := [yT1 , · · · , y

T
n ]

T , K ∈ R
n×n and Im is the m × m

identity matrix.
The dissipativity matrix is defined as

E := −I + diag (γ1, · · · , γn)K (17)

that includes passivity gainsγi in (15) and the intercon-
nection structure denoted by the matrixK. Then, diagonal
stability ofE guarantees the existence of a positive diagonal
matrix D := diag{di} such thatV :=

∑n
i kiVi is the

Lyapunov function for the original system andki := diγi
since

V̇ =

n
∑

i

kiV̇i ≤
1

2
yT ((DE + ETD)⊗ Im)y < 0 ∀ y 6= 0 .

For networks with SISO subsystems, each node inG(E)
for the dissipativity matrixE ∈ R

n×n represents a subsys-
tem and the links denote the feedback connections among
subsystems. On the other hand, for an interconnected system
with subsystems having possible multiple outputs, it is useful
to construct the dissipativity matrix so that the node of its
graph is the feedback connection between subsystems. In
particular, for a system that hasn subsystems, letl := ij

for i, j ∈ {1, · · · , n} denote a link that reflects one of
the outputs of subsystemHj (a separate link is used for
each output) acting as part of the input to subsystemHi.
If there areN such links connecting subsystems, then the
dissipativity matrixE is of orderN × N . Note that it is
essential but not easy to verify (15) for constructing such a
E for complex dynamical systems. We next consider a class
of nonlinear systems from [4] and show that (15) holds with
nonlinearity satisfying sector conditions. To provide details
on constructing matrixE ∈ R

N×N , some notation is needed.
For a link l := ij directed fromj to i, j is referred as the

source andi as the sink of the link. For thei = 1, · · · , n and
l = 1, · · · , N , let L+

i ⊆ {1, · · · , N} be the subset of link
for which i is the sink andL−

i ⊆ {1, · · · , N} is the subset
of links for which i is the source. Then,i = source(l) if
l ∈ L−

i and i = sink(l) if l ∈ L+
i . With this representation,

we can consider dynamical systems of the form:

Hi : ẋi = −fi(xi) + gi(xi)
∑

l∈L+
i

hl(xsource(l)) (18)

for i = 1, · · · , n, wherefi, gi andhl are locally Lipschitz
continuous functions. For subsystemHi, its input is ui =
∑

l∈L+
i

hl(xsource(l)), and there are multiple outputsyi =

hl(xi) for l ∈ L−
i if |L−

i | > 1. Without loss of generality,
let the origin be the equilibrium. For eachi = 1, · · · , n and
l ∈ L−

i , suppose that the following sector conditions hold:

xi
fi(xi)
gi(xi)

> 0

xi
hl(xi)
gi(xi)

> 0
∀ xi 6= 0 (19)

and there existsγl > 0 such that

hl(xi)
fi(xi)
gi(xi)

≤ γl ∀ xi 6= 0 . (20)

We next show that under conditions (19) and (20), for each
Hi in (18) and each of its outputyl(xi) := hl(xi) for l ∈ L−

i ,
Hi is OSP and there exists a storage functionVl(xsource(l))
satisfying (15). Let

Vl(xsource(l)) =
∫ xsource(l)

0

hl(s)

gsource(l)(s)
ds , (21)

which is positive definite due to sector condition in (19).
Noting thati = source(l) for l ∈ L−

i and (18), we have that

V̇l(xi) = hl(xi)



−
fi(xi)

gi(xi)
+

∑

k∈L+
i

hk(xsource(k))



 ,

(22)

which with the definition ofui and

−hl(xi)
fi(xi)

gi(xi)
≤ −

1

γl
h2
l (xi) ,

that comes from (20) shows that (22) satisfies (15).



For the networked system in (18) with passivity gainsγl
for l = 1, · · · , N , let the dissipativity matrixEl ∈ R

N×N

with entrieselk be defined as

elk =







−1/γl l = k
1 source(l) = sink(k)
0 otherwise.

(23)

Then, we next show that diagonal stability ofEl ensures
asymptotic stability for the interconnected system with not-
ing the results in Corollary 1.

Theorem 2:The networked dynamical system withn sub-
systemsHi in (18) andN links is asymptotically stable, if
Hi satisfies conditions (19) and (20) fori = 1, · · · , n, its
dissipativity matrixEl := {elk} ∈ R

N×N with ekl defined
in (23) satisfies Assumption 1 and is diagonally stable.�
Proof: SinceEl satisfies Assumption 1, one knows that the
subsystems are strongly connected, that is, the setL−

i is
nonempty for alli = 1, · · · , n. Thus, for each linkl =
1, · · · , N , there exists a subsystemHi with i = source(l)
for which its output isyl(xi) and a storage functionsVl(xi)
in (21) satisfying (15). Let a Lyapunov candidate function
V be defined as

