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Trajectory based small gain theorems for parameterized systems

Romain Postoyan and Dragan Nesi¢

Abstract— In this paper, trajectory based small gain theorems
are developed for parameterized families of continuous-time
systems. We show that the interconnection of two input-to-
state stable (ISS) parameterized systems is semiglobally and
practically ISS, when ISS gain functions are appropriately pa-
rameterized, and we provide explicit sufficient conditions on the
parameter. A small gain theorem is also presented for the case
where two parameterized systems that satisfy some input-to-
state and input-to-output stability properties are interconnected
with a bounded-input-bounded-state system. Obtained results
are applied to several stabilization and tracking problems.

I. INTRODUCTION

In a number of situations, the domain of attraction and/or
the size of the stable set of a system can be adjusted by
tuning certain parameters, such as controller gain, time-scale
for averaging techniques or sampling period for sampled-
data systems for instance. When dealing with parameterized
families of systems, classical stability analysis tools need
to be modified to handle the parameter dependence and its
impact on system performance.

In this paper, we present trajectory based small gain theo-
rems for parameterized families of continuous-time systems.
The small gain theorem is a key tool for analyzing input-
output stability of control systems. A particularly useful
version is given in [3] that is based on the concept of
input-to-state stability (ISS) introduced by Sontag [11]. This
work paved the way to many results among them [2], [12],
[14], [15], [16]. Several studies propose small gain theorems
for parameterized families of systems. In [13], a local and
practical trajectory based small gain theorem is developed
and applied to extremum seeking control problems. The sta-
bility of parameterized interconnected discrete-time systems
is analysed in [6] using a small gain theorem that is based on
the construction of an ISS Lyapunov function for the overall
system.

In this study, we prove that the interconnection of two
ISS continuous-time parameterized systems is semiglob-
ally practically ISS (SP-ISS) when ISS gain functions are
appropriately parameterized. The small gain condition is
parameter-dependent and can always be ensured by tuning
the parameter contrary to [6]. Compared to [13], [15], we
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provide explicit relationships between the parameter value
and the obtained stability properties in terms of the ball
of initial conditions and steady-state error. We illustrate the
relevance of our results by applying them to a couple of
stabilization problems.

A small gain theorem is also developed for the case
where two parameterized systems that satisfy some input-
to-state and input-to-output stability (IOS) properties are
interconnected with a bounded-input-bounded-state system.
This type of non-standard interconnection arises for instance
when studying tracking problems for nonlinear sampled-data
systems as we show it, and for the observer design for
networked control systems, see [10]. It has to be noted that
the small gain theorems developed in [1], [4] for multiple
systems interconnections do not cover this case since here
systems are parameterized and do not exhibit the same
stability properties.

The paper is organized as follows. Having defined the
notations and recalled some stability definitions in Section
I, a small gain theorem for the interconnection of two
ISS parameterized systems is developed in Section III and
applied to the semiglobal practical stabilization of a class of
nonlinear systems and the stabilization of a class of sampled-
data systems using emulated controllers. We present the
small gain theorem for the non-standard interconnection in
Section IV and show how it can be applied to a sampled-data
tracking problem.

II. PRELIMINARIES

LetR = (—OO7 OO), RZO = [O, OO), Ry = (0, OO), ZZO =
{0,1,2,...}, Zog = {1,2,...}. Let a € Rog U {oc}, a
function 7 : [0,a) — R>¢ is of class K if it is continuous,
zero at zero and strictly increasing and of class K if, in
addition, @ = oo and it is also unbounded. By extension, for
a,b e RsoU{o0}, v:1[0,a) x [0,b) = Rxg is of class K
if, for any (s1,s2) € [0,a) x [0,b), v(s1,-) and (-, s2) are
of class K. A continuous function v : [0,a) X R>¢g — R>¢
is of class KL if for each t € Rx>g, (-, t) is of class /C, and,
for each s € [0,a), y(s,-) is decreasing to zero. For a,b €
R<oU {OO}, we say that v : [O, a) X [0, b) X RZO — RZO is
of class ICKL if v(-, -, t) is of class-/KCK for each ¢t € R>¢ and
~(s1,-,) is of class KL for any s; € [0, a). Considering a
function f : R>g — R™, n € Zx, the notation f(¢") is used
to denote illg f(s),t € Rxq (if it exists). The Euclidean norm

s>t

of a vector is denoted by |- |. Let f : R — R", n € Zo,
be a (Lebesgue) measurable function and define, for ¢; <

t2 € R, Hf”[tl,tg] = ©SS.SUDP ¢ty 1] If(7)] and [|f]l, =
€sS. SUP,¢[1,00) | f(T)]s to € R>o. The set L7, denotes the
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set of functions f : R>o — R™ such that ||f|_ < r, for
some r € R>g. For (z,y) € R"*™, the notation (z, y) stands
for [zT, yT]*. For a symmetric positive definite matrix A €
R™ ™, Amin(A) denotes the minimum eigenvalue of A. For
f.g : Ry — R>p and a € Rx>p U {oo}, we write that
f(s) = O(g(s)) as s — a if there exists M € Rx>o and
a neighbourhood V' of @ such that f(s) < Mg(s) for s €
RZO nv.
Consider the parameterized family of systems:

j =

y =

f(z,u,0) M
hz) b)

where z € R"*, y € R", u € R™ are, respectively, the
state, the output and the input, § € (0,v) is a constant
parameter where 9 € (0, oo].

Definition 1 ((U)IOS / (U)ISS). System (1)-(2) is uni-
formly input-to-output stable (UIOS) from u to y with (3,7)
if there exist 5 € KL, v € K such that for any xz(ty) € R"=,
u € L7, solutions to (1)-(2) satisfy:

oo’

@) < max{B(jz(to)l,t —to),v(lully, )} 3

Sforany 0 € (0,9) and t > tg > 0. System (1)-(2) is input-to-
output stable (I0S) if for any 6 € (0,9) there exist By € KL
and g € KC such that (3) holds. If y = x, then system (1) is
(uniformly) input-to-state stable ((U)ISS) with input u. We
refer to vy as the 10S / ISS gain.

Definition 2 (SP-IOS / SP-ISS). System (1)-(2) is
semiglobally practically 10S (SP-IOS) from u to y
wrt. 0 if for any Aje € Rsq there exist 0* € (0,9),
Bo~ € KL and w9~ € K such that, for any z(ty) € R"=,
w € L2 with max{|z(to)], [|ul| . } < A, solutions to (1)-(2)
satisfy for all t >ty > 0:

ly(t)] < max{Be-(|x(to)|, t — ¢

0); Y0 (lullyyy ) €} 4
If y = x, system (1) is semiglobally practically ISS (SP-
ISS) with input u, if, in addition, u = 0, we say that system
(1) is semiglobally practically asymptotically stable (SP-AS).
When (4) holds for A = oo or e = 0, we respectively say that
system (1)-(2) is practically or semiglobally 10S (or ISS).

Definition 3 ((U/S)-BIBS). System (1) is said to be uni-
formly bounded-input-bounded-state (UBIBS) with input u

if there exist a,n € K, such that, for any x(tg) € R"=,
u € L7x, solutions to (1) satisfy:
lz@)] < max{a(|z(to)]), n(llul )} )

Sfor any 0 € (0,9) and t > to > 0. System (1) is said to
be semiglobally bounded-input-bounded-state (S-BIBS) with
input u w.r.t. 0 if for any A € R there exist 0* € (0,9),
ag+,mg+ € K, such that, for any x(tg) € R, v € LT with
max{|z(to)|, |ull .} < A, (5) holds. We refer to 1 as the
BIBS gain.

III. STANDARD INTERCONNECTIONS
A. Main result

Consider the following parameterized family of systems:

:tl = fl(x17x27u79) (6)
fg(l’l,l’g,u,e), (7)

where x; € R"*1, x5 € R™*2 are the state vectors, u € L1»
is an exogenous input, § € (0,9) is a known constant
parameter with ¢ € (0,00], f1 and f, are continuous
functions for any 6 € (0, 7).

The proof of the following theorem is provided in the
Appendix.