V =

N
∑

l=1

dlVl

for some constantsdl > 0. It is positive definite since
eachVl is positive definite and each subsystem is the input
for at least another subsystem (each node is the source of
at least one link). From the definition of the dissipativity
matrix El := {elk} in (23), one gets thaṫVl ≤ − 1

γl

y2l +
yl
∑

k∈L+
i

hk(xsource(k)) is equivalent to

V̇l ≤ yl

N
∑

l=1

elkyk ,

whereyk := hk(xsource(k)). This gives that

V̇ =

N
∑

l=1

dlV̇l ≤

N
∑

l=1

dlyl

N
∑

l=1

elkyk =
1

2
yT (ETD +DE)y ,

wherey := [y1, · · · , yN ]. Noting that condition (19) implies
zero state detectability for the statexi to yi, diagonal stability
of E yields that V̇ is negative definite and asymptotic
stability of the interconnected system (18). �

Global asymptotic stability (GAS) can be concluded when
storage functionVl satisfies further the condition:

lim
|xi|→∞

∫ xi

0

hl(s)

gi(s)
ds = ∞

which implies that the composite Lyapunov function is
radially unbounded and gives GAS.

Remark 1:The results of Theorem 2 can be extended to
consider dynamical systems with nonnegative state variables,
that is motivated by biochemical reaction models, see details
of extension method in [4]. For such special class of systems
formed asHi in (18), we assume thatxi ∈ R≥0, g(xi) > 0
andhl(xi) ≥ 0 for all xi ≥ 0 and i = 1, · · · , n. Moreover,

for eachi = 1, · · · , n and l ∈ L−
i and the equilibriumx∗

i ∈
R≥0, the sector conditions in (19) and (20) turn into:

(xi − x∗
i )

(

fi(xi)

gi(xi)
−

fi(x
∗
i )

gi(x∗
i )

)

> 0 ∀ xi ∈ R≥0 − {x∗
i }

(24)

and

hl(xi)− hl(x
∗
i )

fi(xi)
gi(xi)

−
fi(x∗

i
)

gi(x∗

i
)

≤ γl ∀ xi ∈ R≥0 − {x∗
i } . (25)

We next consider a biochemical reaction example, for
which the interconnection structure of subsystems is not
cyclic or cactus, to illustrate how to apply Theorem 2 to
consider asymptotic stability for dynamical networks.�� �� ��1 2

4

3

5

Fig. 2. Feedback configuration for MAPK networks listed in [4, Example
2-c].

Example 2:Consider the mitogen-activated protein kinase
(MAPK) model for which the feedback configuration is given
in Fig. 2:

ẋ1 = − b1x1

c1+x1
+ d1(1−x1)

e1+(1−x1)
x3

ẋ2 = − b2x2

c2+x2
+ d2(1−x2)

e2+(1−x2)

(

x1 +
µ

1+kx3

)

ẋ3 = − b3x3

c3+x3
+ d3(1−x3)

e3+(1−x3)
(x1 + x2)

(26)

where the variablesxi ∈ [0, 1] denote the active forms of the
proteins, and the term1−xi indicates the inactive form;ai,
bi, ci, di andei ∈ (0, 1] are some given positive parameters;
µ and k are positive real numbers. The first term in each
equation indicates the inactivation of the respective protein
and the second term is the rate at which the inactive form
of the protein is being converted to the active form.

Since the functionsθi(xi) : [0, 1] → [0,∞) with θi(xi) :=
fi(xi)
gi(zi)

are strictly increasing, we have that conditions (24) and
(25) hold. Let the set of links{21, 32, 23, 13, 31} be indexed
with l = 1, · · · , 5 as showed in Fig.2. Then, we can define
γl > 0 for l = 1, · · · , 5 as (20). From the definition of the
dissipativity matrix in (23), one gets

El =















− 1
γ1

0 0 1 0

1 − 1
γ2

1 0 0

0 1 − 1
γ3

0 1

0 1 0 − 1
γ4

1

0 0 0 1 − 1
γ5















. (27)

This matrixEl can be formed into (4) with multiplyingl-th
columns withγl > 0 for l = 1, · · · , 5 and get thatel =
γsource(l): e21 = γ1, e32 = e42 = γ2, e23 = γ3, e14 =



e54 = γ4 ande35 = e45 = γ5. Noting the circles of the graph
G(El) in Fig. 1-a, we have circle gains satisfyγ̃I = γ1γ2γ4,
γ̃II = γ2γ3, γ̃III = γ4γ5 and γ̃IV = γ2γ3γ4γ5. The circle
gain γ̃IV = γ̃II γ̃III is redundant.