Ty =

Theorem 1. Consider system (6)-(7) and suppose that we
have the following.
1) System (6) is ISS with inputs (z2,u) with (81,73, 7
that are functions of class-K in 6.
2) System (7) is UISS with inputs (x1,u)
(B2, ’721 3)-
Then system (6)-(7) is SP-1SS with input u w.r.t. 6. Indeed, for
any A, e € Rogand 6 € (0,9), define M € R (sufficiently
big) and m € R~ (sufficiently small) such that:

§m™(@,m) <e g
max {m,&m(é, m),uw(é,A),l/“(é,A)} < M, ®)

where for (0,5) € (0,0) x Rsq and n > 1,
§™(0,s) = 2max {n" (0, s),ns}
a™(f,s) = max {ﬁl 0,s,0), ’712(9,ﬁ2(8,0)),ﬁ2(870),

with

Y2 (Br(0, 0))}
V" (0, 5) = max {B1(0,5,0),71 (0, B2(s,0)), B2(s,0),
73 (B1(6,5,0)), B(6,5,0), s}
Vu(evs) = max {’7%(978) 71(6‘ Vs (s ))772 (S)v
(116, 9),7(6,5)},

with B and 7" respectively given in (52) and (57). Taking
0* € (0,0] such that:

max {13(0%73(s)), 73 (3 (0%5))} < s Vs € [m,M], (9)

then there exist Bg« € KL , o9« € K such that for
all (xz1(tg),w2(tg)) € R"™1 22 and v € L% where
max {|z1(to)|, |z2(to)], [lull }) < A, solutions to (6)-(7)
satisfy for all t >ty > 0,

[(z1(t), z2(t))| < max { Bo~ (

09*(

(1 (to). @ (to))]  — to).

‘UH[tmt])vf}-

Theorem 1 relies on the fact that the ISS gains of system
(6) are of class-K in 6. In that way, we can always find a
sufficiently small 6* that guarantees the small gain condition
(9) (see the Appendix). It has to be noticed that Theorem 1
gives us a method for estimating parameter 6* for any radius
of the ball of initial conditions A and any desired steady
state error ¢: first, fix a constant 6 and the desired A and
€. Second, choose constants m and M such that (8) holds.
Finally, take 6* sufficiently small such that (9) is satisfied.

(10)
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Remark 1. Note that there is an error in the statement of
Lemma 2 in [13] as the needed condition (8) was not used
in the statement of the lemma. However, the main results in
[13] still hold as the condition (8) can always be satisfied
in that paper.

Remark 2. When both systems (6) and (7) are ISS with a
KL-function and ISS gains that are functions of class K
in 0 (like in condition 1) of Theorem 1), similar results to
Theorem 1 can be immediately derived.

The following proposition follows from Theorem 1.

Proposition 1. Consider system (6)-(7) and suppose that
all conditions of Theorem 1 are satisfied. Define v(6,s) =

max {712(97 721(8))’ ’721 (712(97 S))} for (07 S) € (Ov 19) X RZO-
If for any 6 € (0,9):
o ¥(0,5) = O(s) as s — oo, then system (6)-(7) is
practically ISS with input u w.r.t. 6.
e ¥(0,5) = O(s) as s — 0, then system (6)-(7) is
semiglobally ISS with input u w.r.t. 6.

B. Applications

1) Semiglobal practical stabilization of a class of nonlin-
ear systems: Consider the systems of the form:

= f(:E, Z)
u+g(z),

(1)
T = (12)
where (z,z) € R"=1"= are the state variables, f and g are
continuous functions, the feedback law is:

—Kuz, (13)

where the controller gain K is a real symmetric positive defi-
nite matrix of appropriate dimensions. Suppose that function
g is such that g(z) < ~v(|z]) for any z € R"= with v € K.
Consider the Lyapunov function V' = %|:c|2, we can show
that along solutions to (12):

(121 = s=Zz702D) = (V < “Auin(E)V)

Using the comparison principle (Lemma 3.4 in [5]), it can
then be deduced from (14) that system (12) is ISS with input
z with By : (0,s,t) = exp(—%)s € KKL and gain v, :
(0,5) — 0v(s) € KK where 0 = oo € Rso. The
following proposition is a direct consequence of Theorem 1
by identifying 1 = x, 2 = 2, $1 = 1 and v} = 1.

(14)

Proposition 2. Consider system (11)-(12) as parameterized
in 0. Suppose that the following conditions hold:

a) There exists v € K such that g(z) < ~(|z|) for any
z € R"=.
b) System (11) is UISS with input x.
Then system (11)-(12) is SP-AS w.r.t. 6.

2) Sampled-data stabilization using emulated controllers:
Although Theorem 1 is stated for continuous-time systems,
it can be applied to the following class of hybrid systems
since the states are continuous between sampling instants

and their norms do not increase at sampling instants (see the
Appendix). Consider the plant:

5)
(16)

ip = fp(zp,u,w)

y = hp(zp),
where zp € R"r, y € R™, u € R" are, respectively,
the state, the output and the control input, w € L% is an
exogenous input, fp is a continuous function and hp is a

continuously differentiable function. Suppose that we know
a stabilizing dynamic controller for system (15)-(16):

a7
(18)

e = felze,y,w)
he(ze),

u =

where xc € R™#c is the controller state, fc is a continuous
function and h¢ is a continuously differentiable function.
The objective is to study the stability of the closed-loop
system (15)-(18) when control input and system output are
sampled and hold at a constant period 7 € R~ (. According
to [8], the problem can be modeled as follows:

T f(z,e,w) Vit € [ti—,ti]) (19)
e = gz, e w) Vit € [ti—1,ti]  (20)
z(t]) = z(t) 21
e(th) 0, (22)

where t; = to + 17, ¢ € Zxo, to € R is the initial time,
x = (rp,zc) € R"™, e = (4—u,§—y) € R™ where 4 and
y are, respectively, the last control input and system output
transmitted, i.e. §(t) = y(t;—1) and u(t) = u(t;—1) for all
te [ti—17ti]~

Proposition 3. Consider system (19)-(22) as parameterized
in 1. Suppose that the following conditions hold:

a) There exist L € R>q and v*,~" € KC such that for any
(,e,w) € R™= 7t |g(z,e,w)| < Lle|l++"(|z])+
7 (Jwl);
b) System (19) is UISS with inputs (e, w);
Then system (19)-(22) is SP-ISS with input w w.r.t. T.

Proof. In view of condition a) in Proposition 3 and Propo-
sition 6 in [7], there exists 5, € KCKL such that, for all
e(to) € R, t >ty >0:

)] < B0, lelto)]. t — to)
+¢(7) [¥ allgg, ) + 7 Qo )] - 23)

with ¢ : 7 f(exp(L7) —1) € K (( : 7+ 7 if L = 0).
Using the fact that a + b < max{2a,2b} for any a,b €
R>o and in view of (23), we have that system (20), (22)
satisfies condition 1) of Theorem 1 by identifying z; = e,
ry =z, u = w, B = 2B, yi(r,s) = 4¢(7)y*(s) and
(T, 8) = 4¢(7)y* (s) for any (7,s) € R% . Consequently,
since condition b) in Proposition 3 ensures that condition 2)
in Theorem 1 holds, Theorem 1 is finally applied to obtain
the desired result. 0
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IV. NON-STANDARD INTERCONNECTIONS
A. Main result

Consider the following parameterized family of systems:

jl - fl(xlvaaI:)’auvo) (24)
jQ - fQ(xlvaazb’auvo) (25)
.’1.','3 = f3(x1,x2,x3,u,9), (26)

where 1 € R"»1, x5 € R™2, 3 € R"3, are the state
vectors, v € L2 is an exogenous input, § € (0,9) is a
known constant parameter where ¥ € (0,00], f1, f2 and f3
are continuous functions for any 6 € (0,19).
The proof of the following theorem is provided in [9] (see
the proof of Theorem D.3.2).
Theorem 2. Suppose that we have the following.
1) System (24) is ISS with inputs (xo,xs3,u) with
(B1,72, 73, 7%) that are functions of class K in 0.
2) System (25)-(26) is UIOS from (x1,u) to x4 with gains
(72,7%)-
3) System (26) is UBIBS with inputs (x1, 2, u) with gains
(n3,m3,m%)-
Then system (24)-(26) is S-BIBS with input v w.r.t. 8 and
SP-10S from u to (x1,x2) w.rt. 6.
Similar to Theorem 1, sufficient conditions on parameter
0 can be derived from the small gain analysis (see Theorem
D.3.2 in [9]). The proposition below follows from Theorem
2.
Proposition 4. Consider system (24)-(26) and suppose that
all conditions of Theorem 2 are satisfied. Define (0, s)

= max {12(0, 94 (5)), 12 (0,3 (43 ())). 7 (0, mk ).
BOR0,9), 33O BE)BOROREN} for
(0,s) € (0,9) x Rsq. If for any 0 € (0,9), 3(0,s) = O(s)
as s — oo, then system (24)-(26) is UBIBS with input u
and is practically 10S from u to (x1,22) w.rt. 6.