In order to get diagonal stability ofEl as required in
Theorem 2, one has to find constantsθlc > 0 satisfying
conditions (10) and (11). Since forG(El) with El in (27),
circle IV is redundant and connection structure for circles
I−III are cactus, one can follow the procedure provided in
[5, Proposition 3] to search proper parametersθic. As nodes
1, 3 and 5 ofG(El) are only included in one circle for
Fig .1-b, we haveθ1I = θ3II = θ5III = 1 from condition
(11). Following the procedure in [5, Proposition 3], let
θ2II := γ̃II < 1 and θ4III := γ̃III < 1. For the circleI,
noting conditions (10) and (11) in Theorem 1, we have that

γ̃1 < θ1Iθ
2
Iθ

4
I = (1− γ̃II)(1 − γ̃III)

and then

γ̃1 + γ̃II + γ̃III < 1 (28)

is the condition thatE is diagonally stable and consequently
guarantees asymptotic stability of system (26) from Theorem
2.

The same example is considered in [4], where a necessary
condition γ̃1 + γ̃III < 1 is given for diagonal stability of
El. Through numerical calculation, it is also showed in [4]
that the conditioñγ1 + γ̃III < 1 can not guarantee diagonal
stability of El and the gaiñγIII impacts diagonal stability
of El. On the other hand, condition (28) is obtained through
analysis and it shows that the magnitude of the gainγ̃III does
influence diagonal stability of the matrixEl, that verifies the
same conclusion obtained through numerical calculation in
[4].

V. CONCLUSION

We extended the diagonal stability results for matrices in
cyclic and cactus structure in [5], [6] to a more general class
of interconnected structure, for which each pair of neighbor
simple circles in its graph have at most one common edge or
a common vertex. We applied the small gain condition that
allows for matrices havingM -matrix property and presented
sufficient conditions that guarantee diagonal stability of
graphs that are not cyclic or cactus. We also illustrated how
to apply the diagonal stability results obtained in the present
paper for analysis of networked systems. Searching necessary
conditions for such class of graphs is the next step for the
future work.
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[1] M. Akar and Ü. Özgüner. Decentralized techniques for the analysis
and control of takagicsugeno fuzzy systems.IEEE Transaction on
Fuzzy Systems, 8(691-704), 2000.

[2] M. Araki. Input-output stability of composite feedbacksystems.IEEE
Transaction on Automatic Control, 21(254-259), 1976.

[3] M. Araki. Stability of large-scale nonlinear systems–quadratic-order
theory of composite-system method using M-matrices.IEEE Trans-
action on Automatic Control, AC-23(129-142), 1978.

[4] M. Arcak. A passivity-based stability criterion for a class of biochem-
ical reaction networks.Mathematical Biosciences and Engineering,
5(1-19), 2008.

[5] M. Arcak. Diagonal stability on cactus graphs and application to
networked stability analysis.IEEE Transaction on Automatic Control,
2011.

[6] M. Arcak and E. D. Sontag. Diagonal stability of a class ofcyclic
systems and its connection with the secant criterion.Automatica,
42(1531-1537), 2006.

[7] A. Berman and D. Hershkowitz. Matrix diagonal stabilityand its
implications. SIAM Journal on Matrix Analysis and Applications,
4(377-382), 1983.

[8] S. M. Fallat and C. R. Johnson. Sub-direct sums and positivity classes
of matrices.Linear Algebra and its Applications, 288(149-173), 1999.

[9] W. M. Griggs, B. D. O. Anderson, A. Lanzon, and M. C. Rotkowitz. A
stability result for interconnections of nonlinear systems with “Mixed”
small gain and passivity properties. InProceedings of the 46th
IEEE Conference on Decision and Control, number 4489-4494, New
Orleans, USA, 2007.

[10] R. A. Horn and C. R. Johnson.Topics in Matrix Analysis. Cambridge
University Press, 1999.

[11] H. K. Khalil. Nonlinear Systems. Prentice Hall, Englewood Cliffs,
NJ, 2002.

[12] T. F. Liu, D. J. Hill, and Z. P. Jiang. Lyapunov formulation of ISS
cyclic-small-gain in continuous-time dynamical networks. Automatica,
47(2088-2093), 2011.

[13] P. J. Moylan. Matrices with positive principal minors.Linear Algebra
and Its Applications, 17(53-58), 1977.

[14] K. S. Narendra and R. Shorten. Hurwitz stability of metzler matrices.
IEEE Transaction on Automatic Control, 55(1484-1487), 2010.

[15] G. Poole and T. Boullion. A survey on M-matrices.SIAM Review,
16(419-427), 1974.

[16] J. Quirk and R. Saposnik.Introduction to General Equilibrium Theory
and Welfare Economics. McGraw-Hill,New York,, 1968.

[17] E. D. Sontag. Passivity gains and the “secant condition” for stability.
Systems & Control Letters, 55(177-183), 2006.

[18] D. Swaroop and J. K. Hedrick. String stability of interconnected
systems.IEEE Transaction on Automatic Control, 41(349-357), 1996.

[19] H. G. Tanner, G. J. Pappas, and V. Kumar. Input-to-statestability on
formation graphs. InProceedings of the 41th IEEE Conference on
Decision and Control, number 2439-2444, Las Vegas, USA, 2002.