B. Application to the tracking control of a class of nonlinear
sampled-data systems

Consider the plant:

27)
(28)

ip = fp(zp,u,w)

yp = hp(zp),
where xp € R"™r, yp € R", u € R™ are, respectively,
the state, the output and the control input of the plant,
w € L7 is an exogenous input, fp is continuous and hp is
continuously differentiable. The reference system is defined
as:
(29)
(30)

tr = fr(zgr,w)
h’R('rR)v
where xg € R"™r, yr € R™ are, respectively, the state

and the output, fr is continuous and hp is continuously
differentiable. We assume that we know a controller:

Yr =

(€19
(32)

fe(xze,yp,yr)
he(ze),

To =
u =

where o € R"#c is the state, f¢ is continuous and h¢
a continuously differentiable, that ensures the tracking goal
&(t) = yr(t) — yp(t) — 0 as t — oo. Our objective is to
study the stability properties when u, yp, yr are sampled and
hold at a period 7 € R+ (. Similarly to [8], the problem can
be written as:

£ = fe(&m e w) Vit e [tic1,ti] (33)
z = fo(&ze,w) YVt € [ti—1,t;] (34)
e = g&zew) Vt € [ti—1,ti] (35)
) = &t) (36)
a(tf) = at) 37)
e(t) 0, (38)

where t; =ty + 47, © € Z~¢, denotes the sampling instants,
to € R is the initial time, * = (2zp,zg,zc) € R",
€ = (’[L - ’UJ,@P —yr,Yr — yR) = (euveyPaeyR) € Rm
where u, yp, Yr are, respectively, the last control input, plant
output and reference output transmitted, i.e. 4(t) = u(t;—1),
Qp = yp(ti_l), QR = yR(ti—l) for all t € [ti—luti] and:

fe(& z,e,w) = S2 (2R) fr(zr, w)
—5L(xzp)fp(zp, eu + he(zc), w)

Oz p
fP(il?P, ey + hc(xc)vw)
fl'(§7m7e7w) = fR($R7’lU)
fe(ze,eyp + hp(zp), eyy +hp(zp) +§)
g(&,z e, gf}? =

(zc)fe(ze,eyp +hp(zp), eyy +hp(zp) +§)
G (l’P)fP(:EP,eu + hc(zc),w)

T ozp
9
—5eE (xr) fr(zR, W)

Oz

Proposition 5. Consider system (33)-(38) as parameterized
in 7. Suppose that the following conditions hold:

a) There exist L € R>o and 75,71,7“’ € K such that
forany (&, x,e,w) € RMvTn=tnetnuw 1g(¢ g e w)| <
Llel +~4(1€)) + " (|l]) +~* (Jw)).
b) System (33)-(34) is UIOS from (e,w) to &.
c) System (34) is UBIBS with inputs (£, e, w).
Then system (33)-(38) is S-BIBS with input w w.r.t. 6 and is
SP-10S from w to (£, e) w.rt. 6.

Sketch of proof. 1t can be shown, using similar arguments
than in the proof of Proposition 3, that system (35),(38) is
ISS with inputs (£, z,w) and therefore satisfies condition 1)
of Theorem 2 by identifying 1 = e, o = £ and x3 = =.
On the other hand, we have that conditions 2) and 3) of
Theorem 2 are respectively satisfied in view of conditions b)
and c) of Proposition 5. The desired results are then obtained
by invoking Theorem 2, noting that, although system (33)-
(38) is not purely continuous-time, Theorem 2 can still be
applied since the norms of variables e, &,z do not increase
at sampling times in view of (36)-(38) (see footnote in the
Appendix). 0

V. CONCLUSION

In this paper, small gain theorems for parameterized
families of systems are developed. It is shown that the
ISS stability of two interconnected parameterized systems
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is maintained semiglobally and practically under some con-
ditions and we provide explicit sufficient conditions on the
parameter. This result is applied to the semiglobal practical
stabilization of a class of continuous-time systems and the
stabilization of a class of sampled-data systems using em-
ulated controllers. A small gain theorem is also presented
for the case where two parameterized systems that satisfy
some ISS and IOS properties are interconnected with a third
system that only exhibits a boundedness property. We show
how this theorem can be used to analyse tracking problems
for sampled-data systems.
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APPENDIX - PROOF OF THEOREM 1

First, the following proposition is introduced that is a local
version of Theorem 1 in [12]. Its proof is given in Appendix
D in [9] (see Proposition D.1.3).

t

Proposition 6. Suppose there exist § € KL, vY, 7%, ot
o¥ oY, d* € K, cy,cy,m, M, A € Ry such that, for all

z(to) € R™ and u € L7 with max {|z(to)], ||ul, } <A,
along solutions to (1)-(2), for any t >ty > 0 this holds:

ly®)| < max {B(|z(to)],t —t0), 7" (I1Yllg.)»

Y lulliry.n)s ey } (39)
@) < M (40)
lz(t)] < max{a'(t —to), 0% ([z(to)]), 0¥ ([[yll s )5
" (1ull .)€ } (41)

and
Y(s) < s Vs € [m, M], (42)

with
c=max{m,c,} < M, (43)

define 5%(5) = max {8 (¥ 07%(5),0),, 6 (5" (5), 0) ,7*(s)}
for s € Rso and A € (0,A] such that
max {8(A,0),7*(A)} < M then, for any n € (1,00), there
exists § € KL such that for all x(to) € R"™ and u € L7
with max {|z(to)|, |ull } <A, forall t > to > 0:

ly(8)] < max {B(|(to)],t = t0), 7 (lull sy ) me}.  (44)

Proof of Theorem 1. After having shown that there exists 6*
that ensures (9), forward completeness of system (6)-(7) is
proved when initial conditions and inputs are appropriately
bounded. Afterwards, the stability property (10) is obtained
by invoking Proposition 6.

Step 1. Existence of 0*.

Let A,e € Rug 6 € (0,9) and define
m,M € Rsy such that (8) holds. We introduce
the following function (like in Proposition 1):

v i (0,5) = max{17(0,73(s)),73(17(0,5))} that is
of class [CIC. We choose 6* < 6 sufficiently small such that,
for instance, (0%, M) < m, thus (9) is satisfied.

Step 2. Forward completeness and boundedness of the state
variables.

Let tg € RZO, (561 (to), Iz(to)) € R%1tme2 and u € EQO“
be such that:

max {|z1(to)|, |22 (o), lull o } < A, (45)
as a consequence, according to the definition of M,
I/w(e*,maxﬂl'l(to)l,|$2(f0)|}) <M (46)

V(6" Jull ) < M.

Let [to, tmax) be the maximum existence interval of system

(6)-(7) with tpax € (to, 00]. In view of conditions 1) and 2)

of Theorem 1, we have for any ¢ € [to, tmax):

21l 4 < max {B1(6% |z1(t0)], 0),77 (8% Ba(|2(t0)], 0)),
207 A (21 )72 2 ]y ),
WO ully.0) }- (47)

We now show by contradiction that |z1(¢)] < M for any
t € [to, tmax)- According to (46) and the definition of v*,
we have that |z1(to)| < M. Suppose that there exists ¢; €
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(to, tmax) such that |21 ()| = M and define ¢ = inf {t €
(to, tmax) : |z1(t)] = M}, in view of (47) it holds that:

1l = b1 (D)
< max { B1(8", |1 (t)], 0).72(6, a2 (t0)], 0)),
VO3 21l 1) 7207 A (el 7))
O Nl 1)}
= max { 51 (0", |1 (t0)], 0):73(6" Bal[2 (o)1, 0)),
VRO A2 0% 75 (luzl gy ), 707 ully, 1))

In view of (46) and since 77 (6*,74(M)) < M according
to (9), we obtain the contradiction: |z1(f)] < M. As a
consequence, since 1 is continuous, we have |x1(t)| < M
for all t € [to,tmax). Similarly we can prove that
|z2(t)] < M for any t € [to,tmax). Therefore, we can
conclude that t,,x = 00 by contradiction’.

Step 3. Stability property (10).

We now show that conditions of Proposition 6 are sat-
isfied. Note that, according to (9) and since ¥Z(-,va(+)) is
increasing:

{712(9*,%1(5)) <s
Y2(0%,73(s)) <2 (0%, 75(m)) <m :
(48)

Using (48) and condition 1) of Theorem 1, we have that for
all ¢ € [tp, 00):

if se[m, M]
if se0,m

L tdte. t—t
|.’IJ1 (t)| < max{ﬁl (9 ) |$1(T0)|7 To)a
712(9*5 ||'r2||['+2'0 )t])vVlu(e*vnu”['*%)t])}a(“g)

moreover, in view of conditions 1) and 2) of Theorem 1, (9)
and the fact that [|z1|,, , < M according to Step 2, this
holds:

Hle[tO,t] < max {51 (07 1 (t0)], 0), 77 (67 B2 (|2 (t0)], 0)),

B0 gy ), 7O [l )}

fo2(0)] < max{ Ba (2 (—52)], 57
Pl esza )}

consequently, by including (50) into (49), and using the same
arguments by symmetry for the variable x, we obtain:

) z2()]} <

max {[3(9*,max{|171(t0)|,|x2(t0)|},t_t0),
Y0, Ilmax{|z1], |[22[}H 4.4)»
YO Nl ) 5™ (07, m)},

)7721(Hx1”[t+%)t])7
(50)

max { |21 (t

(51)
where

3(97 S, t) = max {ﬁl(eaﬁl(ea S, 0)7 %)7

'If the states are affected by jumps, like in Sections ITI-B.2 and IV-B, our
result applies as long as their norms do not increase at the jump instants.

ﬁ1(97712(97 62(87 0))7 %)a
712(9752([32(57 O)v %))a
O BOHA05.0), )

Ba(B2(s,0), ) B2(72(B1(8,5,0)), )
721(51(9’[31(97570)5 5))5
(B 0,536, 82(5,0)), 2)}, (52)
79(0,5) = max {77 (0,73(5)), 715 (77 (0,9))}, (53)
~*(0,s) = max {7“(9,5),'}“ 5)}, (54)
7%(0,s) = max {ﬁl(evvlz(evwg(s))vo)vﬁ (9 71 (9 S) )
'712(6‘7ﬁ2(’721('7%(978))70))7
712(9752(7;(5)70 )57%(9573(5))7
7?(955)5[32(721(7?(975) 7O)a
721(ﬁ1(97712(97775(8))70))7
'721(ﬁ1(97’7%(6‘78)70))7’721(’7%(978))}7
:Yu(s) = max {52(73 S 50)773(5)}7 (55)
a™(#,s) = max {ﬁl(ﬁ,s, 720, B2(s,0)), Ba(s, 0),
'721(ﬁ1 (0, 870))}7 (56)
for 6 € (0,9) and (s,t) € RS 2o and define
7"(6,5) = max {5(6,7(6,7"(6,)),0). 5(6,7"(6,5),0),
7(0, )} (57)

We can see that all conditions of Proposition 6 are verified.
Indeed, we identify 2 = y = max {|z1], |z2|}, for (s,t) €

R%g, B(s,t) = B(6%,s.8), 1%(s) = 1¥(6%,9), 7"(s) =
Y4O*, s), ¢y = ™(0%,m), ol(s) =0, o%(s ) B(6*,5,0),
o¥(s) = (0%, s), a%(s) = 7"(07,5), co = (07, m),

¢ = max {G™(0*,m),m}, 3“(s) = (6%, s). Inequalities
(39) and (41) are satisfied according to (51), (40) in view
of Step 2, (42) in view of (9), (43) in view of (8) since
6* < 0 and ¢™,v", V" are non-decreasing functions in
6. Consequently, in view of (45) and (46), by invoking
Proposition 6, for 7 € (1,00) and with A = A, there exists
Bg~ € KL such that, for any ¢ € [ty, 00):

max { |z1(t)|, |z2(t)|} <
max { Bp+ (max { |z1(to)], |2 (to)|}. t — to),
FHO" Nullgy ), n™ (07, m), pm },(58)

then, using the facts that |(z1,z2)| < 2max{|z1], |y2|} and
max{|z1], |y2|} < |(21,22)|, we have that:

|(£L‘1(t),l‘2(t))| < 2max {39* l'l(to),l'g(to)”,t—to),
3O, Nulligy )s m™ (07, m), mm }.(59)
The proof is completed by noting that 6™ (0", m) =
2 max {n&m(ﬁ*,m),nm} < Qmax{n&m(é‘,m),nm} <e

in view o_f (8) (since §™ is non-decreasing in #) and denoting
ﬂg* = 259* and gg* = 2’7“(9*, )
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